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The non-perturbative dynamics of quantum field tlieories is studied using tlieoretical tools inspired by 
string formalism. Two main lines are developed: the analysis of stringy instantons in a class of four- 
dimensional M = 2 gauge theories and the holographic study of the minimal model for a strongly 
coupled unbalanced superconductor. 

The field theory instanton calculus admits a natural and efficient description in terms of D-brane 
models. In addition, the string viewpoint offers the possibility of generalizing the ordinary instanton 
configurations. Even though such generalized, or stringy, instantons would be absent in a purely field- 
theoretical, low-energy treatment, we demonstrate that they do alter the IR effective description of the 
brane dynamics by introducing contributions related to the string scale a'. In the first part of this thesis 
we compute explicitly the stringy instanton corrections to the effective prepotential in a class of quiver 
gauge theories. 

In the second part of the thesis, we present a detailed analysis of the minimal holographic setup 
yielding an effective description of a superconductor with two AbeUan currents. The model contains a 
scalar field whose condensation produces a spontaneous symmetry breaking which describes the transi- 
tion to a superfluid phase. This system has important applications in both QCD and condensed matter 
physics; moreover, it allows us to study mixed electric-spin transport properties (i.e. spintronics) at 
strong coupling. 
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The subject of the present thesis consists in the study of the non-perturbative dynamics of quantum field 
theory using string-inspired theoretical tools. 

The non-perturbative dynamics of quantum field theory is relevant for an extremely wide scenario of 
physical contexts. Indeed, it plays a crucial role in various sectors of physics ranging from the dynamics 
of fundamental constituents and interactions to the condensed matter panorama. The string approach 
offers a versatile and powerful framework in which many distinct non-perturbative aspects of quantum 
field theory can be accommodated and studied. As the range of application is wide, also the ensemble 
of possible techniques is very wealthy; our treatment concentrates especially on two different lines, 
namely the D-brane instanton calculus and the AdSIQ¥T correspondence. They both originate from 
a common string environment. 

In the string formalism, the dynamics is described in terms of the evolution and the interactions of 
some fundamental objects: the membranes. In contrast to particles and as the name intuitively suggests, 
membranes can have extended directions. If we agree on defining a generic n-brane as an object that is 
extended in n space-time directions, we can think of strings as 1-branes. In addition to the strings, the set 
of basic objects in the string formalism comprehends also the Dp-branes that are particular p-dimensional 
membranes to which the open string endpoints can be attached. Focusing the attention on the concept 
of membrane rather than just on strings, sets a democratic viewpoint encompassing all the fundamental 
constituents of the formalism, which, not so democratically, we will still indicate as "string formalism". 

The Dp-branes, or D-branes for short, are the pivotal ingredient that allows us to explore the non- 
perturbative aspects of quantum field theory of interest here. An essential feature of D-branes is their 
relation and interactions with strings. Historically they have been introduced as surfaces on which the 
open string endpoints can lie; they actually define Dirichlet (from which the "D" of D-brane) boundary 
conditions for the string^ It is possible to argue that the open strings attached to a brane offer a de- 
scription of the dynamics of the brane itself, hence D-branes and open strings are closely related. Open 
strings are objects with tension; an open string connected to a D-brane can be naively thought of as a 

'More precisely, we have Dirichlet boundary conditions (i.e. constrained) for the directions that are transverse to the D-brane 
and Neumann (i.e. free) boundary condition along the D-brane itself. 
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quantum "tension fluctuation" or excitation of the D-brane itself. 

In the low-energy spectrum of closed strings there is a massless mode which can be identified with 
the graviton, i.e. the spin 2 quantum mediating gravitational interactions. Since the D-branes are objects 
possessing a rest intrinsic energy, they interact gravitationally and it is therefore straightforward to expect 
that the D-branes can source and absorb closed strings. 

The relation with both open and closed strings puts the D-branes in a central position for the devel- 
opments we are going to analyze throughout the thesis. Depicting a naive image which will be clarified 
and made precise in the following treatment, the open strings attached to a D-brane are described at 
low-energy by means of a gauge theory whose base manifold coincides with the p + 1-dimensional 
hyper-volume spanned by the D-brane in its time-evolutioii|^ Instead, the closed strings propagating at 
low-energy in the whole ambient space-time containing the D-branes are described at an effective level 
by supergravity or even classical gravity models with extended solutions. 

If we concentr ate on the physics of closed strings in the proximity of a D-brane, we can wonder if the 
closed-string/gravitational behavior could account as well for the whole dynamics of the brane itself. At 
a sketchy and low-energy level, we could hope that looking at the local space-time deformations induced 
by the presence of a D-brane we could recover full information on the D-brane dynamics. Since, as 
we have just mentioned, the brane dynamics is already encoded in the physics of the open string modes 
attached to it, we are here speculating about an open/closed string connection relying crucially on the 
D-brane physics. Such idea lies at the heart of the AdS/CFT correspondence and holographic models in 
general. 

We can also consider a different aspect of D-brane dynamics which leads us to the stringy instan- 
ton calculus. Since, in appropriate low-energy regimes, the open strings "living on a brane" are well- 
described by a quantum supersymmetric gauge field theory, it is natural to ask whether such effective field 
theory emerges with all its perturbative and non-perturbative content. The proper answer is that from the 
analysis of D-brane models we do not only recover all the standard perturbative and non-perturbative 
features of the low-energy quantum field theory but, in addition, the string framework makes it possible 
to study some significant generalized configurations. Such generalizations are outside of the reach of 
an IR (i.e. low-energy) purely field theoretical approach and we henceforth refer to them as stringy or 
exotic. In particular, our focus is on the stringy instantonic configurations and the modifications that they 
induce in the couplings of the low-energy effective field theory. As we will see, although the origin of 
the exotic effects is intrinsically related to the stringy nature of the model, they do produce important 
modifications to the low-energy quantum field theory. 

1.1 Historical and "philosophical" note 

Historically, the string formalism has been firstly introduced to describe strong interactions, specifically 
as a model for meson scattering The string description of meson scattering is particularly suitable to 

"Henceforth referred to as the p + 1 dimensional world-volume of the Dp-brane. 

'Two synthetic historical accounts about the early steps of string models can be found in the introductory chapters of fll 
and (2). 
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account for the t-s duality of meson scattering where the two Mandelstam channels presenting the same 
amplitude value are naturally encoded in a single open string amplitude. Moreover, also the proliferation 
of mesons is describable in terms of spinning string states possessing a precise interconnection between 
the rest energy s and the spin J, 

J{s) = ao + a's , (1.1) 

where ao represents a constant shift while a' is the celebrated Regge slope. From relation ( |1.1| ) we can 
observe that a' is inversely related to the string tension; indeed, keeping fixed the energy s we have 
greater angular momentum J if a' is increased. We can then expect that, increasing a', we increase the 
length of the spinning string and then, at fixed energy, this is equivalent to reducing its tensioij^ 

In the context of the strong interaction, the later introduction of a renormalizable quantum field 
theory, namely the QCD, overcame the string description, at least in the high-energy perturbative regime. 
Before long, the recognition in the closed string spectrum of a spin 2 graviton-like particle interacting 
democraticall)|^with all the objects possessing mass gave a tremendous new momentum to the theoretical 
research in this field. Indeed, this discovery opened the doors to a completely new description of gravity 
hopefully admitting a consistent quantum treatment. 

Another greatly interesting feature of the string formalism is the possibility of comprehending var- 
ious, and maybe all, kinds of fundamental interactions in one single theory. This aspect of unification 
of all fundamental interactions produced widespread interest and even radical enthusiasm leading some 
people to call string theory the "theory of everything". Without spending much time to discuss this point, 
it is generally possible to assume a different and more moderate perspective. As the frequent use of the 
name "string formalism" instead of "string theory" suggests, we want to adopt an instrumental attitude 
towards the stringy mathematical tools and techniques; these are extremely fertile and insightful in de- 
scribing many important physical systems. In the part of the present thesis regarding the holographic 
approaches to study strongly coupled systems, in some cases we will even adopt a phenomenological 
effective approach, meaning that the string inspired models we study describe macroscopic physical 
properties without the pretension of accounting precisely for the microscopic features of the system un- 
der analysis. Already at the bottom-up level we will observe how insightful a string inspired model can 
be in shedding light on the strongly coupled dynamics of quantum field theories. The moderate attitude 
does not deny the conceptual and philosophical fascination of aiming to a unified theory of everything, 
it simply focuses on the operative purpose of studying and exploiting the string formalism as deeply 
as possible before, or even independently, of how the dispute on whether we deal with the theory of 
everything or not will be settled. 



''The tension corresponds to the energy density on the world-sheet spanned by the string: as such it is related to the "linear 
energy density" along the string. Here "increase the length of the string" means "let the length increase"; since we keep the 
energy fixed the increase in length does not correspond to a mechanical stretch of the string (i.e. there is no "work" done on the 
string). 

""See Appendix A for a brief argument. 
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1.2 Purpose and Original Content 

This thesis is aimed at producing a text which could result as clear as possible also to a partial or even a 
"localized" reading. The body of the text is indeed divided in many paragraphs containing various foot- 
notes and references both to the numerous appendices and to papers in the literature; this fragmentation 
is deliberate considering that an exiting Ph.D. student feels the moral duty to be as useful as possible to 
the doctorate students following him. 

The treated subjects require quite massive introductions. At the outset we underline that the original 
content of the thesis is contained mainly in the chapters: 

• Stringy Instantons (Chapter [5]l 

• Holographic superconductors with two fermion species and spintronics (Chapter [8]) 

1.3 Disclaimer 

The thesis was publicly defended on March the 16th 2012. All the content and in particular the biblio- 
graphic references are referred to that date. In the meantime, there have been further developments in 
the field which do not appear here. 
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2.1 Strings, Branes and Gauge Theories 

When regarding the string formalism as a candidate description of the fundamental interactions, various 
important questions arise. One among the most significant points consists in how the physics that we 
have already experimentally tested could admit a stringy description, or rather, how can it be embedded 
in a string model. Specifically, we are interested in the way in which General Relativity and the quantum 
field theory describing the electro-weak and strong interactions (i.e. the Standard Model) can appear in 
the string context. 

Let us remind ourselves that the characteristic energy scale of strings is Planck's scale (~ 10^^ GeV) 
which is much higher than all the scales directly probed in human particle physics experiments so fai[^ 
This can be naively thought of as a consequence of the fact that the string degrees of freedom appear as a 
quantum description (among other things) of gravity. The string scale has therefore a close relationship 
with the scale at which gravity becomes sensitive to quantum corrections, i.e. Planck's scale. The 
physical theories in which we are confident, i.e. the theories that passed many experimental tests, must 
therefore emerge in the low-energy (with respect to Planck's scale) regime of string theory. The string 
formalism aims to furnish the unifying UV completion of General Relativity and the Standard Model, 
hence the low-energy limit of string theory is required to reproduce them, both at the perturbative and 
the non-perturbative levels. 

Studying the low-energy limit of a string model is equivalent to analyzing it at an energy level 
which is small with respect to the characteristic energy needed to excite the strings. The string excitation 
energy is measured by the tension, therefore the low-energy limit can be taken considering the infinite 
tension limit. Indeed, the string tension T appears as an overall factor which scales the string action; in 



'This is strictly true wlien tlie string model under consideration does not include compactified directions. The compactifi- 
cation scale can "lower" the string scale (i.e. the scale at which stringy effects have to be taken into account) many orders of 
magnitude below Plank's scale; as it is natural to expect thinking of Kaluza-Klein modes, the larger the compact directions, the 
lower the string scale. For details see for instance 13]. 
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a would-be string-field-theor>|^in which the exponential of minus the action weights the probability 
amplitude of a possible evolution (i.e. the amplitude associated to a path in a path integral formulation), 
the string excitation "cost" scales as the action and then according to the tension T. 

As already mentioned, the string tension T is expressed in terms of the dimensionful constant a'; in 
natural units ?i = c = 1, we have: 

^ (2.1) 



27ra' 



Moreover, it is straightforward to define a characteristic string length I. Actually, the world-sheet S is the 
two-dimensional surface spanned by the string in its evolution and then the tension T has the dimensions 
of an inverse area, that is an inverse squared length. In natural units, we define: 

^ ^ . {1.1) 



VvrT 

Notice that I is not to be thought of as the string length tout court. In fact, a world-sheet amplitude can be 
regarded as describing different classical string propagations. Consider for instance a rectangular plane 
world-sheet much longer than wide. It can either represent the propagation of a long string on a short 
path or the propagation of a short string on a long path. Since, as we will see shortly, the action measures 
the world-sheet proper area, in this simple rectangular case, the characteristic length we defined is related 
to the geometric mean of the two sides of the rectangular world-sheet. 



The low-energy regime of a string model as the infinite string-tension limit implies, through ( |2.2| ), 
that the original extended strings whose tension diverges become effectively point-like, / — > 0. It is pretty 
reasonable that the physics of relativistic point-like objects can be described with quantum field theory; 
this is indeed the case and the naive expectation can be precisely tested. 

In the perturbative analysis of string dynamics one considers the scattering amplitudes of the low- 
est lying string vibrational modes, namely the massless ones. Actually, the massive modes correspond 
to excited and so more energetic vibrational modes of the strings which are then strongly suppressed 
in the low-energy limit. Within the string formalism, the low-energy limit is achieved performing the 
computations at finite oi and then considering the results in the infinite tension limit a' — )■ 0. The results 
obtained in this fashion are to be compared to the scattering amplitudes computed for the corresponding 
massless particles in quantum field theory. The string computations yield, in general, the field theoret- 
ical results with additional corrections; these corrections are weighted by positive powers of the string 
constant a'. Such corrections vanish in the a' — > limit. At the perturbative level, the field theory for 
the set of massless particles corresponding to the massless string modes, can be regarded as an effective 
low-energy description of the corresponding string model. 

Let us show an explicit example, namely the scattering amplitude of three non-Abelian massless 

"With string-field-theory is usually meant the second-quantized formulation of a string model. Note that the existence of 
such a formulation is still an open question in all the string models studied so far, including the bosonic string. 

^^The correspondence is set by the identification of particles and string vibrational modes presenting the same quantum 
numbers. 
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vector^ As shown in detailed in e.g. iH, the string computation of this amplitude returns: 

^(fci, ei; k2, €2] fca, es) « (^(^^ [(^i " ^23)(e2 • £3) + (e2 • fc3i)(e3 • ei) 



a' 

+ (€3 • fci2)(ei • £2) + y (ei • fc23)(e2 • %i)(e3 • ^12) 



(2.3) 



where fcj and ej are respectively the momenta and polarization vectors of the three vector modes labeled 
by the index i = 1,2, 3. For the sake of compactness, we have dropped the color structure and the 
corresponding factor from the amplitude ( |2.3| ); we also defined kij = ki — kj. Equation ( |2.3| ) coincides 



with the Yang-Mills theory result for three gauge bosons up to first order in the momenta. It is evident 
that in the infinite-tension limit a' — )• the additional stringy contribution vanishes and we recover 
precisely the field theoretical result. 

The complete perturbative test of the consistency of the low-energy field theory description for a 
string model is a wide topic. Furthermore, one can start considering many different string models and 
ask whether some features of field theories such as masses or potentials can arise in the low-energy 
regime of appropriate string configurations. Leaving this important aspect somewhat aside, our interest 
would be instead directed towards the non-perturbative side of the story. 

Gauge theories and their supersymmetric versions have a rich vacuum structure. We can study per- 
turbatively these theories around different classical field configurations that, at least locally, minimize 
the action. The perturbative agreement between string formalism and its low-energy field theory de- 
scription holds also around a non-trivial vacuum. Of course, this can be tested explicitly and, even more 
importantly, we have to understand how the non-trivial background itself could arise from a string model. 

This relevant question has been first addressed as soon as the D-branes were discovered. Actually, 
D-branes can be seen as non-perturbative objects in string theory, meaning that they have a solitonic 
nature in the string context. A nice feature of these extended objects is that, even though they have 
a non-perturbative origin, their dynamics is describable in terms of perturbative modes as we will see 



accurately in Section 2.2 One can expect this observing, for instance, that it is perfectly legitimate to 
consider small oscillations, i.e. fluctuations, of a field around a non-trivial vacuum in which the field 
itself assumes a big VEV. The perturbative picture of low-energy D-brane dynamics is realized by open 
strings whose endpoints live on the D-branes and by closed string modes emitted and absorbed by the 
D-branes themselves. 

One could ask why the membranes such D-branes do not shrink to point-like objects themselves in 
the q' — limit. The answer is related to topology because D-branes are solitonic objects representing 
topologically non-trivial ground states of the string theory. The low-energy limit of a topologically-non 
trivial sector is the topologically non-trivial vacuum; this vacuum configuration can contain extended 
objects or extended field configurations. In the low-energy picture, the strings describe the small fluc- 
tuations around the topologically non-trivial vacuum represented by the D-branes at rest. Hence we can 
guess that their "solitonic character" would not be spoiled by the a' — )• limit, and "naively" the ex- 
pectation is true. In other terms, the D-branes are topologically protected. To be slightly more precise, 
we must say that D-brane models, containing the appropriate kinds and number of D-branes, give indeed 

''i.e. massless vectors corresponding to gauge bosons of a non-Abelian gauge theory. 
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Figure 2.1: Closed string free propagation: the conformal invariance of the action allows us to map it to 
a punctured sphere. 




Figure 2.2: Open string free propagation: the conformal invariance of the action allows us to map it to a 
disk. 

rise to setups whose low-energy dynamics could be encoded in a supersymmetric gauge theory with all 
its perturbative and non-perturbative features. 

2.2 Perturbative description of the D-branes 

In the present section we indulge on how supergravity and gauge theories emerge in the low-energy 
description of the closed and open string sector respectively in the presence of D-branes. As a necessary 
introductory step, we must concentrate first on the quantum description of string dynamics. Later we 
will focus on the low-energy limit. 

2.2.1 Quantum treatment of strings 

From a classical point of view, a propagating string sweeps the two-dimensional world-sheet embedded 
into space-time. In order to associate an action to a particular string evolution, we generalize what is 
standard in particle dynamics. Actually, considering a relativistic particle, we associate to its propagation 
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an action that measures the proper length of the world-line representing the particle evolution in space- 
time. The proper length is invariant with respect to reparametrizations of the world-line, in accordance 
with the relativistic coordinate invariance requirement. Another important characteristic of the proper 
length is its additivity: namely, the action of the composition of two word-lines sharing an endpoint is 
given by the sum of the values of the action associated to the component paths. 

Inspired by the classical relativistic particle, we are straightforwardly led to think that the classical 
evolution of the string is encoded in the world-sheet with minimal proper area, being this expressed by 
the following action 



NG 




Gmn 



QXM QxN 

da" daP 



1/2 



(2.4) 



This functional is usually referred to as the Nambu-Goto action. As usual, we indicated the tension 
with T, the world-sheet with S, the two world-sheet coordinates with cr" where a = 1,2, the space- 
time coordinates with X^^ , the space-time metric with Gmn and the corresponding induced world-sheet 



metric with gaf^. Notice that the variational study of ( |2.4| ) has to be performed choosing suitable boundary 
conditions. 

The relativistic string is endowed with a new crucial feature with respect to the relativistic parti- 
cle: the presence of "internal" freedom. Actually, a particle is just a point-like object without internal 
characteristics whereas a string can oscillate. Since the string length is usually of the order of Plank's 
length, 

HiG 

lp = J 1.61 . lO^^^m , (2.5) 



its oscillations are clearly a quantum effect. The study of the internal modes of the string brings us to the 
question of the string quantization. 

The detail of string quantization is far beyond the purpose of this introductory part; for a thorough 



treatment of the topic we refer to the literature (see for instance [ 1 , 4]). The Nambu-Goto action \2A\ is 
not suitable for a quantum treatment because the presence of the square root in the integrand makes the 
quantization process cumbersome. Indeed, for the sake of treating the string at the quantum level one 
actually considers the action 



T 

'=2 



(2.6) 



that is classically equivalent to the Nambu-Goto action where 7 is the metric on the world-sheet; notice 



that 7 is here regarded as a dynamical field. The action (2.6 1 is usually referred to as the Brink-Di 



Vecchia-Howe-Deser-Zumino-Polyakov action and putting 7 on-shell we recover ( |2.4[ ) (see for instance 
|I4J). Choosing appropriate boundary conditions, one studies the equations of motion descending from 
the variational analysis of the action. The oscillatory modes of such string solutions describe the profile 
in space-time of the string itself. More precisely, any point of the string is mapped into space-time by 
the so-called embedding functions X^\a^ , cr^). Notice that we are actually embedding the world-sheet 
spanned by the two cr's into space-time . These embedding functions can be regarded as a collection of 
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scalar fields living on the world-sheet whose Fourier modes are promoted to operators in a world-sheet- 
Fock space. The space-time quantum dynamics of the string is encoded in the quantum field theory 
defined on the world-sheet. This crucial point is both natural and surprising. Its naturalness descends 
from the fact that we are actually generalizing straightforwardly the approach which is standard for 
relativistic particles; its novelty originates from the fact that scattering amplitudes for string processes in 
space-time are obtained computing matrix elements of the quantum field theory living on the world-sheet. 

2.2.2 Supersymmetry and superstrings 

So far we have considered only bosonic string modes. A crucial ingredient in developing string theory 
and defining the D-branes is represented by supersymmetry. It relates bosonic and fermionic degrees of 
freedom and it can be thought of as an extension of the standard Poincare invarianc^ In a supersymmet- 
ric theory any bosonic mode has a corresponding fermionic partner. To promote the bosonic string model 
( |2.6| ) to a superstring (i.e. supersymmetric string) model one possibility is to introduce supersymmetry 
in the world-sheet theory. At the level of the action we add to ( |2.6[ ) the fermion term 

5ferm = "i^ ^ d^CT GmN T'' do^ll^'' , (2.7) 

where the V'*^ are a collection of d Majorana spinors where d is the ambient space-time dimensionality. 
The matrices satisfy the bi-dimensional world-sheet Clifford algebra. 

Once that the world-sheet model is supersymmetric, in order to obtain a supersymmetric string 
theory also from the ambient space-time viewpoint a careful analysis is required. At first, anomaly 
cancellation implies that a superstring theory can only be consistent for d = 10. In addition, Gliozzi, 
Sherk and Olive found a way of projecting the superstring spectrum to render it actually supersymmetric ^ 
Depending on the relative chirality choice between left and right fermion modes on the closed strings ^ 
we have two possible GSO projections leading to two consistent string theories usually referred to as 
Type IIA and Type IIB. 

2.2.3 String scattering amplitudes and vertex operators 

The building blocks of the perturbative analysis are the string scattering amplitudes. These are classified 
in accordance with the topology of the world-sheet S; indeed, the number of "handles" of a world-sheet 
topology generalizes the number of loops of a Feynman diagram in particle theories. 

The asymptotic string states participating in a scattering process, are encoded in localized operators 
(the so-called vertex operators) defined on the world-sheet. Any external or asymptotic string state can 
be associated to a puncture on the world-sheet; the latter is then a bi-dimensional punctured Riemann 

'Supersymmetry can be expressed as a generalized Poincare invariance on an extended space-time comprehending also 
fermionic (i.e. Grassmann) directions. 

*Tlie GSO projection can be regarded as a consequence of one-loop modular invariance requirement, see for instance (SJ. 

'strings can be open ore closed. Closed-string vibrations admit both "clockwise" and "counter-clockwise" running wave 
solutions around the string. 
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surface. The punctures (or vertices), where we insert the vertex operators, correspond to the external legs 
of particle diagrams. 

Since in a string diagram the punctures are associated to the emission/absorption of a state in the 
string spectrum, it is quite natural to expect that, in accordance with the viewpoint of the second- 
quantized field theory living on the world-sheet, they are represented by operators. Without entering 
into further detail, this is indeed the case|^ The vertex operators carry the quantum numbers of the string 
state they create/annihilate. Let us underline that the second-quantized treatment of the world-sheet field 
theory corresponds to a first-quantized picture of string in space-time. More precisely, in studying string 
scattering at the first-quantized level, the fundamental object is the world-sheet, i.e. the string trajectory, 
which is specified a priori. In this sense, we consider string fluctuations propagating on a given world- 
sheet "background". In a second-quantized picture for the strings, the world-sheet would be dynamically 
determined and the fundamental object would be the string-Fock space. 

A scattering amplitude represents a matrix element between asymptotic states which, by definition, 
involve a string propagation for infinite time. To be neat, think about the 2-point (i.e. propagator) 
amplitude for a closed string. It is obviously described by a cylindrical world-sheet extending from 
negative to positive infinite time. Exploiting the invariances of the theorjj^ it is possible to map this 
infinite cylinder to a sphere with two punctures. The topology of the cylinder and the topology of the 
sphere with two punctures are the same. In a similar fashion, it is possible to map any "n-loop" and 
'W-particle" scattering diagram on a sphere or on an n-torus with the appropriate number n of handles 
and the appropriate number N of punctures. 

Proceeding in analogy with the closed string case, the free open string 2-point function is associated 
to a rectangular world-sheet extending from minus to plus infinite time; this presents the same topology 
of a disk. The asymptotic open string states are again represented by vertex operators, in this case they 
are localized on points belonging to the disk boundary. 

Given a certain topology for the world-sheet S, we can compute the associated A^-point string am- 
plitude evaluating the vacuum expectation value of the N vertex operators V^^ , V^j^ in the framework 
of the conformal field theorjT^] living on the world-sheet, 




The integral An could be in general quite compUcated. As it will be useful in what follows, a vertex 
operator associated to a generic mode can be split in its operator part and the polarization part (again 
indicated with (/)), namely 





(2.8) 



(2.9) 
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Figure 2.3: String stretcliing between different kinds of branes mapped to a "mixed" disk with boundary 
changing operators. 

2.2.4 Disk and sphere diagrams in the presence of D-branes 

The tree level propagation of closed and open strings is encoded by world-sheets having the sphere and 
disk topology respectively. They in fact correspond to Feynman diagrams with no handles, i.e. no loops. 

Computing explicitly the vacuum expectation value of a generic closed string vertex operator (j) on 
the sphere we obtain zero, 

(V*)sphere = « ' (2-10) 

meaning that there is no tadpole amplitude associated to any closed-string mode (/). Analogously, for the 
generic open string mode i/^, we can compute directly by means of conformal theory methods the vacuum 
expectation value of a single vertex operator on a disk. Again we obtain zero, 

(VAisk = 0- (2-11) 

We interpret these zero results as the absence of tadpoles for both open and closed string modes. This 
picture matches the idea of a trivial vacuum in which all the fields have vanishing VEV. To rephrase the 
point, we obtained that in a model possessing just open and closed string, the lowest scattering topologies 
describe the perturbative physics around the trivial vacuum. 

'^We recommend to look at |T| for a deeper analysis. 

'Namely the reparametrization and Weyl freedom, see for instance fl\. 

'"The tracelessness of the energy-momentum tensor together with the fact that the base manifold (i.e. the world-sheet) is 
two-dimensional implies that the Poincare and Weyl invariance of the world-sheet field theory is promoted to full conformal 
invariance, look for instance ||4j|. 



14 



CHAPTER!. INTRODUCTION 



The next step consists in introducing new actors on the stage. The new objects we consider are the 
D-branes. Assuming the viewpoint of the strings, the presence of the D-branes implies the possibility of 
having world-sheets with new characteristics. In addition to the sphere and the disk amplitudes already 
considered without the D-branes, we can now have diagrams with different boundary conditions. For 
the sake of simplicity let us start introducing a single D-brane. Due to the presence of the brane, it is 
possible to consider the insertion of a boundary into the closed string sphere diagram (think about a soap 
bubble on the surface of the sink); in other terms closed string diagrams with the topology of the disks. 
Such a topology accounts for the possibility of having an emission/absorption of closed strings by the 
D-brane. On the boundary just introduced the brane induces boundary identifications between right and 
left-moving closed string modes, ^]. As a consequence, we can have non-null expectations even for a 
diagram with a single close vertex insertion, 

(^^)D-brane ^ « " (2-12) 



The open string counterpart consists instead in the possibility of having different boundary condi- 
tions at the two endpoints of the strings. In a configuration with two different D-branes (for instance 
a Dp and a Dq with p q) we can have strings stretching between them. The propagation of such a 
string stretching between two different kinds of D-branes is computationally described introducing ap- 
propriate operators on the boundary of the disk diagrams. These operators are called boundary changing 
operators. 

The expectation of a single vertex operator on a disk containing also boundary changing operators 
can be non-vanishing, 

(V^)dp/d, ^ • (2-13) 



For a pictorial explicit example corresponding to the D3/D(— 1) case see Figure 2.3 



The string scattering computations are performed in the framework of the world-sheet conformal 
field theory; indeed scattering amplitudes are obtained studying expectation values on the world-sheet; to 
have more details on the scattering computations in the presence of D-branes see ||7l[8l|9_] and references 
therein. A self-contained account of the actual techniques and conformal computations is beyond the 
purpose of the present treatment; we refer the reader to the review ifTOl for a throughout analysis. 



2.2.5 Effective supersymmetric gauge theory on the D-brane world-volume 

We already faced the question of defining an action on the world-sheet which is a two-dimensional 
surface embedded into ten-dimensional space-time. In order to specify an action for a Dp-brane we 
generalize the same approach to p + 1-dimensional hyper-surfaces. These represent the world-volume 
of the branes and on them we have 10 bosonic fields each associated to a space-time coordinate; we can 
always choose (at least locally) a convenient coordinatization (usually said "well adapted") in which the 
first p + 1 space-time coordinates parametrize the D-brane world-volume. The remaining space-time 
coordinates span the so called transverse space. 

Intuitively the fields associated to the transverse coordinates represent the oscillations of the brane 
itself in the surrounding space-time, while the longitudinal field can be organized in a p + 1-dimensional 
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array yl^ with /x = 0, p. Notice that ap+1 brane breaks the entire ten-dimensional Poincare invariance 
preserving a Poincare sub-invariance corresponding to its world-volume. The array behaves indeed 
as a vector of the preserved Poincare invariance and, being a massless mode, it is straightforwardly 
interpreted as a U(l) gauge field. 

Having observed the presence of a U(l) gauge vector we can naturally accept that the bosonic part 
of the D-brane action assumes the following form: 

5dbi« / e-'?^(^)./-det [g^,{X) + (27ra')F^.(X)] (2.14) 

JWp+i ^ 

where i,j = 0,...,p. This is the renown Dirac-Born-lnfeld actioij^ (DBl). The metric gf^^ is induced 
on the Dp-brane world-volume by the ambient Gmn metric, while F^^ is the field-strength associated 
to A^. The field (j), called dilaton, is a scalar mode emerging in the closed string spectrum and it will be 
introduced in the Subsection |2.2.6l 



Let us observe that in the absence of the field-strength, (2. 14 1 returns simply the Nambu-Goto action 



( |2.4| ) generalized to the j?-dimensional brane. The introduction of the DBI dependence on F is naturally 
understandable in the framework of T-duality arguments (see for instance ifTTl ). In the low-energy theory 
we can expand the DBI action in powers of the field-strength and retain only the lowest order, namely the 
one quadratic in F; in this way we obtain the pure Maxwell Lagrangian. Similarly, the supersymmetric 
extension of the DBI action, at quadratic order in the derivatives, returns the Super-Maxwell gauge field 
theory Lagrangian. We remind the reader that the expansion of the DBI action contains kinetic and 
interaction terms that can be computed from the study of string scattering. 

Let us concentrate on more than a single brane at a time and, more specifically, let us consider a 
stack of coinciding (i.e. on top of each others) D3-branes all of the same kincf^ In such a setup each 
open string can start and end on any brane in the stack. To account for this possibility, we can associate 
a label to each D-brane so that any open string state is characterized by a couple of labels expressing 
the additional information concerning the branes to which it is attached. These are called Chan-Paton 
indexes. 

As observed in @, it is possible to consider additional non-dynamical degrees of freedom to the end- 
points of open strings. Indeed, such an addition respects the symmetry of the theory, namely the space- 
time Poincare invariance of the D3 world- volume and the world-sheet conformal invariance. Given their 
non-dynamical character, the Chan-Paton indexes can be regarded as mere labels which are preserved in 
free string evolution. 

The Chan-Paton labels running over the values 1, .., have to be introduced in the space of asymp- 
totic string states. Any state has therefore the following form: 

(2.15) 



"Historically the Dirac-Born-Infeld action was studied in the attempt of clarifying the problem of infinite Coulomb energy 
of point-like particles like electrons. In the DBI theory there is an infinite tail of non-linear terms in F generalizing the usual 
Maxwell electrodynamics. As a result, the point-like particles presents finite field-strength and finite total energy; the fields are 
however not smooth. 

'"The branes in the stack have the same geometrical arrangement and symmetry properties with respect to background 



operators as orbifolds or orientifolds (see Section 4.1 1, 



16 



CHAPTER!. INTRODUCTION 




Figure 2.4: Four-string diagram: along the boundary between two vertices the Chan-Paton label is pre- 
served. 

where k represents the center of mass momentum of the string. Note that, before the introduction of the 
Chan-Paton labels, the momentum furnished a complete set of quantum numbers for defining an open 
string state. 

We can use a different representation and consider a basis Xfj for the space of N x N Chan-Paton 
matrices in i, j indexes; a runs over 1, A^^. The relation with the old basis is: 

N 

|fe;a) = A?,,|A:;i,j) . (2.16) 

For the sake of clarity, let us consider an explicit example: the 4 strings scattering amplitude. The 
corresponding diagram has four external "legs" that are associated to vertex operators. Since we have 
introduced the Chan-Paton indexes to label the states, also the vertex operators have to carry the Chan- 
Paton structure. They therefore contain as a factor a matrix expressible in the A*^ basis. The Chan- 
Paton factors are non-dynamical and as a consequence they have to be conserved along the world-sheet 
boundary comprehended between two vertex operators. 

The Chan-Paton factor is going to describe the gauge structure of the low-energy effective model; 
let us consider this point carefully. In general, our interest is concentrated on gauge-invariant quantities, 
i.e. objects whose "gauge indexes" are saturated. Let us consider string amplitudes summed over all the 
possible Chan-Paton configurations. We indicate with X--' ' ' the Chan-Paton factors corresponding 



to the four asymptotic states in Figure 2.4 The amplitude we want to compute results from summing all 



the adjacent Chan-Paton indexes, leading to an overall factor 

A^5AffcA^,A^ = tr (A^A^A^A^) . (2.17) 



Notice the important fact that the factor ( |2.17[ ) is manifestly invariant with respect to the following 
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transformation: 

A" ^ MX^M-^ , (2.18) 

where M S GL(A^) . We have to remember that a matrix Mij transforms a quantum state labeled with i 
into a quantum state labeled with j; as a quantum transformation, it is required to be unitary and we have 
to hmit our attention to U(iV) C GL(iV), 

A" ^ UX'U^ . (2.19) 



It is natural to interpret the two indexes of a Chan-Paton matrix A? as belonging respectively to the 
fundamental and anti-fundamental representation of U(A^). The lambda's transform then in the N x N 
representation that is actually the adjoint representation of U(A^). One of the low-energy open string 
excitation modes is a massless vector that, as just stated, transforms in the adjoint representation of 
U(A^). In the low-energy effective field theory, this mode plays the role of the gauge field. To realize 
this, one has to analyze the string scattering and check that at low-energy the string amplitudes involving 
gauge vectors coincide with the amplitudes obtained by the standard effective field Lagrangian oc F^, 
being F the non-Abelian field-strength. 

For a stack of coinciding branes the generalized version of ( |2.14| ) is not know in a closed form. 



An expansion for the non-Abelian generalization of DBI action can be in principle obtained (with such 
an effort that usually only the first terms are computable) following specific requirements or prescrip- 
tions such as off-shell supersymmetry, |12|. The choice is not unique and the literature presents several 
possibilities which, however, lead all to classically equivalent results (i.e. upon using the equations of 
motion). Our particular preference for the off- shell supersymmetry requirement has a profound motiva- 
tion in relation to instanton solutions; indeed, in this framework, the instantons are believed to represent 
solutions of the complete quantum theory and not only of its first-terms approximation. 

Up to quadratic order, all the non-Abelian versions of the DBI expansion coincide with SYM theory 
and, specifically for the case of D3-branes, we have four-dimensional A/" = 4 SYM theory. The gauge 
group is U(A^) but the U(l) part (associated to the trace) constitutes an infrared-free Abelian sub-sector; 
at low-energy scales this Abelian part decouples from the remaining SU(A^) part because the former 
becomes negligible with respect to the running non-Abelian coupling. Henceforth we will simply under- 
stand this caveat, and indicate the D-brane stack as simply supporting an SU(A^) gauge theory. Let us 
write the explicit = 4 SYM action: 



9ym i I ^ ^ (2.20) 

-i(S'^)^^A^A[<Aa,A"B] -i(S")ABA"^[0a,Ai']} • 

The index a labels the scalars and, in the stringy picture, is associated to the internal space directions; the 
index A is the spinorial counterpart of a so it runs on the internal space spinor components. The action 



(2.20) can be recovered from a systematic study of the low-energy dynamics as performed in detail in 
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2.2.6 Effective supergravity in the bulk 

Studying the low-energy, closed superstring spectrum we find a set of massless modes including a com- 
plex scalar called dilaton, the already mentioned spin 2 graviton, and some totally anti- symmetric fields 
Ami...m„ referred to as Ramond-Ramond form^^ Repeating somehow the approach we followed with 
open strings, we can study the scattering of low-energy closed strings and account for their propagation 
and interactions by means of an effective field theory. Such an effective field theory for closed-string, 
massless modes is called supergravity. 

In general superstring models and their effective supergravity descriptions admit extended solutions. 
Among these we find the Dp-branes which are p-dimensional spatial surfaces. The world- volume of a p- 
brane has p+ 1 dimensions including time and then it naturally couples to the Ramond-Ramond field with 
p + 1 indices. Indeed, we can regard the branes as generalizing the relativistic particle electro-dynamics; 
there we have a zero-dimensional object, i.e. the charged particle, spanning in its evolution a one- 
dimensional manifold, the world-line. A vector field with one space-time index couples with the particle 
because the world-line has a one-dimensional tangent space in any of its points. The electromagnetic 
coupling of a charged particle is given by the following term in the action: 



qi I AMdX 
'Wi 



M 



(2.21) 



where Wi is the world-line, qi is the charge and dX^ /d£^ is the tangent vector to the world- line. Let us 
generalize this to a Dp-brane, for example for p = 2>, 



q4 I Am NOP A dX'^ A dX"^ A dX' 



(2.22) 



The integration is performed on the four-dimensional D3-brane world-volume. The D3-brane then can 
emit and absorb yl(4) quanta. In a supergravity picture, the presence of such a D3-brane translates to the 
possibility of having a source for the ^(4) generalized gauge field. From now on, the coupling constant 
54 will be fixed to 1. 

Without entering into details, let us give the relevant terms in the supergravity action (in the string 
frame) that are needed to describe at low-energy the dynamics of the ambient space-time in the presence 
of a stack of coinciding D3-branes: 



SsUGRA 



1 



(27r)7(a') 



-9 



-2<i> 



i? + 4(V0)^ 



1 



2-5!' 



+ 



(2.23) 



where g is the space-time metric and R the associated Ricci scalar, (f) is the dilaton and F(5) = (i^(4) is 
the self-dual part of the field-strength associated to the Ramond-Ramond potential with respect to which 



We do not enter into much detail here since the subject is described in any introductory string theory book. Let us mention 
that we have a different set of Ramond-Ramond forms depending on the kind of superstring model we are considering, namely 
Type IIA or Type IIB. We will consider Type JIB whose spectrum contains all the AMi...Mn forms where n is even. We will 
then have j4(4) (i.e. with 4 indexes) which naturally couples with the D3-branes that are the central object for the subjects 
presented in the thesis. 
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the D3-branes are charged. The . . . indicate the omission of the other Ramond-Ramond forms and of the 
B form and also of the fermionic terma^ 



It is possible to show that the equations of motion deriving from ( |2.23| ) admit the following solution: 

3 9 



dh = H-"\r)Y,{dX^? + H^I\r)Y,idY'? 

AJ=0 j=4 
^MNOP = (-MNOP H{r) 

= gs 



(2.24) 

(2.25) 
(2.26) 



where the coordinates with /x = 0, .., 3 are longitudinal while the with j = 4, 9 are transverse 
with respect to the stack of D3-branes. The coordinate = X^i (^"')^ "^^e hyper-spherical radius in 



the transverse space where the solution ( |2.24[ ) is spherically symmetric. Finally, gs is the string coupling 
constant and H{r) is the following harmonic function: 



H{r) = 1 + 



(2.27) 



being N the number of branes in the stack. This solution describes a stack of N parallel and coinciding 
3-branea^ Notice that the dilaton solution is a constant, this feature is peculiar of D3-brane solutions. 



From ( |2.24| ) and ( |2.27| ) it is possible to see that computing the flux of the R-R field through a hyper- 
sphere containing the branes (i.e. a hyper-sphere in the transverse space) we obtain 



/ 



N 



(2.29) 



that is the number of the branes (remember that we have fixed the brane coupling constant (74 = 1). 

The SYM theory living on the D3-branes is coupled with the dynamics of the bulk fields living in 
the ambient space-time. The coupling is related to the string constant a'; once we take a' — )• 0, it is 
possible to consider the following expansion 



(2.30) 



and effectively regard the two theories on the world-volume and in the bulk as independent; this is 
usually referred as decoupling limit. As explained for instance in [13], the decoupling limit should be 
more precisely defined in order to maintain the physical interesting quantities finite (e.g. the "Higgs 



'*It is appropriate to remind ourselves that supergravity models generalize supersymmetric ones making the supersymmetry 
local. In supergravity we then have again a fermionic partner for any boson of the theory. 

"The case of parallel but non coinciding branes is described by the following harmonic function: 



Hir) 



dag si 



with d3 = 47rr(2) 



(2.28) 



where rl indicates the position of the J-th brane in the space spanned by the Y coordinates. Any brane in l |2.28[ ) carries one 
unit of Ramond-Ramond charge. 



20 



CHAPTER!. INTRODUCTION 



mass" of a string stretching between two separated branes, namely AY/ a'). Specifically, the decoupling 
or Maldacena limit is given by 



a' —7- 0, gs fixed, fixed, (p^ 



a' 



fixed 



(2.31) 



Let us rewrite the metric ( |2.24| ) using hyper-spherical coordinates in the space orthogonal to the 
D-branes, 

3 

= /f-i/2(^) Y.^dX^ f + H^/\r) {dr'^ + r'^dVl^) , (2.32) 

/x=0 



where dO.^ represents the elemental solid angle; in the decoupling limit ( |2.31| ) and using ( |2.27[ ) we have 



9^ 



dX^dX^" + 



{dr^+r^da^) . 



(2.33) 



We can define L = \JgsN a' and substitute it into p.33|) obtaining: 



ds^ 



L2 



dX^,dX^' + [dr^ + r^dn^) ~ a'^j^dX^dX" + {d<i? + cf/dn^) (2.34) 



where we have used (2.31 1 and (fP' = Notice that L2 contains a' and therefore vanishes in 



the Maldacena limit. We ought to define = I? jol = ^gy^^N. Substituting in the metric ( 2.34 ) 
resulting from the Maldacena (or decouphng) limit, we obtain 



ds^ ~ a'l ^dX^dX^' + 



L2 



+ (p^dn^) 



(2.35) 



this metric is manifestly the product of two Einstein spaces of constant curvature: AdS^ x S^. Notice 
that both spaces are characterized by the same curvature radius, namely L (in string units). In addition, 
we should note that the decoupling limit works for any value of gs and A^. 



2.3 Holography and the AdS /CFT correspondence 

The AdS/CVT correspondence is a conjectured duality between a specific gravity theory defined on an 
Anti-de Sitter space (AdS) and a corresponding conformal field theory (CFT) that can be thought of as 



living on the "conformal boundary" (see Section 6.1.1 1 of the AdS space-time. 



The word holography comes from the combination of the two ancient Greek terms: holos meaning 
"whole" and grafe meaning "writing" or "painting"; it is usually referred to optical techniques which are 
able to reconstruct the whole three-dimensional information of an image by means of a two-dimensional 
support. The term has been adopted in the gauge/gravity correspondences framework because the gauge 
and gravity theories related by the correspondence are defined on space-times with different dimension- 
ality. In its stronger sense, a duality is a map between two theories describing the same physics and 
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therefore "containing" the same information; the content of the theory is just written in different terms, 
i.e. using different degrees of freedom. In this sense, the gauge/gravity dualities are holographic be- 
cause they show that the content of the theory living in a higher dimensional space-time is encoded 
holographically in the lower dimensional theory. 

The first holographic hint in theoretical physics was suggested by black hole thermodynamic 
The entropy of a black hole, which is related to the number of quantum states contained in the black hole 
volume, is proportional to the surface of the black hole horizon [16l|T7l- A property of the bulk volume 
of a black hole is indeed related to the surface or boundary containing the same volume. Let us note that 
the holographic hint given by black holes comes from a context in which gravity needs to be treated at 
the quantum level. 

At the outset of describing holography and AdS/CFT it should be understood that the topic is very 
wide and we must often refer to the numerous reviews present in the literature. In particular, for an 
introductory treatment of some fundamental ingredients such as conformal field theory and AdS gravity 
we refer especially to lUll [131 and references therein. 



2.3.1 String/field connections 

As we have mentioned, the dynamics of D-brane models can be described in the low-energy regime 
with appropriate gauge field theories. In the low-energy and infinite tension (or zero length limit) for 
the strings, the open strings themselves become effectively point-like objects accountable for within a 
quantum field theory living on the world-volume of the branes. However, this direct connection is not 
the only link between field and string theory. Indeed, in hindsight, we can observe that string theory was 
originally developed in the context of strongly coupled hadronic interactions, i.e. a context which should 
be also describable with a strongly coupled quantum field theory in the confining regim^^ Actually there 
are many string-like objects involved in this context like^M;c tubes and Wilson lines. Flux tubes give an 
effective description of the interaction between two quarks and their behavior resembles the dynamics of 
strings. Think for instance of the bag-like potential for quarks that is related to the area spanned by the 
flux tube in space-time evolution of the quark pair, [19] ; this is analogous to Nambu-Goto action for a 
string propagation where the action actually measures the proper area of the world-sheet. 

Even though, in the context of strong interactions, string models have been superseded by QCD, we 
are generally not able to employ analytical tools for the analysis of its strongly coupled and confining 
regime. Before the employment of AdSICVY inspired techniques, the main theoretical instrument to 
investigate the strongly coupled regime of QCD and more in general non-Abelian gauge theories was 
provided by numerical simulations on the lattice and effective models (such as NIL, cr— models,...). 

The intimate relation between field and string theory has been significantly boosted in the 90's after 
the proposal of the AdSICVY Maldacena's conjecture ll20l . In its strongest version, the conjecture claims 

'*The seminal papers in which the holographic principle has been proposed are 1141 and 1151 . 

"Notice that sometimes this early string models are called dual models. Here the term "dual" refers to a property of 
hadronic scattering consisting in the equality of hadronic scatterings in the s and t-channels for small values of s and t (s and 
t are Mandelstam variables), [l]. Note that the s -H- t world-sheet crossing symmetry can be seen as a first hint of open/closed 
string duality. 
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a complete equivalence between Type IIB string theory compactified on an asymptotically AdS^ x 5^ 
background and A/" = 4 SYM (Super Yang Mills) theory living in four-dimensional flat space-time. 
With AdS^ X we indicate the manifold obtained from the Cartesian product of five-dimensional 
Anti-de Sitter space-time and the 5-dimensional hypersphere. Notice that the duality relates a theory 
containing quantum gravity (among other interactions) to a gauge field theory without gravity. AdS/CFT 
has stimulated much interest on the possibility of having gauge/gravity dualities and much effort has been 
tributed to this field in the last fifteen years. 

One crucial point to be highlighted at the outset is that AdS/CVT is a strong/weak duality, meaning 
that it relates the strongly coupled regime of one theory with the weakly regime of the other and vice 
versa. This feature, which renders extremely ambitious the task of finding a direct proof of the con- 
jectur^^ is its most interesting practical characteristics. In fact, because of its strong/weak character 
the AdS/CVT provides a powerful tool to obtain analytical results at strong coupling in field theory by 
means of string low-energy and perturbative calculations. Such a possibility is particularly interesting 
because the theoretical methods to perform analytical computation at strong coupling in field theory are 
generically quite poor and, a part from numerical simulations on the lattice, the strong coupling regime 
has been quite often theoretically unaccessible. 



2,3.2 't Hooft's large limit 

A very suggestive relation between non-Abelian gauge theory and string theory follows from an obser- 
vation proposed by 't Hooft in 1974. He noticed how a U(A^) Yang-Mills theory in the large N, i.e. 
large number of colors, admits a classification of Feynman's diagrams according to their topological 
properties, ||2TI . 

Let us look to the large N limit of U(A^) Yang-Mills theory in more detail. Apparently the N ^ oo 
limit seems to lead to ill-defined quantities; actually, instead of performing just the large N limit, we have 
to act on the coupling constant gyM as well. Consider for instance a self-energy diagram for the gauge 
field that belongs to the adjoint representation of the gauge group; the gauge field A is then a Hermitian 
matrix expressible on a basis of N"^ independent gluons. It is possible to show, [ 13 1, that the self-energy 
for a gluon scales as N and, in the large N, limit it is then of order 0{N). Nevertheless, if we include in 
the analysis the coupling qym we notice that actually the self-energy behavior is 0{gY]^fN). It is then 
natural to consider the so called 't Hooft limit, namely 

N ^ oo , Qym — ^ , with A = Oym^ fixed . (2.36) 

In this limit all the diagrams either remain finite or vanish. 

In pure Yang -Mills theory the only dimensional parameter is the QCD scale Kqcd- Let us ob- 
serve that in 't Hooft's limit the QCD scale remains constant, indeed the /3-function equation (which 



"*To find a succinct account of AdSICVI tests look at jlSl . 
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define^^^QC*/)) for pure SU(A^) YM theory is given by: 



where is a reference renormalization mass scale. The two sides of Eq.(2.37 1 scale in the same way in 



the 't Hooft limit (2.36 1. 



Following llT3l . in a non-Abelian Yang-Mills theory it is possible to express the adjoint field with a 
double-line notation essentially treating the adjoint representation in line with its bi-fundamental nature. 
Adopting such double-line notation, it is possible to show that any Feynman's diagram can be accom- 
modated on a Riemann surface whose genus g (i.e. the number of holes) is related to the features of the 
diagram itself, namely 

2-2g = F-E + V, (2.38) 

where F corresponds to the number of loops (faces), V is the number of vertices and E is the number of 
propagators (edges). 

Let us focus on the pure U(A^) gauge theor>p°| Its Lagrangian density is 

1 N n 

C = ^— trF^ = — trF^ , (2.39) 

9ym ^ 

where we have put in evidence the Yang-Mills coupling constant. Any propagator is accompanied with 
a factor of X/N and any interaction vertex is instead accompanied with a factor N/X. Furthermore, any 
loop contributes is accompanied by a factor of A^; the reason is that, since we are adopting the double- 
line notation, we are considering loops associated to the fundamental representation which has indeed N 
components. Collecting these observations in one formula, we have that the generic diagram scales as 

^E-V ^F~E+V ^ 0(Ar2-29) . (2.40) 

Any amplitude in the field theory can be expanded accordingly to the topology of the contributing Feyn- 
man's diagrams, 

oo 

^ = ^Ar2-23j^(A), (2.41) 

9=0 

where the functions fg are polynomials in A. In the 't Hooft limit, the expansion is clearly dominated by 
the low-genus configurations, and in particular by the planar g = graphs possessing the topology of a 
sphere. This expansion resembles precisely the topological expansion of perturbative multi-loop string 
diagrams. 

Further detail on the large N limit can be found in |[T8l [T3l 



"We can define Aqcd as the scale at which qym runs to an infinite value. However, we ought to note that the /3-function 



equation (or renormalization equation) l |2.37^ is derived in perturbation theory and then it is reliable only for small values of 
the coupling. When qym becomes large the perturbation scheme ceases to be justified. Keeping clear mind about this caveat, 
we can nevertheless retain the formal definition of the QCD scale Aqcd, |22|. 

^"We are concentrating just on the adjoint fields; the diagrams containing also fundamental fields result suppressed with 
respect to the leading contribution. An observation which is nevertheless interesting is that, in the presence of fundamental 
fields, the topological classifications of the diagrams has to involve also varieties with boundaries, ||13J . 
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In this part of the thesis we devote keen attention to non-perturbative effects and particularly to instantons 
both in SUSY gauge field theories and in superstring theories. 

The term "non-perturbative" refers to configurations whose action S is proportional to a negative 
power of the coupling constant. In the partition function, any configuration is weighted by e"*^, therefore 
the non-perturbative effects are exponentially suppressed at small coupling. In this regime they are 
generally negligible with respect to any perturbative contribution whose weight vanishes instead as a 
positive power of the coupling constant. The non-perturbative physics is relevant either when we consider 
a strongly coupled regime or whenever the competing perturbative effects are absent. In relation to 
the latter case, some perturbative contributions can be forbidden, for instance, by non-renormalization 
theorems induced by the supersymmetry of the theory. 

In the 1970s the theoretical physics community started to study systematically the non-trivial solu- 
tions of the classical field equations of motion of many field theories comprehending Yang-Mills theory 
and its supersymmetric generalization^ In the quantum field theory framework, a classical solution 
of the equations of motion represents a background around which the quantum fluctuations are studied. 
Notably, the non-trivial solutions usually mingle global and localized features. On the one side they 
are related to topological characteristics corresponding to global properties of the classical field config- 
uration as a whole, on the other their energy density is non-vanishing on a finite supporj^ Because of 
their localized character, the non-trivial solutions of the equations of motion are usually referred to as 
particle-like configurations or pseudo-particle^ They are nevertheless distinguished from the funda- 

' As an aside curiosity, it is interesting to recall that far before the systematic study of non-trivial field solutions (or solitons) 
and even before the modem atomic theory was proposed, Kelvin suggested a model based on vortexes (that are a particular kind 
of solitons) in a fluid to represent atoms. In Kelvin's picture, the chemical variety of atoms was explained in terms of different 
topological arrangements (i.e. different topological charges); the stability of atoms corresponded to the topological stability of 
solitons with respect to small fluctuations. As we will see, topological features are an essential property of solitons. 

"It is intuitive to expect that a field configuration whose potential (i.e. static) energy density is non-vanishing everywhere 
has a diverging action. In a path-integral (or partition function) formulation, a diverging action is translated into the total 
suppression of any amplitude involving such configuration. 

^^For an ample panoramic view on the topic of solitons and their particle-like behavior (e.g. in scattering phenomena), 
consult ||23il . 
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mental particle excitations arising from the perturbative quantization of the fields. In fact, as opposed to 
solitons, the perturbative quantum fluctuations around classical configurations emerge from the quanti- 
zation of continuous deformations of the background field profile. As such they cannot, by definition, 
change the topology of the background itself. Indeed, the topological sectors in the field configuration 
space are closed (i.e. not connected with each other) with respect to continuous deformations of the 
fields. 

Instantons constitute a prototypical example of totally localized non-perturbative field configurations 
of Yang-Mills theory; the name is formed by the prefix "instant-" suggesting localization also in the time 
direction, and the suffix "-on", usually attributed to particles. The first analysis of instantons dates back 
to 1975 and was performed by Belavin, Polyakov, Schwarz and Tyupkin in ll24l . Notice that the locaUzed 
nature also in the time direction makes it impossible to think of instantons as stable propagating particles. 



3.1 Topological charge 

Instantons are non-trivial classical solutions of the equations of motion of pure Yang-Mills theory defined 
on four-dimensional Euclidean space-time. They have finite action and enjoy the property of self-duality, 
i.e. 

F = *F, (3.1) 
where F is the standard non-Abelian field-strength 

= d^A^ - d^A^ + [A^, A^\ , (3.2) 

and *F is its Hodge dual, 

-Fpu — ~^(^iJ,upcrPpcT • (3.3) 

In Yang-Mills theory the Hodge duality constitutes the non-Abelian generalization of the electro-magnetic 
duality. We define the non-Abelian "electric" and "magnetic" fields as follows: 



= --e'^^F^f^ (3.5) 



E'" = Fq" (3.4) 
1 
2 

where i,j,k are spatial indexes and a represents the index associated to the gauge group generators T" 
which are traceless anti-Hermitian matrices satisfying 

[r«,r^] = f^bcr^c (3_g^ 
tr(r''r^) = -^^""^ (3.7) 

where /"^'^ are real structure constants. Remember that we are adopting an Euclidean metric; the upper 
or lower position of space-time indexes is unimportant and the Hodge duality squares to 1. Euclidean 
electro-magnetic duality transforms 

E (3.8) 
B ^ E . (3.9) 
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This is in contrast with Minkowskian electro-magnetic duahty which introduces a minus in (3^1. Indeed, 
in Minkowski space-time the Hodge dual squares to —1 and it is impossible to define (non-trivial) self- 
dual or anti-self-dual configurations. 

Instantons correspond to Euclidean classical configurations locally minimizing the action and are 
therefore stable against field fluctuations. Instantons possess a finite but non-vanishing value for the 
action and are characterized by an integer number /c G Z called topological charge or Pontryagin number 
or also winding number. It corresponds to the integral 



* = ■ 16 

and its meaning will be clarified shortly. The Euclidean action of Yang-Mills gauge theory is 

S = I d^x tiF^.F^, ■ (3.11) 

this, in the absence of sources, leads to the Yang-Mills equations of motion, 

D^F^, = . (3.12) 

A field configuration that, like an instanton, has finite action must then correspond to a field-strength F 
tending to zero faster than 1 /r^ for large values of the four-dimensional Euclidean space-time radius 

3 

r = Y.ix'f . (3.13) 

At=0 

Explicitly, a finite value for the action requires 

F^, 0(l/r2+^) , (3.14) 

with e > 0. In order to present such an asymptotically vanishing field-strength F^^y, the gauge field 
has to tend for large r to a pure gauge plus terms vanishing faster than 1/r. A pure gauge configuration 
is a field configuration that can be obtained applying a gauge transformation to the trivial vacuum. Re- 
member in fact that the field-strength is a gauge invariant quantity and its value on the trivial vacuum is 
zero. Mathematically, we then have: 

A^ ™ U-^d^U + 0(l/ri+^') , (3.15) 

being e' a positive quantity and U{x) the matrix field representing a gauge transformation. 

The integrand F^y *F^y in the definition of the topological charge p.lO[ ) can be expressed as a total 
derivative, 

tr Ffj^iy Ffj^jj = 2 e^jjpcf tr (^dfj_AydpAcr + 2dpApApAcr + ApA^ApAu) 
= 2 tpypa tr dp_ I AydpAfj + —AyApA„ 



3 (3.16) 

2 

3' 
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where we have used the cycUc property of the trace to discard the AAAA ternj^ and the symmetry of 
d^dp. We apply Stoke's theorem and compute k via an integral on the "boundary" at infinite radiu^ 
From the asymptotical behavior of the field-strength ( 3.14| ), we have that the term in ( 3.16 l containing 



Fpfj is neglectable. Therefore the topological charge is given by 

^ = ^ /s rfS^W tr [{U'^dM) {U-^dpU) {U-^d„U)] (3.17) 

where dS^ is the radial hyper-surface element of the asymptotic three-sphere. The function U{x) con- 
sidered on the asymptotic ^3 defines a map from the boundary itself to the gauge group manifold. It is 
possible to showj^that the integer k counts how many times the asymptotic 53 "winds" around the gauge 
group manifold according to the map U. This justifies the name "winding number" for k. 

Given the topological nature of the winding number k, it cannot be affected by continuous defor- 
mations of the gauge field configuration. The possibility of obtaining a field configuration A by con- 
tinuously deforming a configuration A can be regarded as an equivalence relation between A and A. 
In this framework, the gauge field configuration space splits into distinct equivalence classes (usually 
called topological sectors) associated to different values of the topological charge k. Within a generic 
topological sector the action of any element of the sector has a value satisfying the inequality 

S>^\k\. (3.18) 
9ym 

This is called BPS bound from the names of Bogomol'nyi, Prasad and Sommerfield who studied it for 
the first time. The BPS inequality ( |3.18[ ) can be proven rewriting the action p.l 1[ ) as follows: 



S = -- / d^xtrF^ 

^gvM 



— / d^xtr {F± *F)2±^— / d^x\xF*F 

YM J '^9ym J 



'^9YM 

> / d'^xtiF*F 

'^9ym 

9ym 



(3.19) 



Recalling ( |3.7[ ), in the third passage of ( 3.19 l we have discarded a positive quantity. Notice that in 



( |3.18| ) the equality holds if and only if the field configuration corresponds to a field-strength that is either 
self-dual or anti-self-dual, namely 

*F = ±F . (3.20) 



Moreover, the BPS argument implies that the configurations satisfying the self-duaUty condition (3.20) 



minimize the action within the topological sector to which they belong. Conventionally we refer to the 



''Note that the tensor e^vpa- acquires a minus upon a cychc permutation of its indexes. 

^Assuming that any field tends to a constant for r — >■ 00, with boundar-y we mean a spherical shell with asymptotic radius. 
^Look at the appendices of 1 25 1 to have an explicit example in the case of SU(2) gauge group. 
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self-dual configurations as instantons and to the anti-self-dual configurations as anti-instanton^ From 
the definition of the topological charge ( |3.10| ) and ( |3.7| ), we have that instantons and anti-instantons have 
positive and negative k respectively. 



3.2 Vacua and tunneling amplitudes 

Instantons can be interpreted as tunneling processes interpolating between different vacua of the Minkowskian 
formulation of the YM model, ll26i . In order to illustrate this crucial point and before moving from the 
Euclidean to the Minkowskian formulation, it is necessary to consider the temporal gauge, namely 

A'^{t,x) = 0. (3.21) 

In the temporal gauge (sometimes also referred to as Weyl gauge) it is possible to canonically quantize 
the theory. We have the following (Euclidean) Lagrangian and Hamiltonian densities: 

= I (E" ■ E" + B"" ■ B") (3.22) 

Note that the relative signs are opposite to the usual Minkowskian expectations, indeed the terms in E 
represent the kinetic part of the densities {E"- = —dtA"-) and the terms in B constitute the potential 
energy density. 

A general feature of field theories defined on a non-compact base manifold is that the topological 
considerations are strictly related to the asymptotic (i.e. at large radius) behavior of the fields. To rephrase 
( |3.16[ ) and ( |3.17| ), the topological charge is given by the flux integral of the Chern current 

Jfi — Sfiupai^ I -^uFpa — — Ai^ApAcr ) ~ — — e^upa ^u-ApAu (3.24) 
V O / r— >oo i5 



through an asymptotic hyper-surface. From the temporal gauge condition ( |3.21| ) we have that is 
directed in the direction for large r. Since we deal with a local theory, we add the general assumption 
that the fields vanish at spatial infinity, namely 

3 

Ai{x, t) "-^ with p = Y^ix'f . (3.25) 

i=l 

Equations ( |3.24[ ) and ( 3.25 1 combined together mean that the total flux <I>[J] of at "infinity" receives 
contributions only from the asymptotic regions corresponding to t = ±00, that is 

$[J] = 0[J]+oo - m-00 . (3.26) 

'in the Mathematical community the opposite definition is usually considered. 

'^The Euclidean formulation of YM theory can be regarded as the Wick-rotated (i.e. imaginary time) version of the 
Minkowskian version. 
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More precisely, (/)[J]+oo and 0[J]_oo represent the fluxes of J "through" the spatial three-dimensional 
manifolds corresponding to positive and negative temporal infinity respectively. We can repeat the ar- 
gument connecting ( |3.16 1 to ( 3.17 1 for the three-dimensional configurations at asymptotic time; namely, 
we can associate to the two t = ±00 configurations a (spatial) topological charge: 



k. 



1 



247r2 



d^^^eo.pa tr [{U-^d,U) {U~^dpU) {U~^d^U)] 



i=+oo 



(3.27) 



(nih^,p„xx[{u-^d,u){u-^dpU){u~^d^u)] , (3.28) 



where (iSp^^ represent the three-dimensional hyper-surface element (i.e. the volume element) oriented 
along the time direction. Note that the four-dimensional overall topological charge k is given by 

k = k+-k- . (3.29) 



The formal similarity between ( |3.17| ) and p.27[ ), ( |3.28[ ) is evident, however a doubt could arise. 
Indeed, while ( |3.17| ) is defined on the asymptotic 5*3 of Euclidean space, ( 3.27| ) and ( |3.28| ) are defined 
on the spatial manifold. The former is a compact space while the latter is not. The homotopy argument 
that led us to interpret k as the winding number seems to be impossible for k± because it apparently lacks 
one of the essential ingredients: the compactness of the manifold on which the integral is considered. A 
subtle observation comes to our help. Note that we assumed in ( |3.25| ) that the gauge potential vanishes 
at spatial infinity. For configurations related to the trivial vacuum by a gauge transformation U, 



Ai 



U-'diU , Aq = U-'doU = , 



we have that at spatial infinity U tends to a constant value that can be fixed to be the identitj]^ 



U{x,t) 



1 



(3.30) 



(3.31) 



The gauge fields and transformations assume a fixed value in the limit p — )• oo independently of the 
particular direction along which we move towards spatial infinity. In this sense we can add "the point at 
infinity" assigning 

^(~) = 0, C/(°°) = 11 , (3.32) 



"completing" the spatial manifold to a compact 5*3. In this sense, the integrals ( 3.27 1 expressing k± 
can be regarded as properly defined spatial winding numbers. 

As a consequence of the preceding arguments, it is natural to interpret the exponentiated action of the 
instanton as the transition amplitude between the two configurations at temporal infinity. This transition 
connects field configurations presenting different spatial winding numbers k±. Let us remark the fact 
that the instanton amplitude is given by its classical action 



A{k^ k+) = e ^YM , 
'We can discard rigid gauge rotations from our analysis witliout spoiling its generality. 



(3.33) 
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where the coupling constant appears at the denominator of the exponent. This non-perturbative feature 
reminds us the semi-classical WKB tunneling amplitudes. Indeed, we are interpreting the instanton 
as the transition amplitude through the barrier dividing distinct topological sectors. The semi-classical 
character of the present analysis arises from the fact that we are considering just the instanton amplitude 
with lowest action, i.e. only the minimal classical path in a quantum path integral. 

If we consider the gauge configurations ( |3.30| ) which are obtained by applying a constant-time gauge 
transformatiorp"! to the vacuum, we have that the corresponding spatial part Fij of the field-strength 
vanishes everywhere. From equation ( |3.4[ ) we have then B = and since the potential energy density in 
(|3]22])is 

V[A] = ^B" • = , (3.34) 

it vanishes too. The configurations with zero potential energy are degenerate with the vacuum and we 
henceforth refer to them as the vacua of the theory. Let us argue that an instanton solution describes a 
semi-classical transition amplitude connecting two such vacua. For the sake of clarity, let us stick to an 
explicit instanton example 

M^) = -'^jr^U-\x)diU{x) , (3.35) 



r 



where R is an arbitrary length scal^^ It is manifest that for large r the field satisfies the requirement 
( |3.15[ ). Moreover, if we want to bring ( |3.35| ) into the temporal gauge we have to perform a gauge trans- 
formation that for asymptotic time (asymptotic time implies asymptotic r) will return a configuration of 
the form ( |3.30| ). The instanton ( |3.35[ ) then connects two vacua of the theory. 

Although instantons are classical solutions that exist only in the Euclidean formulation of the the- 
or^P\ they can be interpreted in Minkowski space-time as transition amplitudes interpolating between 
distinct vacua related by a topologically non-trivial gauge transformation; the Euclidean derivation of 
instanton amplitudes can be regarded in fact as the imaginary time continuation of the theory in its 
Minkowski formulation. Imaginary-time methods for the computation of semi-classical real-time tun- 
nehng amplitudes are a standard technique. 



3.2.1 The d angle 

The gauge fixing procedure in the presence of non-trivial topological sectors may generate some doubts. 
Take a specific gauge configuration defined on the Euclidean 

= U^^d^U , (3.36) 

where U{x) has non-trivial winding on the asymptotic space-time three-sphere. A gauge fixing procedure 
is in general intended to remove the gauge redundancy and we could be tempted to discard ( |3.36| ) as a 
gauge equivalent representative of the trivial vacuum A^ = 0. Following the arguments in [27 J . we 

'"The constant-time gauge transformations constitute a residual gauge symmetry of tfie temporal gaug e l|3.21[ >. 

"Further comments on the parameter R as quantifying the "size" of the instanton are given in Section 3.3 

'^Where they represent zero-energy solutions; indeed self-duality implies the vanishing of the Euclidean Hamiltonian density 
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must specify that the gauge fixing procedure removes from the functional integral over the gauge field 
configurations those which are related by a topologically trivial gauge transformatioij^ In other words, 
fixing the gauge prevents redundancy within the various topological sectors. In fact, configurations 
belonging to different sectors cannot at all describe the same physical circumstance and cannot therefore 
be redundant. As we describe in the following, the topology has indeed phenomenological effects. 
Sometimes in the literature people use the terms "small" and "large" gauge transformations to denote 
respectively the proper gauge transformations and the topology changing onej^ 

The quantum vacuum state is in general expected to be given by a functional of that is peaked 
on the classical vacuum. The spread of the vacuum functional is given by Heisenberg's indeterminacy of 
quantum fluctuations. We can have a sketchy idea figuring a well whose bottom is the classical vacuum. 
However, the picture that emerged form the study of instantons is richer. The various topological sectors 
of YM theory can be imagined as different wells arranged in a periodic lattice whose period is measured 
by the elemental increment of the winding number. Instantons themselves represent transitions from one 
well to another. The vacuum state is sensitive to this periodic structure and therefore we have to represent 
the candidate fundamental state functional as follows 



^A] = Y,CnMA], (3.37) 

where the component functionals tpn are peaked around the vacuum with winding number n and c„ are 
coefficients. As a physical state, the quantum vacuum has to be invariant with respect to small gauge 
transformations; moreover, since it is stable by definition, it must be invariant with respect to the topology 
changing gauge transformations as well. The latter feature fixes the shape of the coefficients in p.37| ) to 
be 

Cn = e'"'^ (3.38) 

where is a parameter that spans a continuous one-dimensional family of vacua for the YM theory. 
They are indeed usually called 'd-vacua. The vacua have a behavior that reminds us of Bloch waves in 
periodic potentials. In this respect, "& parametrizes the "conduction band" of YM vacua and is analogous 
to the Bloch momenturrP^ 



3.3 Collective coordinates 

The global features of instanton solutions Uke, for instance, the instanton center position, are encoded in 
a set of parameters usually referred to as "collective coordinates" or "moduli". For a given value k of 
the topological charge, the corresponding moduli space spanned by the instanton collective coordinates 
is denoted with M^k and contains all the instanton solutions associated to winding number k. 

'^I.e. a transformation obtainable deforming continuously the constant gauge transformation U ix) — 1. 
'''The same terminology has some other times a different meaning: "small" and "large" are referred to local as opposed to 
global (called also "rigid") gauge transformations. 

'""To have further details and comments we refer the reader to I27l|28l|26ll29| . 
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Let us have a direct look at the moduli of the simplest k = 1 instanton examplep^ Consider pure 
Euclidean Yang-Mills theory with gauge group SU(2) in Landau's gauge, i.e. dfj,A'^ = 0; the index a 
runs over the adjoint representation of the gauge group. Take the gauge transformation 

tt + ix-<T 

U(x) = — , (3.39) 

r 

where we notice that the gauge adjoint space is linked to the physical space; in other words, cr which is a 
vector in the adjoint space of SU(2) is multiplied by x which instead is a spatial vector. The topological 
non-trivial character of the instanton emerges form such relation between space and gauge representation. 
Let us insert ( |3.39| ) in the instanton solution ( |3.35 1. Performing some not difficult passages, we obtain 



the following explicit form for the k = 1 SU(2) instanton 

Alix,v) = 2G%{v) ^^j^z^^r^, , (3-40) 
where r/|^^ represents the anti-self-dual 't Hooft symbols defined in Appendix fBl To go from ( |3.39| ) to 



p.40[ ) we have used the properties of the 't Hooft symbols (see Appendix [B]) and we have also manually 
inserted the matrix G\{v); this matrix represents a global SU(2) gauge rotatioi|^ and d is a vector on 
the basis of the Pauli matrices. The field-strength corresponding to p.40 1 is 



[{x - XqY + 



= -47?" (3 41) 



where we have used the 't Hooft symbols properties from which the self-duaUty of F descends mani- 
festly. In ( 3.40 1 we can count 8 parameters, namely Xq , v = (f ^, u^, v^) and R; they represent respec- 



tively the position of the instanton center in space-time, its overall gauge orientation and its size. Indeed, 



the instanton field-strength ( |3.41| ) becomes small whenever | x — | grows bigger than the size parameter 
R. 



Note that the instanton classical action ( |3.19| l is a function of the topological charge alone; since the 
moduli do not influence the action, they parametrize flat directions of S. Said otherwise, all the instanton 
solutions (i.e. the configurations satisfying the self-duality condition) corresponding to a certain value 
of k participate to the path integral with the same weight independently of the particular values of their 
collective coordinates. 

So far, we have just looked at the simplest case of SU(2), k = 1 instanton; more complicated 
solutions will present in general a higher number of moduli. For instance, a multi-centered instanton 
possesses the parameters describing the positions of all the centers. From the linearity of the Yang-Mills 
equations we have that the superposition of two classical solutions for the gauge field is still a solution. 
We can therefore sum 1-instanton solutions to obtain multi-instantons and the winding number is an 



'^This is the first instance of instanton studied in the original paper 1241 by Belavin, Polyakov, Schwarz and Tyupkin. Indeed 
it is commonly referred to as BPST instanton. 

"Being rigid gauge rotations a symmetry of the theory, the global gauge orientation is a relative concept and it has a well 
defined meaning only when we compare the gauge orientations of two objects such as two instantons, or an instanton and an 
adjoint condensate breaking the global gauge invariance. 
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additive quantity. To become aware of this possibility of adding instantons, let us consider the sum of 



two k = I SU(2) instantons Uke ( |3.40| ) centered at a distance D far larger than their size, namely 

D > , for i = 1,2 . (3.42) 

Defining the total field- strength F = Fi + F2 obtained summing the two single instantons, we have 

*FF ~ *FiFi + *F2F2 . (3.43) 

The approximation is justified observing that the two field-strengths Fi and F2 are nowhere signifi- 



cantly different from zero at the same time. We can also repeat the Bogomol'nyi argument p.l9| ) for 
the composite 2-instanton solution and again neglect the mixed "F1F2" terms. Eventually for the sum 
configuration we obtain 

S2-inst ~ 25i.inst and A;2-inst = 2. (3.44) 

Extending the argument to the most general superposition of well detached instantons labeled by /, we 
haveB 

'S'suM = "^31 and fcsuM = XI ^-^ • ^^'"^^^ 



A possible generalization of the k = I instanton ( 3.40| ) consists in considering theories with higher 



rank gauge groups; in this respect, let us limit ourselves to special unitary gauge groups SU(A^). The first 
natural guess to produce an instanton solution in SU(A^) gauge theory is to embed the SU(2) instanton 



p.40[ ) into an SU(2) subgroup contained in the full SU(A^). We can in fact explicitly consider the 



following embedding 

[^.]^x^ = f 7;-2)x^ ) . (3.46) 

This particular embedding is not the unique possibility. Fortunately for us, there is a theorem firstly 
formulated by Bott which comes into play and helps us: 

Bott's Theorem: Let G be a simple Lie group containing SU(2) as a subgroup. Every map S3 ^ G 
defined on the three-sphere is homotopic to a map — )■ SU(2). 

In our case, a homotopy class of solutions is the set of all instantons characterized by the same value of 
the topological charge. We can therefore read Bott's Theorem as follows: the kind of instanton solutions 
that we have built starting from ( 3.46 1 and ( 3.40[ ) provides us with a representative in any homotopy class 



of the S\J{N) instantons. 

Having constructed an instanton representative for any value of the topological charge k in SU(A'^) 
gauge theory with general N, let us count the number of its global parameters. For A; = 1 we have again 
the center position Xq, the size R and the three parameters v specifying the orientation with respect to the 
SU(2) of p.46[ ). They amount to 8 parameters. In addition, we have also to take into account the relative 



"*It is possible to include into our analysis also the anti-instantons; they correspond to negative values of the topological 
charge k. Similary to what we have done in relation to multi-instantons, also the multi-anti-instantons can be constructed 
starting from the fc = — 1 anti-instanton. The explicit field configuration of the SU(2), k — —1 anti-instanton is given by j3.40[ l 
where the anti-self-dual 't Hooft symbol is substituted with its self-sual counterpart. 
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orientation of the SU(2) subgroup within the total SU(A^) gauge group. This contributes a number of 
parameters coinciding with the dimension of the coset space 

^3 4,) 

SU(2) X U{N - 2) ^ ^ 

that is 

dim[SU(iV)] - dim[SU(2) x \J{N - 2)] = AN - 8 . (3.48) 

Putting things together, we have 4A^ collective coordinates for the k = I case. Since, as we have 
seen, particular multi-instanton configurations can be produced by summing 1-instanton solutions and 
the number of parameters is a topological feature (i.e. all the members of a topological sector have the 
same number of parameters), we have that the generic multi-instanton with charge k is specified by ANk 
collective coordinates. This is the dimension of its moduli space. 



dim 



= ANk , (3.49) 

YM 



where the pedex "YM" indicates that we are considering non-supersymmetric Yang-Mills theory. Indeed, 
in the supersymmetric framework of Super- Yang -Mills (SYM), the bosonic moduli have a fermionic 
partner each and the moduli space dimension is consequently doubled. 



3.3.1 ADHM construction 



The moduli spaces of SYM instantons admit a particularly elegant and concise description called ADHM 
construction after the names of the proposers, M. Atiyah, V. Drinfel'd, N. Hitchin, Y. Manin, [30J. 
Technically, this is nothing other than a convenient way to parametrize the instanton moduli space. In 
this section we give a brief description of the ADHM construction which, even though developed in 
the context of field theory, can be (as we will see in the following) very naturally accommodated in the 
framework of D-brane models. 

We describe the ADHM construction to build the most general self-dual solution in an SU(A^) 
SYM gauge theory leaving some technical details to the Appendix [C| A similar construction is available 
also for SO(A^) and Sp(A^) gauge theories but not for exceptional gauge groups. Let us introduce the 
complex matrix Axia which constitutes the fundamental object of the construction. The index A is 
referred to as ADHM index and it runs over the values 1, + 2k, N being the "number of colors" 
and k the topological charge of the instanton solutions we are building. The matrix Ax^ia is therefore an 
{N + 2k) X 2k matrix; 2k arises from the composition of an instanton index i = 1, /c and an anti- 
chiral index d = 1, 2. At this level the instanton index is nothing other than a label corresponding to the 
fundamental representation of an auxiliary U(/c) group; as we will see in the following, in the D-brane 
instanton construction it instead emerges as a gauge symmetry group of the field theory "living" on the 
instanton branes. Furthermore, we consider A to be a linear function of the space-time coordinates: 

Axia{x) = SiXia + Ki^aa , (3.50) 

where we have adopted Hamilton's quatemionic notation for x. We define the conjugate of A as follows: 

Af = a,^° + = {AxiaT ■ (3.51) 
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Notice that the quaternionic and the ADHM indexes are sensitive to the upper or lower position, whereas 
the instanton indexes are not. 

The components of the matrices a and b represent a redundant set of coordinates for the moduli space 
A4k of fc-instantons. To appreciate this we have to complete the description of the ADHM construction. 
The matrix A = A^^ is 2fc x (A^ + 2k); we assume it to define a surjective map 

A : C^+2fc ^ ^2k ^ (3_52) 

so that its kernel is A^-dimensional. Let us consider an orthonormal basis for Ker[ A ] of vectors Uxu 
with u = 1, ...N. By definition we have 

Af C/a„ = , (3.53) 



and also the conjugate relation, 



U^Axia = . (3.54) 



The orthonormality property of the basis translates into: 

utUx. = 6uv . (3.55) 

The ADHM recipe constructs the gauge field instantonic configuration from the matrices U in the fol- 
lowing way: 

AL = Utd^xv ■ (3.56) 

Observe that this is perfectly natural for A; = where the A^^ field configuration is obtained with a U (in 
this case U h an N x N matrix) gauge transformatioi|^of the trivial vacuum. 

In the A; > case a further ingredient is needed, namely the so called ADHM constraint: 

^?'^A,, = ^P^' ■ (3-57) 

This condition restrains the redundancy of the moduli space parametrization contained in the components 
of A. Notice that here we are assuming AA to be invertible; in other terms, in addition to the already 
stated surjectivity of A we further assume the map 

A : C^^^ ^ C^+2fc (-3 58) 

to be injective. As shown in Appendix |Cj the just described set of conditions implies the following 
relation: 

Pa" ^ UxuUu = - AA^a^ Af ; (3.59) 



"Note that here U (x) is assumed to be obtainable deforming continuously the constant and everywhere equal to the identity 
gauge transformation. 
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this expression defines tlie projector operator P on tlie null space of A. We are now able to prove that 



( 3.56 1 is indeed associated to a self-dual field-strength, 



duA^ 



[A^, Ai] 



= d[^(Ud,]U) + iUd[^U){Ud,]U) 

= d^^u{i-uu)d,p 

= Udi^Afd,]AU 

= Ubai^a^^fbU 
oc Uba^yfbU . 



(3.60) 



The self-duality of F^y in ( 3.60 1 is a direct consequence of the self-duality of 



3.4 Phenomenological relevance 



The main influence to gauge theories due to instantons concerns anomalous symmetry breakings. In 
this regard, in the next subsection we describe in some detail the so called U(l) problem related to the 
anomalous axial current in QCD with matter. However, it should be mentioned at the outset that the 
chirality violation induced by instantons in QCD can be read in analogy to the anomalous violation of 
the baryon/lepton number associated to electro-weak instantons OTl [32l 

As a general feature, the inclusion of instanton effects yields infrared divergent contributions corre- 
sponding to the large-size regime of instanton^^ Nevertheless, there are occasions in which the infrared 
problem is cured. For instance, in QCD deep-inelastic scatterings with high photon virtuality it has 
been argued that 1 / can play the role of a dynamical infrared cut-off for (gluon) instanton size |[33l . 
The HERA data about hadronic final states of deep-inelastic scattering have a non-negligible sensitiv- 
ity to processes induced by QCD instantons |[34l [35J ; these processes can affect the hadrons structure 
functions |[36l . 

Besides, in a spontaneously broken theory, the expectation value (fiQ for the Higgs field yields as well 
an effective cut-off 1 /(po (related to the associated exponential massive fall-off) curing the corresponding 
instanton infrared divergence|^ This is the key feature that makes it possible to have quantitative results 
for instanton effects within the electro-weak sector of the Standard Model. A significant consequence 
regards the baryon/lepton number violation; in fact, this quantity does not receive any contribution from 
the perturbative part of the theory but could be affected by (electro-weak) instantons. 

Experimentally, the baryon number conservation has proven so far to be well satisfied as the instan- 
ton induced effects are too small to be appreciatecQ Also, a neat signal of instantons from deep-inelastic 
scattering is still matter of work in progress. In all, (as far as the author's awareness reaches) the direct 
observation of instantons is still lacking. 

^"Namely 7i > 1 for the explicit example l |3.40| l. 

^'The details are explained briefly in | 37| and thoroughly in f3T\. 

^^For details on the instanton phenomenological implications to baryon decay we refer to 1291 . 
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3.4.1 The U(l) problem 

In QCD the quark part of the Lagrangian density is 

^uark = - ^ IPilPtpi , (3.61) 

i 

where the index i runs over the flavors. Let us consider just the lightest two among them, i.e. up and 
down; the flavor group is then U(2). We can rewrite ( 3.61| ) expliciting the right and left-handed parts of 
the spinors, namely: 

/:quark = Yl (V^f ^V'f " V^f ^V'f ) , (3-62) 

i 

where we are assuming the masses to be null. In this way the flavor rigid symmetry \Jr{2) x Ul(2) 
becomes manifest. It is possible to reorganize the flavor symmetry group considering its vector and axial 
parts which correspond respectively to two associated U(2) groups, 

Uy(2) X U^(2) . (3.63) 

Having just reorganized the flavor group, we have not affected the theory itself; nevertheless, this picture 
proves to be more convenient to confront the phenomenology and the physical interpretation. In fact, 
the traceless part of the vector subgroup, i.e. SUy(2), is a symmetry which is realized in Nature and we 
classify the hadrons with respect to it. Its trace Uy(l) corresponds to the baryon number approximate 
symmetr)p^ The axial traceless part, SUa(2), is spontaneously broken. From Goldstone's theorem we 
know that for any spontaneous symmetry breaking there has to be an associated boson; in this case the 
multiplet of pseudo-scalars composed by the pions and the rj meson can be interpreted as Goldstone's 
bosons corresponding to the breaking of SUa(2). The Uyi(l) has a story on its own; this Abelian 
symmetry is violated in Nature. In fact, if instead it were realized, it would lead to a doubling of mesons 
(with opposite parity) that has never been observed. However, there is no good candidate particle to 
represent the Goldstone boson associated to a spontaneous breaking of Ua(1)- Historically this question 
has been referred to as the U(l) problem. 

The axial Abelian current associated to Ua(1) possesses an Adler-Bell-Jackiw anomaly and so it is 
not conserved. This feature can be explained including instantons into our analysis. It is interesting to 
observe (following 't Hooft [32 1) that the U(l) problem is one occasion in which an explicit symmetry 
violation is a necessary consequence of the first-principle study of relativistic quantum field theory in- 
stead of being required solely in accordance with phenomenological reasons. Indeed, in an Euclidean 
background containing instantons, the integrated four-divergence of the anomalous axial current is non- 
vanishing and it can be shown to be related to the instanton topological charge k, 



d'^x d^j\f^ = Nfk , (3.64) 

where Nj is the number of flavors. In this sense the introduction of instantons solves the U(l) problem 
because it accounts for the non-conservation of the anomalous chiral current U^(l). In other terms, 

"''The baryon number conservation is exact at perturbative level whereas it is approximate in the full theory. 
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non-trivial gauge backgrounds "source" the axial anomalous current. No spontaneous breaking does 
occur and no Goldstone's boson is therefore needed. Equation ( |3.64| ) has to be considered in Euclidean 
space-time because here is where instantons are defined. However, it emerges from instantons which, 
as we have seen in section 3.2 can be regarded as Minkowski space-time tunneling processes between 
different topological gauge vacuer^ 



3.5 Instantons in supersymmetric theories 



Instantons are main characters on the stage of supersymmetric gauge theorieq^j Many supersymmetric 
theories possess a continuous degeneracy of inequivalent vacua; these vacuum configurations correspond 
to flat directions of the superpotential. Usually perturbative contributions at any order do not affect the 
vacuum moduli space being the fiat direction pattern protected by supersymmetry. Instantons can be thus 
the leading contribution in lifting the superpotential fiat directions. Their presence reduces the amount 
of supersymmetry and can consequently modify qualitatively the perturbative vacuum structurd^ 



3.5.1 Extended Af = 2 SUSY 



In relation to instanton calculus, in the present thesis the attention is especially focused on the = 2 su- 
persymmetric framework. Extended supersymmetry (i.e. M > I) opens dramatic technical possibilities 
in relation to instanton calculus such as Nekrasov's localization method. Moreover, for A/" = 2 SU(2) 
theory the instanton calculations offer a non-trivial check of the celebrated Seiberg-Witten duality. Such 
a check corroborates both the SW duality and the localization techniques themselves. Indeed, it must be 
remembered that we still lack a full first-principle derivation of Nekrasov's method which, so far, can 
be regarded as a prescription. It nevertheless revolutionized the field allowing researchers to perform 
explicit multi-instanton calculations that would be otherwise out of the computational reach. 

The most general low-energy two-derivative M = 2 effective model is completely determined by an 
analytic function T, called prepotential. The prepotential F depends only on the vector multiplets and 
because of A/" = 2 non-renormalization behavior it receives corrections only at the one-loop perturbative 
level and from the non-perturbative sector. 



3.5.2 Seiberg-Witten duality 

Seiberg and Witten studied systematically the relation between the perturbative and non-perturbative 
regimes of the effective (macroscopic) theory describing pure M = 2 Super- Yang -Mills theory with 
gauge group SU(2) in the broken U(l) phase, 1*421. They determined the complete expression of the 

^■^We have described these amphtudes in |3.2| Notice that in the literature there are other occasions where quantum tunneling 
processes can be described by means of Wick rotated classical solutions of the equation of motion (for instance in the framework 
of instantonic methods to study decay problems), see I38II39I 

^^For a wide and deep review of such panorama see f401 and |37|. 

^^See for instance |37|. An example of non-perturbative generated superpotential is described in li4U and references therein. 



40 



CHAPTERS. INSTANTON PRELIMINARIES 



prepotential for this effective model from electro- magnetic duality arguments. In this context the electro- 
magnetic duahty is usually referred to as Seiberg-Witten duality. For a pedagogical review see ll43l . 



D-brane Instantons 



4 



The first studies of tlie non-perturbative sector of gauge tlieory performed employing string methods date 
back to the second half of the 1990s when the seminal papers 1 441111] [461 have been published. There 
it was established a connection between non-perturbative configurations in string models, i.e. D-brane 
setups, with non-perturbative objects in the corresponding low-energy effective field theory description, 
namely gauge instantons. 



In Subsection 2.2.4 we observed that the presence of D-branes can generally affect the tadpole ex- 
pectation values, hence D-brane setups are associated to non-trivial vacuum configurations in which the 
fields (corresponding to the vertex operators whose tadpoles are non-null) assume non-trivial profiles. 
We can reasonably expect that the D-brane vacua are in some relation with non-trivial vacua of the cor- 
responding low-energy effective field theory. In particular, we are interested in finding D-brane models 
whose low-energy regime reproduces the instantonic non-perturbative sector of the underlying gauge 
theory. 

A paradigmatic example which will be the pivot of our analysis is represented by Type IIB D3/D ( — 1 ) 
brane models. D(— 1) branes (usually called D-instantons) are totally localized objects whose world- 
volume is a poinj^ At low energy the SU(A^) supersymmetric theor>|^ describing a system of N coin- 
ciding D3-branes and k D(—l) -branes accounts foij^the fluctuations around an instanton background of 
topological charge k. 

In general, a D-brane instanton setup has (at least) two kinds of branes: the gauge and the instanton 



'As usual, a Dp-brane world-volume has p spatial directions plus one which is temporal. Accordingly, a D( — 1) brane has 
a zero-dimensional (i.e. point-like) world-volume. 

^A stack of A'^ D3-branes supports a U(A'') gauge theory. For A'' > 1 we have the decomposition U(A'^) — SU(A'^) xU(l) 
where the Abelian factor is associated to the trace. The running of the Abelian coupling constant associated to the U(l) trace 
part and the running of the non-Abelian coupling associated to SU(A'^) are different. Actually, the Abelian theory is IR-free, 
while the non-Abelian theory is UV-free. As a consequence, since we deal with low-energy effective theories, we are interested 
in a regime in which the Abelian coupling constant is likely to be negligible with respect the non-Abelian one. This sort of 
decoupling is what we understand whenever we neglect the "center of mass" part of the gauge group and consider the stack as 
simply supporting a theory with gauge group SU(A'') instead of the full U(A'^). 

'This framework has been introduced in I47ll45ll46ll48ll49ll50ll51ll52ll53l l9l: for a review on the topic we refer the reader 
to (541. 
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branes. The world-volume of the gauge branes contains the four-dimensional physical space-time and 
it hosts the gauge theory of which we intend to study the non-perturbative sector. The instanton branes, 
instead, host an auxiliary field theory which accounts for the instanton moduli "dynamics" (the instanton 
moduli has been described in Section [33] ); these branes, as they are associated to instantons, must have a 
world-volume which is completely localized from the physical space-time perspective. For instance, in 
the D3/D(— 1) case, the D(— 1) (being here the instanton branes) are localized already in ten-dimensional 
space-time and, a fortiori, also from the four-dimensional viewpoint. Conversely the D3 (here gauge 
branes) world-volume coincides with the physical four-dimensional space-time. Another instance of D- 
brane instanton setup is furnished by D3/D7 model^where the D3's play the role of the instanton branes 
and, in order to be localized from the 4-space-time perspective, their world-volume has to extend along 
the internal (i.e. orthogonal to the physical space-time) directions. In the D3/D7 case, the world- volume 
of the D7's contains the physical space-time as a proper subset; therefore, to obtain a phenomenological 
model, one needs to compactify the extra dimensions. Let us anticipate that both in the cases in which 
there is the necessitjj^ of compactification and in the cases in which there is not, the internal space 
geometry plays at any rate a crucial role. As we will see, the internal geometry arrangement and the 
internal space symmetry behavior of the branes represent the crucial features distinguishing between 
ordinary and stringy instantons. In the ordinary case, gauge and instanton branes share the same internal 
space characteristics while in the stringy case they do not. 

To become fully aware that appropriate D-brane systems reproduce the field theoretical instantons, 
one has to study carefully the D-brane induced background profiles for the fields. On the computational 
level, one considers the tadpole amplitudes and attach to them the propagators of the corresponding 
fields; taking then the Fourier transform and considering the Umit of great distance from the source (i.e. 
the branes), one can actually recover the non-trivial profile of the background and show that it matches 
precisely with the leading term in the large-distance expansion of the field theory instanton solution in the 
singular gauge |^, [9|. The D-brane description of gauge theory instantons is complete. All the features 
of standard instanton calculus are accommodated into the string framework. A particularly significant 
example is represented by the ADHM construction: From a purely field theory viewpoint the ADHM 
construction is an elegant but rather technical and obscure way of constructing the instanton moduli 



space (we have introduced it in Subsection 3.3.1 1; from the D-brane perspective, instead, the ADHM 
construction emerges naturally from the interactions of the string modes attached to the instanton branes 
and the auxiliary /c-instanton group \J{k) of the ADHM construction coincides with the gauge group of 
the field theory defined on the instanton branes. 

Henceforth, we mainly stick to the D3/D(— 1) models; here, to obtain the gauge theory living on 
the D(— 1) branes, we perform the zero-dimensional reduction of the Euclidean SUSY cr-model living 
on a generic brane: The (Euclidean) path-integral involving all the modes associated to strings attached 



''An example of D3/D7 models is studied for example in 1551 . 

^With "necessity" here is meant the need of compactifying extra dimensions for the sake of obtaining a phenomenological 
theory. 

*The singularity in the field profile does not lead to singularity of any physical (i.e. gauge invariant) quantity such as, for 
example, the action density. In instanton treatments it is usual to use singular expressions that can be transformed, by means 
of singular gauge transformations, to perfectly well-behaved configurations, the latter, of course, continue to satisfy all the 
instanton defining properties (e.g. finite-action Euclidean solution, asymptotic pure gauge behavior, selfdual or anti-self-dual 
behavior,...), (56). 
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to the D-instantons defines the instanton collective coordinate integral or, equivalently, the D-instanton 
partition function, |[57l . A zero-dimensional gauge theory is usually called a matrix model; only the 
interaction terms involving no derivatives survive the ultimate dimensional reduction, in fact, being the 
world- volume of D(— 1) branes point-like, it constitutes a degenerate manifold that is spanned by no 
coordinates with respect to which one could take derivatives. 

The effective gauge theory describing the low-energy regime of open strings and branes emerges as 
the first significant term in the full D-brane Dirac-Born-Infeld expansion. The subleading terms present 
a higher number of derivative^ 



4.1 D-instanton models, a closer look 

As already mentioned, the D-brane context offers a particularly natural environment to treat instantons. It 
provides us a framework that allows us to give an intuitive interpretation of the ADHM construction; all 
its ingredients, i.e. the ADHM moduli, their constraints and their U(/c) symmetry, are described with the 
gauge theory living on instantonic branes and with the dynamics of the string modes stretching between 
instanton and gauge branes, f5T, "91. In this section we plunge into a more detailed excursion through 
the technical features and essential ingredients of D-brane instanton constructions. Although keeping 
sensitive to general aspects, we will often be concerned to a C^/Zs orbifold model with the addition of 
an orientifold; such a model constitutes the specific setup on which our research has been performed and 
it will be defined throughout the following sections. 

We consider exact string backgrounds that admit a conformal field theory (CFT) treatment and, in 
particular, orbifold backgrounds; they can be seen as (almost) flat configurations obtained as specific lim- 
its of more complicated and curved backgrounds. Nevertheless (as we will see explicitly) the orbifolds, 
and more specifically their singular points, encode some important features of the curved backgrounds of 
which they represent the limiting case, especially with respect to the breaking/preserving of supersym- 
metries. 

The orbifold/orientifold backgrounds are examples of non-compact space-times, hence it is not nec- 
essary to address global tadpole cancellation problem. This is instead unavoidable whenever one works 
in a compact space-time containing charged objects. Indeed, what we refer as the tadpole cancellation 
problem can be intuitively thought of as the fact that in a compact space-time the flux-lines has to connect 
charges of opposite sign and, because of Gauss' theorem, the total charge has therefore to vanish. In a 
non-compact background, instead, the flux-lines being generated by a charged object can "go to infinity" 
without ending on another and oppositely charged object. This allows us to consider setups with a net 
total charge. The results which we obtain in an orbifold/orientifold non-compact framework can have a 
"local" relevance in relation to models having a compact internal space as well. Indeed, as long as we 
work locally (i.e. we consider just a subspace of the whole internal compact manifold), we can disregard 
global issues as the charge balance, PTl . 

'There is an interesting open question in relation to self-dual configurations: these could represent solutions of the would be 
total DBI action, i.e. solutions of the full string model instead of being solutions of only its effective low-energy approximation; 
to have some comments on this see J58j. 
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4.1.1 CVZg orbifold background 



An orbifold backgroun<^A^io/r is the result of a quotient operation of the ten-dimensional space TWio 
with respect to a discrete group T of isometry transformations acting only on the internal space M. ^ 
The orbifold M.iq/T is usually indicated with just M.i/T since the physical space-time remains un- 
touched by the action of the group T of internal isometrics. The points of 7W/ /F represent the orbit^ 
of the points in 7W/ under the action of the elements in F. The name orbifold is actually a contraction of 
"orbit manifold". 

Let us specialize the treatment to orbifold constructions in the presence of a stack of coinciding 
D3-branes and D(— 1) instantons on top of them. We parametrize the extended directions of the D3- 



branes with the first four coordinates of the ten-dimensional space-time as in Table 4. 1 The internal 
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Table 4. 1 : Arrangement of the D-branes; the symbols — and x denote respectively Neumann and Dirich- 
let boundary conditions for the open strings attached to the branes. 

space is instead spanned by the coordinates labeled with 4, 9 and we organize them in three complex 
coordinates as follow^B 

= X'^ + , z"^ = X^ + iX'^ , = X^ + iX^ . (4.2) 

We start with an internal manifold which is isomorphic to ~ C^, that is to say, just flat six-dimensional 
space. String models can be however defined on more structured internal spaces, for instance on non- 
trivial^ Calabi-Yau manifolds (e.g. K3). Oftentimes, the explicit form of the metric for Calabi-Yau 
manifolds is not available and it is impossible to give a description of the string dynamics. An important 
exception is furnished by orbifolds which represent particular singular limits of Calabi-Yau manifolds. 
The orbifold projection arising from the quotient Aij/T yields a singular orbit space whenever a point 
of the original manifold Adj is left invariant by the action of the non- trivial elements in F. As opposed 
to the non-singular points inAdi/T where the local differential structure is identical to the one "around" 
the corresponding points in Aii, at a singular point in 7W//F it is impossible to define a consistent 

* Introductory treatments of orbifolds are on many textbooks such as I59l l4l. 

'The internal space is the manifold formed by the directions which are orthogonal to the four-dimensional physical space- 
time A^ph, so 

Mio=M,b+Mi . (4.1) 

For us, Mph coincide with the D3 world-volume. 

'"Remember that the orbit of a point x € Mi is the set comprehending x itself and its images under all the elements of the 
group r of discrete isometries. 

"As it will shortly emerge, the complex notation is convenient to define the orbifold action. 

'^Actually is a particular example of Calabi-Yau manifold. 
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tangent space and the metric, as well, is singular. Because of the lack of a well-defined metric, at 
such singularities the General Relativity description fails. Conversely, after the introduction of new 



string states called twisted states (see Section 4.1.2i, string theory admits a consistent description of the 



dynamics also in the presence of the orbifold singularities^ 

To have an intuitive idea, one can consider a two-dimensional cone as arising from the orbifold 
projection of the complex plane under the action of the cychc group Z3, 

Z3 = {g,g^g^ = l} , (4.3) 

with g the group generator. Let us represent Z3 on the complex plane with discrete rotations around 
the origin of the polar coordinates by an angle of After the projection, the origin, which is actually 
left invariant by rotations, is mapped to the singular tip of the cone. There are however two caveats to 
be mentioned to avoid confusion. At first, there exist conical singularities which cannot be obtained by 
orbifolding a plan^^ Secondly, there are also instances of manifolds with conical singularities where the 
manifold itself is describable as a cone only locally, i.e. in the vicinity of the singularity; this has to be 
opposed to the orbifolds of the type just described that instead yields global cones. 

The stringy instanton model that we are going to describe in the following sections is built on a 
C^/Za orbifold where indicates the internal flat manifold in complex coordinates ( |4.2| ). We assign 
the following action of Z3 on the internal spac^^ 

r ' I (4.4) 

z3 



27ri 



where ^ = e^. Notice that, because of the complex notation ( |4.2| ), the transformation (4.4 1 can be 
easily seen as a rotation of ^ on the z^-plane together with a rotation of — ^ on the z^-plane; and the 
group generator g can be then represented by 

I 27ri T 27ri t 

= e+^-^i 6"^-^% (4.5) 

where Ji is the generator (in the vector representation) of the complex rotations on the plane spanned by 
the coordinate z*. The expression (|4.5|) is particularly convenient to define the orbifold action on any kind 



of field just by choosing the corresponding representation for the rotation operators J. In Subsection 5.4. 1 
we will follow this approach to study the orbifold transformation of fields carrying spinor indexes. From 
the analysis of the spinor transformations emerges that half of the original ten-dimensional background 



'^From the supergravity point of view, tiiere are situations in wliichi tliere exist a characteristic length, usually referred 
to as the enhangon, "around a singularity" where the brane probes become tensionless so that the supergravity description 
itself looses its validity, |60|. The singularity remains outside the supergravity treatment. In an ADS/CFT-like perspective 
is interesting to mention that the enan^hon corresponds to the scale where the dual gauge coupling diverges, i.e. the non- 
perturbative dynamically generated scale A, 1611 . 

''^This occurs when the deficit angle is not expressible as 27r(n — l)/n with n G N. In the explicit example just described in 
the main text, the deficit angle amounts to 47r/3 (i.e. vr — 27r/3) corresponding to n = 3. 

"Note that, since the coordinate z"^ is unaffected by the orientifold action, the orientifold itself could be thought of as a 
C X S- ; we however maintain the notation. 

Z3 
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supersymmetry is broken by the C^/Zs orbifold. From the viewpoint of the four-dimensional theory on 
the world-volume of the D3-branes, the orbifold preserves 2 supersymmetries of the original = 4 
theor>[^ 

Since the orbifold acts on the internal manifold Aij, a brane placed at a specific point of A4j is 
mapped to an image brane placed at the corresponding transformed point. In a consistent treatment we 
have to include into the model all the images of the branes. This proliferation of branes and their images 
is avoided if the branes themselves are placed at the orbifold singular points; these points are in fact 
image of themselves under the action of all the elements of the orbifold group. As we will see, the branes 
placed on the orbifold singularities can be associated to irreducible representations of the orbifold group; 
in this case, they are called fractional branes^ 



4.1.2 Orbifold transformation of Chan-Paton indexes, quiver diagram and fractional 
branes 

So far we have considered only the action of the orbifold on the coordinates. An important aspect which 
proves to be crucial for the developments we are to study, consists in the careful analysis of non-trivial 
orbifold transformations for the Chan-Paton degrees of freedom. 

Consider a D3-brane located at a generic point of the internal manifold and its two images under 
the orbifolds Z3; the CP structure accounting for this set of branes is a 3 x 3 matri?ip^ As a brane is 
transformed, the corresponding CP label is transformed as well; in other terms, an open string attached 
to a brane will be attached to its image after the orbifold transformation. The representation of Z3 on this 
CP structure is then 



1 
G(ll) = I 1 
1 



G{g) 




Gig') 




(4.6) 



The matrices (4.6 1 realize the so-called regular representation of Z3, namely 



ma)] 



be 



J{a-b),c ) 



(4.7) 



where a, b, c are generic elements of Z3. As any multi-dimensional representation of an Abelian group. 



the regular representation is reducible and the matrices ( |4.6[ ) can be correspondingly diagonalized, 

Hil) =10 10 1, Hig) = I e I , Hig^) = | | , (4.8) 






'*We remind the reader that a stack of D3 branes on the flat ten-dimensional background is described at low energy by 
A/" = 4 SYM theory 

'^The attribute "fractional" is opposed to "regular"; both names will be commented in the next section. 
"*A similar and more detailed analysis of the Z2 case is given in L6rj . 
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We remind the reader that ^ = e^™!"^ . In the diagonal entries we can recognize the three irreducible 
representations of Z3, 

= 1 RM = 1 Ma^) = 1 
i?2(l) = i R2{g)=C i?2(<7')=r' (4.9) 



In the NS open-string sector the massless states are expressed by 



^aV'_i/2Ip) 



(4.10) 
(4.11) 



where the index /i is associated to the extended directions of the D3-branes while / labels the three 
complexified internal directions; p represents the center of mass momentum along the D3-branes. The 



orbifold acts trivially on the fi directions and according to ( |4.4[ ) on the internal space indexes. On the 
generic CP factor X the orbifold generator g acts according to 



g : X ^ H{g)XH-\g) 



(4.12) 



The orbifold projection consists in retaining in our model only the states which are overall invariant with 
respect to the orbifold transformation; the states surviving such projection must then satisfy the following 
condition: 

A^ = H{g)A,,H~Hg) , = {0'H{g)^iH-\g) , (4.13) 

where (^)^ denotes the phase ^ to the I-th power. The orbifold conditions ( |4.13[ ) constrain the modes 
( |4.10[ ) to have the following CP structures: 
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(13) 






(4.14) 



(4.15) 



As usual the vacuum expectation values of the internal scalars account for displacements in the 
corresponding direction of the branes themselves. For example, if we had a non-vanishing VEV for the 
field ^(12)' would mean that the branes 1 and 2 are at a distance < ^[12) ^ along the internal direction 
labeled with 1. If we consider all vanishing VEV's for the scalars $ then all the branes are placed at the 
origin on top of each other; observe that the origin is also a singular point of the orbifold rotations. It is 



possible to "diagonalize" the brane system (in the sense of ( |4.8| )) and interpret the three diagonal branes 
as fractional branes^ each of them associated to a diagonal factor of H. In other words, we assign 



"Following 1621 . the fractional branes are interpreted as object bound to the orbifold singular locus but free to move along 
the four-dimensional physical space-time (and z'^ which, since it is left invariant by the orbifold action, spans the invariant 
locus). 



48 



CHAPTER 4. D-BRANE INSTANTONS 




Figure 4. 1 : Quiver diagram of the C^/Za theory before orientifold projection; it describes a configuration 
of A^i, and N3 fractional D3 branes. The arrows starting and ending on the same node represent 
M = 2 vector multiplets in the adjoint representation of the U(A^j) groups. The arrows between different 
nodes represent bi-fundamental chiral multiplets which pair up into J\f = 2 hypermultiplets. 

an irreducible representation to each fractional brane and, pictorially, we describe this by means of a 
quiver diagran^^ possessing a node for any irreducible representation. The arrows represent oriented 
string modes stretching between the branes placed at different nodes. Alternatively, we could (but in the 
present analysis we do not) consider branes associated to the whole diagonalized regular representation; 
these branes are commonly called regular branes. 

We can have a general setup containing a generic number of fractional branes on any node. The 
branes transforming into a particular irreducible representation will be pictorially "placed" on the corre- 
sponding node of the quiver diagranj^and the number of fractional D3 branes occupying the i-th node 
(corresponding to the irreducible representation Ri{g)) is indicated with Ni. In our Z3 case we have the 



Diagram 4.1 Now the CP factors are (A'^i + + ^3) x (^1 + + -^3) matrices and we generalize 
( |4a2l ) as follows: 

g : X ^ j{g)Xj-\g) , (4.16) 
where 7(5) is the matrix encoding the D3-brane assignment to the quiver nodes 



7(9) 




(4.17) 



" The word "quiver" in English! indicates tiie sack carried on an arclier's siioulder to carry arrows. Apparently the presence 
of arrows (indicating oriented string modes) suggested the fanciful name for the diagram. 

"'Notice that also the D-branes corresponding to different nodes are nevertheless coinciding in space-time. Indeed, they are 
placed at the same singularity of the orbifold. 
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with 1 denoting the Ni x Ni identity matrix. At low energy, this D-brane model is described with a 
gauge theory having gauge group U(A''i) x U(A''2) x U(A^3). 

Repeating a similar reasoning for the D(— 1) branes we have that the Z 3 orbi fold generator g acts on 



the instantons with a matrix 7^™*''^(5) which has the same form as j{g) in (4.161 but where the A'j's are 
replaced with the /cj's, namely 

I C% 1 (4.18) 




In the presence of the C^/Zs orbifold, the usual boundary conditions for the closed-string modes in 
the internal directions, i.e. 

{a + tt) = (a) , aG[0,7r], (4.19) 

must be generalized to 

X^{a + Tr) = rj{h)X^{a) , heT = 'L^. (4.20) 



where r/ (the index / is not summed) represents the orbifold action according to the assignment ( |4.4| ). 
Note that we have a set of boundary conditions for any element h of the orbifold group, therefore, 
for /i 7^ l, we are defining new closed-string sectors; these sectors are usually called twisted sectors. 
Obviously, there are as many twisted sectors as non-trivial elements of the orbifold group. It is possible 
to show that the fractional branes carrying an irreducible representation of the orbifold group source the 
corresponding twisted closed-string modes ||6T]| . 

Again, also in relation to the closed-string sectors, the orbifold projection retains only the invariant 
modes. Notice that, on the conformal theory computational level, the operator product expansion of the 
vertex operators "surviving" the orbifold projection closes. Indeed, the product of invariant operators is 
still an invariant operator. 



4.1.3 Orientifold 

The exotic instantons have in general some extra neutral fermionic zero-modes in addition to the zero- 
modes that are associated to the breaking of translations in superspace (i.e. the standard space-time 
translations and their "super" partners). Let us anticipate what will be seen in detail in the following: The 
presence of extra fermionic zero-modes (that we denote here with A) is an exotic feature in contrast with 
the ordinary instanton case. Indeed, on the computational level, the extra fermionic zero-modes emerge 
because the exotic configurations lack some bosonic moduU (related to the instanton size). These bosonic 
moduli are needed to saturate the fermionic degrees of freedom A; the exotic action does not contain such 
ordinary interaction terms involving A and in fact it is completely independent of them. Since a fermion 
is represented by a Grassmann variable, fermion zero-modes in the action renders the partition function 
integral null. In such instances the exotic non-perturbative instanton do not have any effect on the low- 
energy field theory. 

There are nevertheless some models in which also the "dangerous" fermionic zero-modes are pro- 
jected away. Specific backgrounds such as those involving orientifold projections, can eliminate the 
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additional zero-modes PH and then the exotic instanton partition function can yield finite contributions 
to the low-energy interactions and couplings. 

In its basic definition, with orientifold projection we mean the "gauging" of the world-sheet parity 
(jj. In this case the orientifold operator coincides with the world-sheet parity w, 

n = uj . (4.21) 

Implementing an orientifold projection we discard all the variant states under the operator Q. In ten- 
dimensional space-time, in the absence of any D-brane, the orientifold projection can be described as 
a ten-dimensional extended object called 09-plane. Intuitively it "acts as a mirror" implementing new 
conditions for the string modes and essentially identifying the right and left-movers. 

Take the generic bosonic string mode 

X'''{z,z)=Xt'{z) + X^^{-z) (4.22) 

where we have split the left.moving (holomorphic) and right-moving (anti-holomorphic) parts. The 
world-sheet parity w action exchanges them 

io[X'^\z,z)]=X^\z,z)=Xf!{z) + Xll{z) (4.23) 

In this case, the orientifold projection will select the states such that Xl = Xr. 

The introduction of D-branes into the game makes the orientifold more complicated. In the presence 
of toroidal compact directions, it is possible to see D-branes as arising from T-duality operations of 
ten-dimensional space; more specifically, in the open-string sector, Neumann boundary conditions are 
transformed into Dirichlet boundary conditions by T-duality and we know that D-branes correspond in 
fact to hyper-surfaces implementing the Dirichlet boundary conditions in their transverse space. From 
the study of the interplay of world-sheet parity and T-duality we can understand how to orientifold a 
D-brane model. 

For the sake of simplicity, let us consider a ten-dimensional model having one compact spatial 
direction (say 9) and we consider T-duality with respect to it. T-duality amounts to a space-time parity 
operator acting only on the right-moving sector. So the T-dual of ( |4.22[ ) is 

X'^' {z,z) = Tg [X*^ {z,z)] = (z) + X}[ (z) for M / 9 (4.24) 
X'\z,z) = n[X^iz,z)] = Xliz) - XUz) (4.25) 

T-duality has introduced an asymmetric treatment with respect to the right and left sectors and the ori- 
entifold operator lo does not commute with Tg. Asking the commutation between the to operators to 
hold, we must specify the definition of orientifold in the T-dualized perspective as follows: we regard the 
action of Q on the generic mode Y as the joint effect on the function Y "itself" and on its arguments (i.e. 
the interchange of holomorphic and anti-holomorphic dependence due to u), namely 

n[Y{z,z)]=Y^{z,z) (4.26) 

In this fashion, we can assign the following transformation rules: 

j^M ^ j^M (.4 27) 
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and 

j^rM for M 7^ 9 (4.28) 

X'^ = -X'^ (4.29) 

Thus, in the T-dual framework, the orientifold operator has to be defined as the product of the world-sheet 
parity uj and the parity operator Xg in the 9 direction, 

Q' = wXg (4.30) 

In this way we have 

Tgn = n'Tg. (4.31) 

The T-duality in the 9 direction can be thought of as adding a D8 brane extended along the directions 
M / 9. 

Extending what we have described explicitly, it is not difficult to understand that in a setup contain- 
ing D3-branes the orientifold operator has to be 

1^ = L^(-1)^«X456789 (4-32) 

where X456789 is the parity operator of the internal space and represents the right-moving fermion 
number; some comment is still necessary about the factor (—1)^^. In (4.24 1 we have seen that the T- 



duality operation along the 9 direction reverse the sign of the bosonic right-moving modes; relying on 
superconformal invariance we have an analogous behavior also for the right-moving fermionic partners, 
so 

^^(z) = -tp^iz) . (4.33) 

As noted in ifTTI (to which we refer for further details), this implies that the chirality of the right-moving 
Ramond sector is reversed by the Tg duality operation; indeed, the associated raising and lowering oper- 
ators 

+ itl^^ o -(^^ - i^)^ , (4.34) 

are interchanged under Tg. This chirality change explains that from T-duality with respect to one (or 
any odd number of directions) relates Type IIB string models with Type IIA. If we now consider doing 
another T-duality operation also with respect to the 8 direction (supposing it to be compact) we have that 
under TgTg the right-moving fermions transforms as 

+ iV^^ o -4)^ - itjj^ . (4.35) 

Collecting what just said, we have that two T-duality connect Type IIB again with Type IIB, but the right 
moving fermions in the T-dualized directions acquire a minus sign. It is not difficult to imagine that if 
we T-dualize with respect to all the six internal coordinates, we have that all the right-moving fermions 
along the internal directions acquire a minus. Therefore, to have an orientifold operator commuting with 
T-duality we must insert a factor compensating for this additional signs; in the case of T-duality in the 
whole internal space we have just to count the number of right-moving fermions and add a corresponding 
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number of minus sign; this is precisely the effect of the factor (—1)^^ in the definition of the orientifold 
operator. 

Pictorially, in the framework of our C^/I^s orbifold model we add also an orientifold 03 plane 
whose world-volume coincides with the four space-time directions of the D3-brane world-volume. In 
other terms, the 03 is on top of the D3 stack. 

The orientifold acts on the Chan-Paton structures as well and its effect on the generic CP factor C is 
given by 

Q : C ^ -f{n)C^-f{n)-\ (4.36) 

where 7(^2) is an invertible matrix representing on the CP space. Notice that the CP factor is transposed 
because of the world-sheet parity which interchanges the open-string endpoints. The concurrent presence 
of an orbifold and an orientifold projection requires that their representations on the CP indexes satisfy 



the following consistency condition 11631 16411 (it is discussed in Subsection 4.1.4): 

7(/i)7(f])7(/i)^ = 7(J]) (4.37) 



where h indicates the generic element of the orbifold group. The condition ( |4.37| ) must hold for both 



the D3 and the D(— 1) CP structures. Observe that (4.37 1 amounts to requiring the commutation of the 



orientifold and orbifold operations in any CP sector. As we will see explicitly in Appendix [D| according 



to ( |4.37| ), the matrix 7(il) can be chosen to be either symmetric or antisymmetric. Our choice will be 



anti-symmetric for the D3 branes, so the matrix 7_ (il) representing the orientifold on the D3 CP factor 
is 

/e \ 
7_(f]) = In, (4.38) 
\0 -In, / 

where e represents the A^i x A'^i totally anti-symmetric matrix obeying = —1. Observe that, as a 
consequence of the skew shape of 7_ (Q,), we must choose A'^i to be even and = -^3- 

As described in ll63l 1411 . for consistency reasons, the orientifold representation on the instantonic 
CP structure (i.e. the {ki + k2 + ^3) x [ki + k2 + k^) matrices) has to be chosen with the opposite 
symmetry property with respect to 7_(i7Q Since we have chosen to be anti-symmetric, we 

must choose the orientifold matrix on the instanton to be symmetric; we indicate it with 7+ (17). Taking 
a generic {ki + k2 + ks) x {ki + k2 + ks) instanton CP factor C, we have 

n : C ^ 7+(0)C^7+(Jl)-^ (4.39) 

where 

7+(n) = I Ifc, I . (4.40) 




























^^This consistency requirement arises from the study of the string modes with Neumann-Dirichlet mixed boundary conditions 
stretching between the two kinds of branes (D3 and D(— 1) in our case); in particular, from the analysis of the half-integer 
modes expansions of such strings and their vertex operators, it can be observed that the orientifold eigenvalue on the members 
of the mixed sector acquires an extra minus sign that has to be compensated choosing opposite symmetry properties for the 
orientifold matrix on the Chan-Paton structures associated to the two different kinds of branes. We refer the reader to |63| for 
further details. 
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Observe that, differently from A'^i (which is associated to a totally anti-symmetric matrix), ki does not 
need to be even since the identity 1^^ can have any dimensionality. However, since the (23) block has 
skew structure, k2 and ^3 have to be equal has already happened for N2 and N^. 

Recalling the explicit form of the orbifold matrix (4.17 1 and ( |4.18 1, it is not complicated to check 



that our choices 7±(f^) satisfy the orbifold/orientifold commutation condition (4.37 1 both for D3 and 
D(-l) CP indexes. 

4.1.4 Orbifold-orientifold commutation condition 

Let us consider an Abelian orbifold group G; the representation of G on the Chan-Paton factors involves 
commuting matrices 7(5), then in particular we have 

[7(5), 7-1(9)] =0 (4.41) 

The orientifold action on the Chan-Paton space is represented with a matrix ^{^). The simultaneous 
presence of an orbifold and an orientifold projection posits a consistency question: we need to require 
that the two projections commute. Let us show a quick argument to support this consistency requirement. 
Suppose that Pi and P2 represent two projection operators that, by definition, are idempotent (i.e. = 
Pi). Furthermore, assuming that they do not commute, we have: 

P1P2 / P2P1 . (4.42) 



Multiplying both members of ( 4.42[ ) by Pi both from the left and from the right and using the idem- 
potency property we obtain 

P1P2P1 + P1P2P1 , (4.43) 

which is clearly inconsistent. 

The application of the orientifold and orbifold projections in the two possible orders on a prototype 
modulus A gives explicitly: 

ng: ^ig)xr\g) ^ irYig) \^i^{9) r'm (4.44) 

gn-. X^-f{n)X'^r'm^l{9)im>^^7''m7^\9) (4.45) 
Therefore we have the following commutation condition: 

^''^'^ = '^[7^i9h-'m = T'mT\9) ^'-''^ 

The two equations on the right are equivalent; to see this it is sufficient to invert both members of the 
second equation taking in account thaj^ 



23 



(^-^y =(y)-i (4.48) 

Notice that this is always true 

AA-^ = 1 {A-^fA'^ = 1 (A-^f = {A^r^ (4.47) 
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Moreover, the two equations are equivalent to the consistency condition 

7(5)7(0)7(5)^ = j{n) (4.49) 

as given in ||63]| . 



4.2 BRST structure and localization 

The ADHM construction parametrizes the instanton moduli space with a redundant set of variables which 



are restrained to satisfy the ADHM constraints (3.57 ). In the string framework, the content of the con- 



struction emerges from the open strings attached to the D-instantons; the ADHM constraint results from 
the equations of motion of the instanton moduli. Notice that, as the moduli are indeed non-dynamical 
degrees of freedom, the equations of motion are in fact algebraic relations. The quantum treatment of a 
system described by a redundant set of variable appropriately constrained is of course a central problem 
in theoretical physics in general. The gauge fixing question presents in these terms. 

The mathematical tools that we employ in our instanton computations have in fact a stringent anal- 
ogy with the modern BRST gauge fixing approach. More specifically, an appropriate combination of the 
supersymmetry charges defines an anti-commuting operator under which the theory shows a well defined 
BRST structure. 

4.2.1 Localization formula 

Consider a manifold Ai having complex dimension / and assume there is a group G acting on A4 whose 
action is encoded in the field as follows^ 



= r{x) (4.51) 
where x spans the manifold M. One can define the equivariant external derivative 

Q^ = d + ^ (4.52) 

satisfying 

Ql = di^ + i^d = 5^ (4.53) 

with d denoting the exterior derivative; i^dx* = 5^x^ represents the contraction with the vector ^ and 5^ 
is the Lie variation along the field ^. 

Consider a form a{x) defined on the manifold M. that is equivariantly closed, i.e. it has null Q^- 
variation, 

Q^a = . (4.54) 

^''Here we follow closely what described in 1651 . 
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The localization theorem states that the integral of a on M. is computable by considering the fixed points 
Xq of the action of G on M., 

r(^o) = . (4.55) 
More specifically, we have the localization formula 

, a = {-2n)'y^^ , (4.56) 

where (5|(xq) is the matrix corresponding to the map from and to the tangent space of M. induced by 
the vector field ^, 

Q^i = die ■■ T[M] ^ T[M] (4.57) 

Intuitively, the localization formula ( |4.56| ) can be thought of in analogy to the integral of a total derivative; 
this integral receives contribution only at the boundary or in the presence of singular source/pit points. 
It is possible to generalize the localization formula to the case where 7W is a super-manifold; the gener- 
alization leads to a result analogous to ( 4.56 ) where the determinant is promoted to a super-determinant. 
To have further details we refer the reader to 



4.3 Graviphoton background 

In the framework of the multi-instanton equivariant calculus, an essential ingredient is the so called ^l- 
deformation (here Q is not to be confused with the orientifold operator!). The moduli action is deformed 
byaU(l)xU(l) transformation which acts on some of the moduh and preserves the ADHM constraints. 
Such deformation represents a necessary step to perform the actual computation of the instanton partition 
function. The U(l) xU(l) deformation is parametrized by a single phase e; the two U(l) transformations 
are complex conjugate (so, explicitly, e'*^ and e"'*^) and actually not independent. They act respectively 
on the chiral and anti-chiral spinor indexes of the "internal Lorentz group'j^ 

The e-deformation plays the role of a background regulator and has a clear interpretation in terms of 
string modes. Indeed, in [67] it has been shown explicitly that the deformation is equivalent to consid- 
ering a constant but non-null Ramond-Ramond closed-string background associated to the self-dual part 
of the graviphoton field T. In this picture, the e parameter represents the VEV of the graviphoton itself 
and the effect of the graviphoton regulation is interpretable as the introduction of a constant curvature 
in the ambient ten-dimensional space. On the computational level, the effects of the graviphoton on the 
instanton moduli action are obtained studying mixed open/closed disk amplitudes (see [67] for details). 

When regarded simply as a regulator, the graviphoton background is turned on to actually perform 
the instanton calculations; the results are eventually considered in the zero-graviphoton limij^ However, 
since the graviphoton is the field accounting for gravitational interaction in the ambient space, the terms 
in the partition function that depend on T describe the gravitational effects on the instanton dynamics. 

^'Henceforth, with internal Lorentz group we indicate the S0(4) ~ SU(2) x SU(2) associated to the rotations with respect 
to the (real) internal coordinates labeled with 4, 5, 6, 7. 

^*Note that, before the zero-graviphoton limit, the terms in the graviphoton represent gravitational corrections to the flat- 
background case. 
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An alternative interpretation reads the e-deformation as arising from a non-trivial metric, called fi- 
background, on the instanton moduli space. The fi-background framework agrees with the RR gravipho- 
ton interpretation only at linear order in e and then it is not able to accommodate the higher gravitational 
corrections to the instanton action. However, in the literature the e-deformation is still often referred to 
as Jl-background. 



4.4 Topological twist 

As firstly noted in ||68il . M = 2 Super- Yang-Mills theory can be reformulated in such a way that proves 
suitable for the study of topological and co-homological properties. Indeed, the mathematical structure 
emerging from the topological twist constitutes an essential step fro the localization techniques we will 
employ in the following section when performing actual instanton computations. Let us here describe 
the precise meaning of topologically twisting our model. 

The Lorentz symmetry of the D3-branes world-volume, since we adopt Euclidean metric, is repre- 
sented by proper four-dimensional rotations, i.e. to the group S0(4). At the level of the algebra, we have 
that S0(4) ~ SU(2) x SU(2) corresponding to the quaternionic expression of the S0(4) vector indexes. 
Customarily, the two SU(2) factors are denoted with SU(2) l and SU(2)/j (L means left and R right) and 
to them we associate the indexes a and a respectively. 

The internal space, orthogonal to the D3-branes, is constituted by 6 real directions which we have 



parametrized with three complex coordinates (4.2 1. The orbifold transformation on the internal space 



given in ( |4.4[ ) leaves the direction invariant while and z"^ transform non- trivially. Let us concentrate 
on the latter couple of coordinates; as they correspond to 4 real directions, the original rotation symmetry 
of the theory contains an SO (4) factor associated to them; we will refer to this SO (4) as the internal 
Lorentz group. Again, the internal Lorentz group can be "split" into two SU(2) factors that correspond 
to two indexes which will be denoted with a and a. 

The topological twist that we consider in our analysis, consists in the substitution of the original 
Lorentz group SU(2)l x S\]{2)r with the twisted version SU(2) x SU(2)' where SU(2) = SU(2)l and 
SU(2)' = diag (SU(2)r, SU(2)/). SU(2)/ represents the SU(2) factor of the internal Lorentz group 
associated to the index cj^ As we will see explicitly, such identification allows us to define a peculiar 
linear combination of the supersymmetry charges that, in turn, reveals a significant BRST structure of 
the model. 

One could wonder whether the topological twist represents actually a constraint of the theory affect- 
ing the dynamics; we refer to [40] for the details, however, let us comment the effect of the topological 
twist on our model. We are identifying two SU(2) symmetries of the original theory, reducing in fact the 
total symmetry group. As will be shown explicitl>p^ from the point of view of the string modes in our 
model, the topological twist amounts to a simple reorganization of the fields. Indeed, twisting the field 



^^The identification of SU(2)/ witli the SU(2) labeled by a is a matter of choice; we could as well have taken the other 
SU(2) factor associated to a. 



'*See Equation l |5.24| ( and the following comments. 
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content of our model does not reduce the number of degrees of freedom and, as far as our analysis is 
concerned, we can think to the topological twist as a sort of change of basis for the fields. 



Stringy Instantons 



5 



After the discovery of the D-branes , the string formalism has proved to be a particularly natural envi- 
ronment to study the non-perturbative sector of supersymmetric gauge theories. In the previous sections, 
we have already stressed the technical possibility of describing throughly and effectively all the features 
of the field theoretical instanton calculus. 

One crucial step forward consists in concentrating on the string models used for instantonic calcu- 
lations and generalizing them. In other terms, one can assume a string perspective and study D-brane 
setups generalizing the models that reproduce ordinary instanton calculus. We will rely on the details of 
the possible generalizations through the present chapter, but let us anticipate that the string formalism 
context allows us to produce non-perturbative effects of new type. They are commonly referred to as 
exotic or stringy. Although they do affect the low-energy effective gauge theory corresponding to the D- 
brane model under study, the exotic effects are in general not interpretable from a purely field theoretical 
viewpoinj^ Indeed, they possess a stringy nature; for instance, they introduce in the low-energy theory 
non-perturbative effects which can depend explicitly on the string scale a'. 

The string framework offers both a natural and effective tool to treat ordinary instanton computations 
and possible generalizations. The D-brane approach allows us to explore the instantonic non-perturbative 
sector in an unprecedentedly wide and deep fashion. It is even tempting to regard the D-brane description 
as the definitely environment for instantons in general. 



' The D7/D(— 1) exotic instantons in eight dimensions have a natural interpretation as the zero-size limit of ordinary 
instantons of the eight-dimensional gauge theory living on the D7-branes. Some comments are in order. In eight dimensions 
the self-duality (or anti-self-duality) condition is not imposed on the field-strength F but instead on the tensor F A F. In the 
eight-dimensional case the solutions of the self-duality condition for F are not solutions of the equations of motion (as instead 
occurs in four dimensions). More precisely, if we consider an instantonic configuration (i.e. solving the duality condition) we 
have that the corresponding equations of motion instead of being zero are proportional to (d — 4)R = 4_R where R represents 
actually the modulus associated to the "size" of the instanton configuration. It is then natural to see that in the 7? — >■ limit 
the self-dual configurations solve the equations of motion as well. In four dimensions (i.e. d — 4) the equations of motion are 
again proportional to (d — 4)ii which now is of course identically zero; the exotic configurations have no clear field theoretical 
interpretation in the four-dimensional case, see 1*581 
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5.1 Motivations 

5.1.1 Theoretical Significance 

The theoretical interest on stringy instantons is especially related to the study of the vacuum structure of 
both supersymmetric gauge theories and of the associated string models themselves; the main attention 
is tributed to their important effects regarding supersymmetry breaking and moduU stabiUzation [^."VO^. 
From a purely string theory point of view, the ordinary and exotic configurations are on the same footing 
and the difference between the corresponding D-brane models are simply technical. All the investigations 
aimed at the study of the string vacua encompass necessarily the entire panorama of non-perturbative 
features, so the stringy instantons as well. 

5.1.2 Phenomenological Interest 

At the outset we have to stress again that in this first part of the thesis the focus is on the context of = 2 
supersymmetric theories. The distance to current real experiments is still significant; supersymmetry 
itself has still to be observed. Given this premise, it is nevertheless physically crucial to meditate on 
the actual phenomenological value of the stringy instanton calculus. Maintaining a cautious attitudeR 




it is important to study in detail specific models in which new kind of exotic effects could arise. Even 
though the particular models themselves will turn out not to be realized in Nature]^ they furnish the 
inspiring theoretical proof that dynamics in extra dimensions can generate and accommodate essential 
phenomenological features like Yukawa couplings in GUT models fTTI . right-handed neutrino masses 
11721 1731 1741! and see-saw parameters. Indeed, the main phenomenologically appealing characteristic of 
stringy instantons relies in the introduction of a new scale (related to the string scale a') in the low- 
energy theory; this novel scale could offer the framework for solving naturalness problems or hierarchy 
question^ 

5.2 Stringy instanton salient features 

The ordinary vs. stringy classification of instantons has a precise meaning in relation to the features of 
the associated D-brane models. In an ordinary instanton configuration, the gauge and instanton brane^ 
share all the geometric and symmetry characteristics in the internal space. Instead, the exotic configura- 
tions have instanton branes that because of a different geometrical arrangement or because of different 
symmetry properties, have a different internal-space behavior with respect to the gauge branes. 

Consider a generic D-brane model involving D{3 + p) and D(p — 1) branes being respectively the 
gauge and the instanton branes. If p > 1 we need to compactify the extra dimensions in order to obtain 

"In the scientific jargon, this cautious phenomenological attitude is usually referred to as semi-realistic. 
^Or, more likely, if any experimental evidence belongs to a more or less remote future. 

■^In the exotic cases obtained by compactifying configurations living in higher dimensionalities, the compactification scale 
can as well enter into the game. 

'Gauge and instanton branes has been defined ink 
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an effective four-dimensional low-energy field theory. The compactification would require the presence, 
in the internal manifold, of a compact p-cycle C around which we wrap the gauge D(3 + p) branes. In 
this case, an ordinary instanton is associated to Euclidean D(p — 1) branes completely wrapping the same 
internal cycle. 

We have two main ways to modify the internal behavior of instanton branes. We could consider 
the possibility of wrapping the D(p — 1) branes on another different p-cycle C ^ C or we can assign 
different symmetry properties between the gauge and instanton branes. This second possibility will be 
the one considered in the following, indeed we will associate gauge and instanton branes to distinct 
representations of the background orbifold action (see |4. 1| ). 

Another characteristic feature of stringy instantons, as opposed to ordinary ones, is that they lack 
the bosonic moduli describing the instanton siz^ This is a direct consequence of the different internal 
behavior between instanton and gauge branes. Some fermionic zero modes are then difficult to saturate. 
In the moduli integral giving rise to the instanton partition function an unsaturated Grassmann variable 
leads inevitably to an overall vanishing result. Stringy instantons can produce effects only within systems 
in which the extra fermionic zero modes are either projected away by orientifold projections 114111751 (as 
in our case) or lifted by means of background fluxes 1176117711781 or also with other mechanisms such as 
those described in 



Eventually, another stringy instanton peculiarity resides in the instanton group structure. In Section 



5.4.3 we will directly see that the SU(2) stringy instantons of the model at hand enjoy an SO(fc) symmetry 
structure. Being this related to the structure of the quiver diagram after the orientifold projection (i.e. 
with the effects of the orientifold on the group structures on the various stacks of branes), the occurrence 
of orthogonal instanton group structure for unitary gauge theories arises also in the generalization of our 
model to S\J{N > 2 J| This exotic result is in contrast with its ordinary instanton counterpart; in SU(A^) 
gauge theories the ordinary instanton group is in fact unitary. 



5.3 Stringy instantons in J\f = 2 theories 
5.3.1 Localization techniques for exotic instantons 

The localization techniques are pivotal in the framework of D-brane instanton computations. In the 
case of ordinary instanton configurations, when technically available, one can check the results obtained 
with string tools against ordinary, field-theoretical computations [66|. By definition, the same kind 
of checks cannot be performed for exotic instantons because, in general, they have no purely field- 
theoretical counterpart. 

There are instances in which the difficulty in checking the applicability of localization techniques 
to exotic instantons can however be surmounted by means of dualities. A significant example is the em- 



As as a comment, remember that in the eight-dimensional case mentioned in the footnote [ij of the present chapter, the 
stringy instantons are interpreted as instanton configuration in the zero-size limit (sometimes referred to as small inst anton s). 
^Some more comments about other gauge groups and the corresponding instanton groups can be found in Section 5.10 
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ployment of the heterotic/Type duality, ||8T]|82l|55l. This duality has been proposed in |[83l following 
a correspondence in the spectrum of the two theories involvecj^ On the heterotic side of the duality there 
are some quartic interactions that do not receive any corrections beyond the 1-loop order. This happens 
because they are protected by supersymmetry. The same couplings can be obtained from the dual Type I' 
theory but in this context they receive both perturbative and non-perturbative contributions. The Type I' 
non-perturbative computations are performed employing localization techniques and are then confronted 
with the corresponding heterotic perturbative results. This furnish a non-trivial test for the extension of 
locahzation methods to the stringy instanton calculus. 

5.4 Description of the D3/D ( — 1 ) stringy instanton model 

At the outset, it should be underlined that the model under consideration is the first setup containing 
stringy instantons effects directly (i.e. without the need of compactifications) in a four-dimensional field 
theory. Indeed the field theory is defined on the four-dimensional world- volume of the D3-branes. In the 
preceding literature about stringy instantons, the setups always involved gauge theories defined on the 
eight-dimensional world- volume of D7-branes. 

We analyze the low-energy gauge theory describing a stack of fractional D3-branes in the already de- 
scribed C'^/Za orientifold background of Type IIB superstring theory preserving M = 2 supersymmetry 
in four dimensions. The strategy we follow is analogous to the one presented in iHTI for the one-instanton 
case. Namely, we study a system of fractional of D3-branes realizing an = 2 SU(A^) gauge theory 
containing a hypermupltiplet (i.e. the "matter" content of the model) in the symmetric representation of 
the gauge group. The instantons are encoded in a second stack of D(— l)-branes populating a different 
node of the quiver diagram with respect to the D3-branes. Sitting on different nodes, the gauge and 
instanton branes belong to different irreducible representations of the orbifold group. In our model, this 
difference in the orbifold representation is the key feature which makes the instanton stringy. 

The fermionic zero modes arising from the open strings with mixed Neumann-Dirichlet boundary 
conditions are projected out by the orientifold. The removal of such zero-modes leads to non-vanishing 
results for the moduli integral and therefore to non-null stringy effects on the low-energy prepotential. 

5.4.1 D3-branes at the C^/Za orbifold singularity (field content) 

The presence of the D3-branes brakes the ten-dimensional SO(IO) Lorent^^group splitting it to S0(4) x S0(6). 
The fields carrying representations of the Lorentz group split accordingly. Moreover, notice that since 
the translation invariance along the direction which are orthogonal to the D3 branes are broken as well, 

'^Type I' string theory (sometimes referred to as Type lA as well) is the T-dual of Type I theory on a ten-dimensional space- 
time in which there is (at least) one compactified dimension, 1591 One can think as follows: Type IIA and Type IIB are T-dual of 
each other; Type I is an orientifold projection of Type IIB; Type I' is the T-dual of Type I and can be thought of as an orientifold 
projection of Type IIA. 

'To find more details on the checks of the duality itself, look at the references contained in I8II . 
'"Remember that we have Euclidean signature, so "Lorentz" transformations are indeed proper rotations. 
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the original ten-dimensional Poincare invariance is reduced to the four-dimensional Poincare invariance 
of the D3 world-volume. 

The ten-dimensional vector Am splits into an S0(4) vector A^ and a S0(6) vector, however the 
latter is seen as a collection of six scalar from the four-dimensional theory point of view. An anti-chiral 
ten-dimensional spinor A decomposes as follows: 



(5.1) 



where a and a are respectively chiral and anti-chiral spinor indexes of SO (4); the lower and upper 
indexes A are respectively chiral and anti-chiral spinor indexes of 80(6^'^ 

The field content of the gauge theory describing at low energy the fractional D3-branes emerges 
from the orbifold/orientifold projection. To study the orbifold transformations of a generic field, we have 



to consider the orbifold generator ( |4.5| ) in the representation of the field under consideration. Once we 
know the transformation of the fields we project away the non-invariant components; on a computational 
level this consists in retaining only the invariant components that satisfy the so-called orbifold/orientifold 
conditions. 

To study the spinor orbifold transformations we have to use the SO (6) spinor weights and then, from 



(4.5 I, we obtain 
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(5.2) 



Since only half of the spinor components are left invariant by the orbifold transformations, the corre- 
sponding orbifold projection yields M = 2 supersymmetry. 

In the bosonic sector, the invariance requirement translates into the following system of conditions: 



A, 



7(9) 7(5) ^ , A, 
{iYl{g)^'l{g)-\ * 



-7_(f]) (A^)^7_(J])-i, 
-74O)(*0^7-(f^)-S 



(5.3a) 
(5.3b) 



where with /i = 0, 3 is the four-dimensional vector and with / = 1,2,3 denotes the com- 



plexified internal scalars (associated to the internal complex coordinates defined in (4.2 1). The orbifold 
conditions, encoded in the left equations of ( |5.3a| ) and ( |5.3b| ), impose that A^ and have only diag- 
onal entries while and must have only off-diagonal components, more specifically we have the 



structure (4.15 1. 



The field content emerging from the orbifold projection is further restricted by the orientifold con- 
ditions. More precisely, we have that 



A 



A 



(5.4) 



"The original spinor has 2^'^^^ = 32 components which are now organized as 2x4 + 2x4 = 32. 
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Figure 5.1: Quiver diagram of the orientifolded C^/Za theory. The dashed line represents symbolically 
the "mirror" identification produced by the orientifold. 

and 

^(11) = ^(^(11))"^^ . ^^(22) = -(^(33))^ (5-5) 

From the conditions on the gauge vector field entries, we have that the gauge group of the low-energy 
theory is USp(A'^i) x U(A^2)- As we have just observed, M = 2 supersymmetry is preserved and 
and can be interpreted as the bosonic part of the M = 2 adjoint vector multiplet. 

Let us underline that the representation of the orientifold action on the CP structure lead us to an 
identification of the nodes 2 and 3 of the quiver diagram. Whenever we use the notation ^^(22) ^nd 
^n{33) (^^ w^ll "^^22) ^^'^ *^^33)-* ^^^y were distinct it must be understood that they are in fact 
identified. Hence it is convenient to introduce the compact notation ^^^(22) = ^^'^ '^(22) = 

The off-diagonal part of the CP dressed scalar field yields the bosonic components of the matter 
Af = 2 hypermultiplets. In particular, the orientifold conditions on the entries of the fields and 
return 

^(12) = -e ('^'(31))'' ' '^'(23) = (^(23))^ ' ^(13) = e (^(21))"^' ^(32) = (^(32))"^ • (5-6) 

In depicting the structure of the theory through the quiver diagram [5TT] we can observe that any node 
corresponds to a stack of fractional branes leading to a factor in the composed gauge group USp(A^i) x 
U(A^2) (remember that node 2 and 3 are identified). Any oriented open string stretching from a node 
to another (or better from the stack of branes placed on a node to the stack of branes placed at another 
node) possesses a pair of CP indexes transforming respectively in the fundamental and anti-fundamental 
representations associated to the starting and ending stacks. Note however that the anti-fundamental 
representation of USp(A^) coincides with the fundamental and that the orientifold induced identification 
between nodes 2 and 3 of the diagram connects the fundamental representation of U(A'^2) to the anti- 
fundamental representation U(A''3) and vice versa. From this considerations emerges the behavior of the 
fields hsted in Table [SATl 
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field 


USp(A^i) 


U(iV2) 


^(12) 
^(31) 
^(23) 

s 

(21) 

^ 

(13) 
"^(32) 


□ 
□ 

□ 
□ 


□ 
□ 

□ 
□ 



Table 5.1: Matter content (more precisely, bosonic components of the J\f = 2 hypermultipltets) and their 
gauge representations. 

5.4.2 D3-branes at the C^/Zs orbifold singularity (moduli content) 

We turn the attention on the open strings attached to the D-instantons. We proceed in analogy of the 
study of the D3 brane field content just performed in the preceding section. 

The most general instanton configuration corresponds to ki D(— 1) branes lying on node 1, k2 
D(— l)'s on node 2 and ^3 D(— l)'s on node 3. Again, because of the orientifold induced identifica- 
tions we must restrict to k2 = ^3. The CP factor Y of the generic open- string excitation stretching 
between two D-instantons is a {ki + 2k2) x {ki + 2^2) matrix. 

We organize the Neveu-Schwarz sector of the open strings connecting two instanton branes in anal- 
ogy to the sector of strings stretching between D3 branes, namely a four-dimensional vector and three 
complex scalars x^- Notice that the ten real component fields, even if so arranged, are however all on the 
same footing; in fact a D(— 1) instanton breaks completely the ten-dimensional Poincare invariance and 
from the point of view of its world-volume theory the fields and are non-dynamical scalars. The 
(a^, x^) representation is suitable to be interpreted in terms of the parameters of the ADHM construction. 

The orbifold/orientifold conditions for the D(— 1)/D(— 1) moduU are 

= 7'(5)a^y(ff)-' , = +7+(J]) (a^)^ 7+(^^)"' , (5.7a) 

x' = {o'i'i9)x'i'i9r' , x' = ix'fi+m-' . (5.7b) 

As a confirmation of what was just observed, the orientifold condition for the "vector" differs from 
the orientifold condition for the proper vector in the sign and is instead formally identical to the 
condition for the scalars $^'s. This is precisely a consequence of the fact that while A^ corresponds to 
Neumann-Neumann string modes, both and correspond to Dirichlet-Dirichlet modes. Obviously 
this is true for the x^'s as well. 
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Expliciting the orbifold conditions for we have: 
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The orientifold further constrains the degrees of freedom imposing 

a^(ii) = (a^(ii))^ , a,,(22) = {a'^^{33))'^ , X^n) = -(xfn))'^ , X(22) 



Proceeding analogously for we have that the orbifold requires the following CP structures 
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(5.8) 



(5.9) 



(5.10) 



(5.11) 



From the conditions (5.9 1 we deduce that the symmetry group (i.e. the gauge group of the zero- 
dimensional theory) on the D-instantons is SO(/i;i) x U(A;2)> where the orthogonal factor refers to the 
first node of the quiver and the unitary factor to the remaining two nodes that are identified with each 
other under the orientifold projection. This result is the D(— 1)/D(— 1) counterpart of the D3/D3 result 
USp(A'^i) X U(A''2). Observe the important difference that, on node one, the anti- symmetric orientifold 
representation of the D3's led to a symplectic factor while the symmetric choice on the D-instantons led 
to a special orthogonal group. 

Before turning the attention to the fermion modes, for which a similar general analysis could be 
performed, we specialize the D-brane content of the model we want to study explicitly. In this way we 
concentrate on the characteristic features of stringy instantons and simplify the treatment. 



5.4.3 Brane setups leading to stringy instantons 

In the framework of the Z3 orientifold/orbifold model we have so far described, we have ordinary or 
exotic configurations depending respectively on whether or not the D-instanton occupies a quiver node 
populated also by the stack of D3 gauge branes. Nodes 2 and 3 are identified by the orbifold; in the 
{Ni,N2) notation we consider a D3-brane configuration {Ni,N2) = {0,N) leading therefore to an 
SU(A^) gauge theory. In this framework, a D-instanton configuration {ki,k2) = {0,k) leads to an 



ordinary gauge instanton with instanton number k and instanton group U(A;), see Table|5.4.3 Conversely, 



a D-instanton configuration (fei, ^2) = {k, 0) represents a stringy instanton with charge k and instanton 
group SO{k). Let us observe that the occurrence of an orthogonal instanton symmetry emerging within 
a theory with a unitary gauge group is an exotic feature. In full generality, a D-instanton configuration in 
our SU(A^) gauge theory can contain any superposition of k2 ordinary and ki stringy instantons. 
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D3's ^ 


B D(-l)'s 


gauge group 


instanton group 


gauge instantons 


(0,A^) (: 


B {0,k) 


SUiN) 


U(A;) 


stringy instantons 


{0,N) (: 


B {k,0) 


SUiN) 


SO(A:) 



Table 5.2: D3 and D(-l) brane configurations and their associated symmetry groups corresponding to 
gauge and exotic instantons. 

Henceforth, the stringy instanton model at the center of our following study is obtained placing a 
stack of k D(— 1) branes on node 1 of the quiver and two identified stack of N D3-branes placed on 
nodes 2 and 3. The moduli content arising from such configuration lacks the bosonic moduli describing 
the instanton charges as a consequence of the different orbifold behavior between gauge and instanton 
branes. To study systematically the moduli content emerging from the open string modes having at least 
one endpoint on a D(— 1) instanton we introduce the following classification: 



• Neutral Moduli: associated to the open strings that start and end on a D(— 1). They encode the 
zero-dimensional "gauge theory" defined on the instanton world- volume. 

• Charged Moduli: corresponding to the open strings connecting D(— 1) and D3 branes. 

The charged and neutral attributes are named in relation to the gauge group of the D3 gauge theory. In- 
deed, the charged moduli appear inside interaction terms containing fields of the M = 2 vector multiplet 
while the neutral moduli have a life "on their own". 



5.4.4 Neutral Moduli 



Remember that we have specialized the analysis to a D-brane system containing D-instantons only on 
node 1 of the quiver. Since the neutral moduli are suspended between instanton branes, their CP structure 
can have only the component (11) different from zero. On node 1 we have arranged k instanton branes, 
so the (11) CP component is a.k x k matrix. 



Recalling the structures resulting from the orbifold projection ( |5.8| ) and ( |5.10| ), we see that the com- 
plex scalar fields and do not have a (11) component and hence are forced to be null in our specific 
system. Conversely, and present this diagonal component and, since the (11) is the only CP entry 
to be non vanishing, it is convenient to simplify the notation as follows: 



V{ii) 



X(n) = X 



(5.12) 



The fermionic half of the neutral spectrum, after the orbifold projection, has only the components 

corresponding to the indexes {a ), (a + H — ), (d + ++) and (d h); they are in fact invariant 

under the action of Z3. From the CP structure perspective, this is equivalent to being associated to "diag- 
onal" entries. As a consequence they can present a non- vanishing (11) component and, adopting again 
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a notation well suited to conform with the ADHM organization of the fields, we denote the fermionic 
modes with 

M"" and X^^a ■ (5.13) 

The upper index a runs over the values ( ), (+ H — ), while its lower version assumes the values 

(+ + +) and ( h). Again, being associated to open strings stretching from and to the stack of k 

D-instantons on node 1, also these fermionic modes are represented by A; x A; matrices. The orientifold 
projection constrains them to be subjected to the following conditions: 



A, 



-{Xda} 



(5.14) 



These orientifold constraints follows directly from the choice of the orientifold matrix 7+(r2) whose 



(11) entry is the k x k identity matrix. Furthermore, the orientifold operator (4.321, when acting on 
a ten-dimensional spinor, returns the chirality of the spinor itself in the first four directions; this is the 



reason for the different signs in ( 5. 14 1 



5.4.5 Charged sector 

In the chosen D-brane configuration leading to exotic instantons, the D-instantons and the D3 branes 
occupy different nodes; the CP factors for the charged moduli have therefore non- vanishing entries only 
among the off-diagonal components. In terms of orbifold transformation, being out of the diagonal 



means transforming non-trivially under the action of the orbifold matrices -/{g) and j'{g) given in (4.17 1 



and ( |4.18| ). More precisely the 3/ (—1) strings have the following CP structure: 

(5.15) 




while the (— 1)/3 have: 



(5.16) 







The non-trivial behavior under the orbifold action due to the CP structure has to be compensated with 
an opposite behavior of the vertex operators. Now we come to a crucial point. In the Neveu-Schwarz 
sector, leading to bosonic modes, the GSO projected vertex operators present an anti-chiral spinor index 
(notice that we are dealing with bosonic spinors) with respect to the Lorentz group but are singlets with 
respect to the rotations in the internal space where the orbifold acts non-trivially. This is a consequence 
of the mixed Neumann-Dirichlet boundary conditions. In other terms, the vertex operator in the bosonic 



sector cannot behave in such a way to compensate the CP structures ( |5.15| ) and ( |5.16| ). The bosonic 
charged moduli are therefore projected out, being their absence a hallmark of the exotic nature of the 
configuration. 

Regarding the fermions emerging from the Ramond sector, instead, the GSO projected physical 
states carry anti-chiral spinor indexes with respect to the internal space. Indeed, recalling (|5.2|), the 
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(H h) and ( — h +) components transform non-trivially under the orbifold action. It is then possible to 

build charged fermionic moduli whose vertex operators compensate for the CP structure transformations 
leading to overall invariant states surviving the projection. Adopting again an ADHM inspired notation, 
the physical charged moduU of the 3/(— 1) sector are 

/O 0\ /O 0\ 

= and ^"++ = i fi' (5.17) 
\fi 0/ \0 0/ 

Since we are dealing with open strings connection D3 branes and D-instantons, both /x and fi' are N x k 
matrices. Eventually, the moduli belonging to the (— 1)/3 sector, which correspond to open strings with 
opposite orientation, are related to those of the 3/(— 1) sector by the orientifold. In our case we have 

/!-++ = 7+(n)(M-++)V(f^)-' 






+^^^ 










:) 













- 



















J 



(5.18) 



5.5 Moduli action 



The moduli action can be obtained in analogy with the low-energy gauge theory action of the D3 gauge 
theory. Indeed it represents the action of the zero-dimensional gauge theory, i.e. matrix model, defined 
on the point-like world- volume of the D(— l)'s. The terms in the moduli action can be computed with 
a systematic analysis of the open-string scattering amplitudes. In particular, we have to analyze the 
simplest topologies, namely the disk amplitudes, involving the instanton modulj^ 

For the sake of convenience, let us split the moduli action in three parts: 



with 



S = Si + S2 + S3, (5.19) 

-^ia", a''] [a^, a^] - [a^, x] [«^, x] + ^ [x, x] [x, x] } , (5.20a) 

'2 X^a [a^ M/] {a^f" - i Ai„ [x, X"""] - 2i M"" [x, M,,] } , (5.20b) 

-i/uVx} (5.20c) 

Notice that Si and 5*2 correspond respectively to quartic and cubic terms involving only neutral modes 
while 53 accounts for the terms involving the mixed or charged moduli. 

'^The original papers in which the building of the effective action is actually performed from disk amplitudes are (53l l9l 





1 


Si = 






7o 




1 


S2 = 






7o 




1 


S3 = 






7o 
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A comment on the normalization of the action is in order. We have collected al/g^ factor outside 
of the action where go indicates the gauge coupling on the zero-dimensional Yang-Mills theory. Being 
this field theory nothing but a low-energy effective description of string interactions, the gauge coupling 
is related to the string coupling g^. More specifically, the following relation holds (see [9J): 



si 



9s 



(5.21) 



Even though we have so far adopted a notation well adapted to conform with the standard ADHM anal- 
ysis, the dimension of the fields are not as in the ADHM construction. In our formulae we are under- 
standing in fact canonical dimension for the bosons, i.e. (length)^ ^, and for the fermions as well, i.e. 
(length)^'^/^. It is however possible to redefine the fields rescaling them with appropriate powers of the 
dimensionful coupling go in order to reproduce the standard ADHM dimension. We do not perform such 
rescaling as it is not necessary nor convenient for our analysis. 

We need to consider in depth the structure of the action in order to be able to organize it in such a 
fashion to apply the localization tools. The symmetry properties of the action are crucial in this respect. 
As a technical step which will prove manifestly convenient in the following, we express the quartic 
interaction terms by means of auxiliary fields. The introduction of auxiliary fields allows us to express 
the quartic interaction in terms of cubic interactions: 



S'l = ^ti 
% 



DrD" 



1 



flU 



where the three auxiliary fields Dc with c = 1, 2, 3 are defined as 



(5.22) 



(5.23) 



The rjj^^ represent the anti-self-dual 't Hooft symbols given explicitly in Appendix |B] Observe that the 
definition of the auxiliary fields is indeed the algebraic equation of motion one would find studying 
the variation of ( |5.22| ). Substituting ( |5.23| ) into ( |5.22| ) we can recover the original expression of the action 
without the W^'s. 



In view of the following developments we give another useful rewriting of the cubic action (5.20b i. 



We indeed implement the already mentioned topological twist 4.4 that concerns the identification of the 
internal spinor index a with the space-time spinor index /3. In formulae we have: 



\/3 = 



1 



(5.24) 



Note that, as anticipated in Section 4.4 the topological twist implies a reorganization of the components 
of the moduli. Observe also that in ( |5.24| ) the number of degrees of freedom is not reduced by the 



topological twist. Using the Equations (5.24i, we rewrite the cubic action S'2 as follows 

S'^ = \ii \n [a^, M^] + A, [a^ M'^] [x, r]]- '-\c [x, A^] - iM^ [x, M^] } . (5.25) 
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Eventually we replace the mixed action (5.20c i with 



5^ = ^tr |-i/iVx + /i^/i'} (5.26) 

where h and h' are charged auxiliary fields. They do not interact with any other modulus and return 
the original mixed terms once put on-shell. Even though this technical replacement looks trivial, it will 
prove to be convenient. 

Having performed all the appropriate rewri tings, the overall moduli action becomes: 

S' = S[ + S'2 + S's . (5.27) 

We recall that it is invariant under the D-instanton group SO(A;) and the D3-brane gauge group SU(A^); 
S' is invariant under the "twisted" Lorentz group SU(2) x SU(2)' as well. The moduli and 
transform in the (2, 2), Ac and Dc in the (1, 3) representations of the "twisted" Lorentz group, while all 
the remaining moduli x, X, r], ^, fi', h and h' are instead singlets. 



5.6 BRST structure of the moduli action 

The topolo gical twist opens the possibility of introducing a BRST-like structure with respect to which 



the action (5.27 1 is invariant. The identification of the indexes a and /3 allows us to define the following 



"singlet" operator combining the supercharges Q^a as follows 

Q = Qa$^''^ ■ (5-28) 

The charge Q plays the role of the BRST transformation generator. Note that being linear in the super- 
symmetry charges, it is fermionic as it is expected for any BRST-like operator. Its action on the fields of 
the model is: 

QXc = D,, QDc = i [x, Ac] , 

QX = -ir/ , Qv = -[X,X] , QX = 0, (5.29) 
Q^ = h, Qh = inx, 
Qfi' = h', Qh' = if,'x- 



From ( |5.29| ) it is straightforward to prove the BRST invariance of the action; equivalently we can say 
that S' is BRST-closed, 

QS' = 0. (5.30) 

Note that the operator Q is nihilpotent modulo an infinitesimal SO(A;) instanton rotation. The in- 

stanton rotations are parametrized by the modulo x and applying twice the operator Q to any field we 
obtain 

• = Tso(k){x) • , (5.31) 
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where Tso(fc)(x) generates the infinitesimal SO(A;) transformation in the appropriate representation (the 
one with respect to which the field • transforms^ From ( 5.29 1 descends a clear BRST structure of the 
moduli content of our model; we can actually arrange all the moduli except x in BRST doublets 



(^'o,*i) with Q^fQ = ^1 . 
See Table 15.3 I for the detailed account. 



(5.32) 



(^0,^l) 


SO{k) 


SU(iV) 


SU(2) X SU(2)' 




m 


1 


(2,2) 




B 


1 


(1,3) 


{x,v) 


B 


1 


(1,1) 


{fi,h) 


□ 


N 


(1,1) 




□ 


N 


(1,1) 



Table 5.3: Moduli in the stringy instanton configuration organized as BRST doublets; their transforma- 
tion properties under the various symmetry groups of the model are accounted. 

The total action is also BRST exact, 

S' = QE, (5.33) 
where H is a fermionic quantity usually referred to as gauge fermion. Explicitly it is given by 

H= ^tr{iM'^[x,a^] -^7?^A[a^«1 +^A,Z)^-^ [X,x]r? + ;u^/i'} . (5.34) 

The exactness of the action can be proved directly using the transformation properties of the moduli and 
its SO(A;) invariance. 

The instanton partition function is given by the integral over the moduli space of the exponentiated 
action. The moduli integration measure is a dimensionful quantity and to compute its dimension we 
can observe that, as a fermioij^the BRST operator has dimension (length)"^/^. Therefore, within any 
doublet, the dimensions of the component fields are related as (length)^ and (length)^^^/^. We then 
have that the moduli measure 

dMk=dx Yl '^^od^i (5.35) 

(*0,*l) 

has the dimension 

(length)-5'^('^-i)+5"''-5"/ . (5.36) 

'^Also the BRST-closure of the action can be thought of as a symmetry up to instanton rotations but, being 5*' a scalar, this 
assume a trivial connotation. 

''^We remind the reader that we use canonical dimensions for the fields throughout the analysis. 
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The first term in the exponent of ( |5.36| ) corresponds to the unpaired modulus x which belongs to the 
anti-symmetric representation of SO(fc), whereas rih and nj denote the number of BRST doublets whose 



lowest component (i.e. "^q) is respectively bosonic and fermionic. The computation leading to ( |5.36| ) has 
been performed remembering that the differential of a fermionic (Grassmann) variable has opposite sign 
with respect to the variable itseHf*^ 



Recalling the representation to which the various moduli belong (summarized in Table 5.3 1, it is 
possible to verify that 

m =^k^ + ^k (5.38) 
Uf =^k^-^k + 2kN. (5.39) 

The measure dM.k then has dimension 

[dMk] = (length)'=(2-^) = (length)~'=''i (5.40) 
where bi represents the coefficient of the 1-loop /3-function for our gauge theory (we are going to study it 



in the following, 5.70 1. It is important to remark that the minus sign in the exponent of (5.40 1 constitutes 
a hallmark of stringy instanton behavior. Indeed, in the case of an ordinary instanton configuration the 
dimension of the moduli measure is^(length)+'^^\ 



5.6.1 Moduli action in the presence of a graviphoton background 

Along the route taking us to the actual computation of the stringy instanton contributions to the low- 
energy effective theory, we have to introduce a constant graviphoton background. This background 
deformation amounts to consider the model on a non-trivial curved background and, technically, the 
graviphoton can be regarded as a regulator. 

We turn on a Ramond-Ramond three-form flux F^^^s which has the first couple of indexes along 
the four-dimensional space-time (i.e. the world-volume of the D3-branes) and the last (holomorphic) 
index along the (complexified) internal direction which is left invariant by the orbifold action ( |4.4| ). 
Such a background flux is not projected out by the orientifold because it is left invariant under the action 
of the orientifold operator ( |4.32[ ). Actually, F^^^3 is even under the world-sheet paritjj^ u, it is odd 



'^This is a direct consequence of Belavin's definition of the integration over Grassmann variables, 

dijip = l, (5.37) 



where 1 is obviously dimensionless. 

'*We refer to [57| for a throughout treatment of the ordinary instanton case. 

'^The Ramond-Ramond 3-form field-strength coincides with the external differential of the Ramond-Ramond two-form 
potential, -F^i^p = d^Cvp- The latter, being a zero-mass mode of the closed-string sector, is associated to a term in the tensor 
decomposition of the ten-dimensional bi-spinor, 

\a>®\P> (5.41) 
The a, P indexes arise respectively from the right and left-moving Ramond vacua; in Type IIB l |5.41^ is decomposed on the 
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with respect to (—1)^^ as any mode in the Ramond-Ramond sector and it is odd also with respect to the 
internal space parity operator X456789 as any field having one internal index. Let us simplify the notation 
indicating henceforth simply with T^^,', we organize its six independent components separating 

the self-dual and anti-self-dual parts, 

J^t^u = - \fc%^- (5-42) 

The coefficients f ^ and /c (which are not complex conjugate of each other, the bar is just a nota- 
tional feature) belong respectively to the (3, 1) and (1, 3) representations of the (twisted) Lorentz group 
SU(2)xSU(2)'. 

In order to perform the computation (as it will become clear soon), we have to consider also the 
anti-holomorphic part of the graviphoton backgrounds, namely F^^-^z = F^y. As its holomorphic coun- 
terpart, it survives the orientifold projection. By a holomorphicity argument, we will eventually show 
that the final results do not depend on F^j^y which can be at last fixed to the most convenient value (see 



5.6.31. 



The introduction of the three-form background fluxes follows the idea of exploiting all the symmetry 
features of the instanton moduli space in order to be able to compute the instanton partition function. In 
other terms, we want to generalize the BRST structure asking that it closes (i.e. that is nihilpotent) up 
to a generic infinitesimal symmetry transformation of the moduli space and not only up to an instanton 
SO(/c) rotation. The graviphoton will lead us to include twisted Lorentz transformations SU(2) xSU(2)', 
indeed F^y parametrizes them. To encompass the remaining SU(A^) gauge symmetry of the moduli 
space we have to include into the analysis also the D3 /D3 fields and their interactions with the instanton 
moduli. The SU(A^) gauge symmetry arises in fact from the D3-brane stack. The field content of the 
theory living on the D3's can be accounted for with an = 2 chiral superfield <^{x,6). The actual 
computation of the interactions among <I>(x,6') and the instanton moduli is again performed studying 
carefully the disk diagrams involving the associated vertex operator^^ Such interactions are described 
by a new term, namely 

^tr|i//^$(x,e)^'| , (5.43) 



that must be added to the moduli action (5.33 1. As far as our following computations are concerned, it is 



sufficient to restrain the attention on the vacuum expectation value of the superfield, 

ct> = {^{x,e)), (5.44) 
and therefore the term which will be actually added to the action 53 is 

^tA\ii^(t)A . (5.45) 



tensors C, C,i^, Cj^la where C and Cj:itptT are associated to the symmetric part of the bi-spinor (36 components) and Cf^v 
is related to its anti-symmetric part (28 components) with respect to the interchange of a and /3. The world-sheet parity u 
swaps the two anti-commuting spinors giving a minus sign. The anti-symmetry in a and /3 compensates this and eventually the 
potential C^^ and the associated three-form strength are both even under a;, 
'^We refer to (9l|67J for details. 
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The action itself acquires a dependence on <f>, 

5^(</.) = 5^ + 4tr{i/x^0;u'| . (5.46) 

Note that the introduction in the action of the D3 superfield renders the action itself dependent on 
the superspace coordinates. This solves a possible doubt about the moduli integral corresponding to the 
center position of the instanton in superspace. Without any explicit dependence on x and 9 they would 
be troublesome zero-modes. On the computational level we discard the superspace dependence taking (/) 
instead of the full-dynamical superfield but we will show that the presence of the graviphoton regularizes 
the superspace integration. 

The graviphoton forms T and are included into the analysis deforming the action and introducing 
their interactions with the moduli that arise from the associated disk amplitude diagrams. Notice that in 
this case the diagrams involve both open and closed string vertex operators, the former are placed on the 
disk-boundary whereas the latter are in its interioi[^The graviphoton interactions modify the quartic and 
cubic terms in the action, in particular we deform (5.221 and ( 5.25| ) as follows: 



S[ S'liT, T) = S'i + ^tr ^T^^a^ [x, a^] + i-F^'^'a^ [x, a^] - iF^^'a^Fupa''^ , 
S'2 ^ S'^iT, F) = S'^ + \tT {- ^eerfe X^y'r - fc X'v + i fc D^x + T^.uM^'M^] . 



(5.47) 



At last the deformed action encompassing the presence of Ramond-Ramond fluxes F^y and F^y as 
well as the vacuum expectation (j) for the adjoint scalar of the gauge multiplet, is 

S'{F,F,c^) = S[{F,F) + S'^{F,F) + S'M ■ (5-48) 

The extension of the action seems to have spoiled the BRST behavior of its undeformed version but it is 
straightforward to prove that the new action is BRST invariant with respect to a generalized (or extended) 
BRST transformation Q' . Let us specify Q' expliciting its action on the various moduli of the model: 

Q'a^" = , Q'M>' = i [x, a'^] - i F^'^'ay , 
Q'Ae = D, , Q'D, = i [x, Xc] + ecde X'^f , 

QX = -i r/ , Q'r? = - [x, x] , Q'x = 0, (5-49) 
Q'fi = h, Q'h = ifix-i<t>fJ', 
Q'fi' = h' , Q'h' = ifx' x-^(f>fJ-' , 

More specifically, we have 

S'{F,F,(t>) = Q'E' (5.50) 
where the deformed gauge fermion E' is given by 

"We refer again to |9l l67| for details. 



{i/eA^X + ^^.a'^M^} (5.51) 
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with S defined in ( 5.34 i. 

The deformation of the action and the corresponding enlargement of the BRST structure let us 
exploit the complete symmetry properties of the moduli space. Indeed, from the rules ( |5.49| ) we have 
that Q' squares to zero up to an infinitesimal generic transformation of the full symmetry group of the 
moduli space, 

Q'^* = Tso{k){x) • -7su(7V)(0) • +?su(2)xsu{2)'(-^) • • (5-52) 

The generators rso{A:) (x)' T^viN) (0) and ?su(2)xSU(2)' {^) correspond to infinitesimal transformations 
of SO(fe), SU(A^) and SU(2) x SU(2)', parametrized respectively by x» 4> and T, in the appropriate 
representations. 

Let us give an explicit rewriting of the complete action which will be useful in the following: 



1 

7o 



tr [tj M^] + K, Ml f/^, - ^r? [x, r?] - i [x, M^] 
\Dc fi% [a^, a"] - [a^, x] [«^, x] + \ [x, x] [x, x] + ^^""a^ [x, a^A 



1 



(5.53) 



5.6.2 Classical part of the action 

So far we have not considered the classical part of the instanton action, namely 

Sa = -2TriTk=—k . (5.54) 
9s 

It of course has to be taken into account as we will see in Section [5^ The classical part of the action 
can be interpreted as the topological normalization of the bare D(— 1) disk amplitude with multiplicity k 
without any vertex operator insertions f84',P|. In ( |5.54[ ) r has been introduced to give a useful rewriting 
even though here it is simply related to the string coupling constant (i.e. the VEV of the dilaton). Instead, 
whenever we have also a non-zero VEV for the Ramond-Ramond scalar Co, r is promoted to the full 
axion-dilaton combination r = Cn + — . 

In the C/Z3 stringy instanton model that we study explicitly the exotic character is given by a 
different symmetry behavior between gauge and instanton branes. So, considering the same geometrical 
arrangement but simply changing the properties of the instanton branes with respect to the orbifold we 
can trade an exotic configuration for an ordinary and vice versa. If the internal geometry arrangement 
of ordinary and exotic instanton branes is the same, they possess the same classical action. In our case 
the instanton branes are represented by D(— 1) brane having point-like world-volume. In the general 
case (where instantonic brane can be extended along the internal directions) the classical contribution 
of the action is proportional to the volume Vc of the internal cycle C being wrapped by the instanton 
branes. The classical weight accompanying the instanton contributions has an exponential shape where 
at the exponent we have the negative ratio of the over the string coupling constant gg. This feature 
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is particularly interesting because we can observe that, calibrating the volume Vc of the internal cycle 
wrapped by the instanton branes, we can have significant non-perturbative effects also when the coupling 
gs is small |i54J- 



5.6.3 Holomorphicity of the partition function 

In the context of A/" = 2 SYM gauge theory, the instanton moduli action depends only on (p and T and 
not on (f) and In other terms, when we consider only the instantonic configurations with k > 0, the 
non-perturbative action is holomorphic. As opposed to this, if we consider only anti-instantons (k < 0) 
we have an anti-holomorphic non-perturbative action. The holomorphicity properties of instantons and 
anti-instantons actions are proven with co-homology argument^^ in order to perform the co-homology 
considerations, it is essential to rearrange everything by means of the so-called topological twist. Such 



twist allows us to define Q as in ( |5.29[ ). Remember that the action is Q-exact, namely 

S = QE. (5.55) 

In the instanton action, the anti-holomorphic quantities and T are. present only in the gauge fermion 
S but not in the Q-variations of the modulQ in constrast, the holomorphic quantities (f> and T appear 
explicitly in the action of Q, ( |5.49[ ). As a consequence, any infinitesimal variation of the instanton 



partition function with respect to the anti-holomorphic quantities is given by a Q-exact term. The terms 
Z(^) of the partition function We have then 



Z^''^ = I dM(k)e~'' (5.56) 



where S indicates the variation with respect a generic anti-holomorphic quantity which could be either 
(j) or T. The last step in ( 5.57 1 is due to the fact that the moduli integration measure is BRST 



invariant; as a consequence, the integral reduces to boundary terms at infinity where all the physical 
quantities are assumed to vanish. 



^"We remind the reader that 4> and represent respectively the VEV's of the scalar field belonging to the JV = 2 vector 
multiplet and the graviphoton field. 

^'The argument showing that the instanton action is independent of the anti-holomorphic quantities is formally analogous to 
the proof through BRST arguments that the YM action does not depend on the gauge fixing (or, more precisely, the action does 
not depend on the gauge fixing parameter); see |85 |. 

"^As a BRST operator Q has fermionic character hence, when applied on a fermion like H, it returns a bosonic quantity, in 
the present case, the action 5*. 
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5.7 Explicit dependence on the string scale and renormalization behavior 
of exotic effects 



In the D-brane models leading, at low-energy, to the ordinary k instanton, the dimension of the moduli 
space integration measure dM^^^'^^ is 



dM 



(ord) 



(length) 



kbi 



(5.58) 



where bi is the 1-loop coefficient of the /3-f unction. Equation (5.58 1 is the ordinary counterpart of the 



stringy result we have previously found in ( |5.40 i. 

The contribution to the total instanton partition function Z contributed by the k ordinary sector 
arises from the integration over M^j^^^^ of the exponentiated instanton action. 



(5.59) 



As a contribution to the partition function, being this dimensionless, we want to compensate the dimen- 
sion carried by M.^^^'^^ with a dimensionful pre-factor having dimension (mass)'^^^. More specifically, 
we introduce in front of the moduli integral a pre-factor pL^^^ where /x is a reference mass scale; in a 
stringy context ji is naturally related to the string scale, namely 



1 



'a' 



(5.60) 



Since we are working with a non-Abelian gauge theory emerging as the low-energy limit of a string 
model, it is possible to think to /x as a renormalization reference scale related to the high-energy regime 



of the field theory (i.e. to its string UV completion). In the pre-factor of ( |5.59[ ) we have to account for 
the classical part of the action ( |5.54[ ). Eventually we have an overall pre-factor containing 



A' 



(5.61) 



where A is another mass scale related to the high-energy renormalization scale fi through non-perturbative 
effects. This can be regarded as a way to define the scale A of a non-Abelian YM theory; A is in fact 
generated by the (non-perturbative) dynamics of the model. Indeed, ( |5.61| ) is nothing other than the 
exponentiated renormalization group equation (see for instance [40 1) where we are giving a precise in- 
terpretation of the iJ. mass scale in terms of the UV completion of the field theorjj^ 

Let us see this point the other way around: We have that the stringy calculations brought into the 
game the string scale related to a'. In an ordinary instanton configuration, however, this scale is express- 
ible completely in terms of the scale A. In other words, we have that in the ordinary setups the factor of 
a' can be transmuted in to quantities in A and, once the results are completely expressed using the latter 
alone, we can forget the "stringy" origin of our calculations. 



'The renormalization group equation can be obtained with a perturbative analysis (in the present case up to 1-loop). 
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The same kind of analysis leads to a radically different outcome in the case of exotic configurations. 
Let us repeat the expression for our specific exotic instanton whose moduli integration measure (derived 



in (5.401) is: 



dM 



(ex) 



(length) 



k{2-N) 



(length) 



-kb-i 



(5.62) 



Note that in ( 5.62 1 the exponent has opposite sign with respect to ( |5.58| ). Therefore, the exotic counterpart 
of (|5:6Tllis 



(5.63) 



In this case the renormalization group equation does not allow us to express the dimensionful pre-factor 
in terms of A alone. The exotic contribution cannot be expressed in terms of purely field theory quantities. 



This is exactly the point of exotic configurations: they have an intrinsic stringy nature. Exploiting (5.61 1 



in connection with (5.60), we have that the exotic dimensionful pre-factor is proportional to 



(5.64) 



the string scale a' will therefore appear manifestly in the exotic contributions to the low-energy prepo- 
tential and couplings of the underlying gauge theory. The introduction of an explicit dependence on a' 
through the exotic sector is a general feature except for peculiar (conformal) cases; we discuss in detail 
a conformal model in Section l5?8l 

We noted that in our D3/D(— 1) model, the classical part of the action for ordinary and exotic 
instantons is the same. This seemingly surprising feature is due to the fact that, the gauge and the 
instanton branes possess the same internal geometry arrangemenj^ 

From now on we specialize the attention to models having no D3-brane on node 1 (i.e. Ni = 0) 
and N2 = = N; the low-energy regime of such D-brane models is accordingly described by a four- 
dimensional SU(A^) gauge theory with matter in the symmetric representation. The matter content arises 



from the modes stretching between nodes 2 and 3, namely the complex fields ^(23) ^^d <&(32) in ( |4.15| ) 



together with their fermionic partners; they combine to form an = 2 hypermultiplet in the symmetric 
representation of SU(A^). 

The /3-function at 1-loop depends on the field content of the field theory. The fields contribute 
differently according to their transformation properties under the Lorentz and gauge group; standard 
field theoretical computations (which we omit) lead to the following set of contributions 



(vector) 
(spinor) 
(p (complex scalar) 



-lC{R) 
-IC{R) 



(5.65) 



where C{R) is the Casimir constant of the representation R of the gauge group under which the field 
transforms, 

tT[T^,T^]=C{R)d''K (5.66) 



"We refer to |54| for details. 
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indicates the generators of the representation R. When the gauge group is SU(A^) it is possible to 
show that we have the following Casimir constants 

r C7(adj) = N 
SU(N) ^ <^ C(fund) = i (5.67) 
( C(symm) = ^(iV + 2) 

The field content of our M = 2 model consists in a vector multiplet in the adjoint representation of 
SU(A'^) and an hypermultiplet in the symmetric representation. The former is formed by a vector field, 
two spinors and a complex scalar; according to ( 5.65 1 its contribution to bi (i.e. the 1-loop /3-function) is 

^(vec) ^ llciadi) + 2 (-^) C(adj) - ^C(adj) = 2N . (5.68) 

The hypermultiplet, instead, is composed by two spinors and two complex scalars in the symmetric 
representation of SU(iV); its contribution to bi is then 

,{hyp) ^ / 2\ ^, . „ / 1 



^wpj = 2 (^--J C(symm) + 2 (^--J C(symm) = -{N + 2) . (5.69) 
The overall result amounts to 

bi = N -2. (5.70) 



5.8 SU(2) conformal case 

So far we have considered a generic number N of D3-branes placed on nodes 2 and 3 of the quiver. It 
is however convenient to split the next developments into two and isolate the particular case N = 2. 
Indeed, the SU(2) case, as opposed to any other value N > 2, leads to a low-energy conformal field 
theory Notice, in fact, that because of ( |5.70| ) we have a vanishing 1-loop beta function. Since (because of 



M = 2 non-renormalization theorems), bi does not receive any other perturbative correction beyond 1- 
loop order, it represents the full, perturbative /3-function. In addition ( |5.40[ ) relating the instanton moduli 
dimension with the /3-function, yields that the exotic instanton measure for = 2 is dimensionless 
independently of k. Conformality has significant effects, the main among these is the fact that also 
exotic instantons (even though stringy in nature) do not introduce any dependence on the a' scale in 
the effective field theory. Rephrasing the point, since no new scale is introduced, the theory remains 
conformal also taking into account the exotic non-perturbative sector. 



5.8.1 Localization limit 

The stringy instanton contributions to the prepotential of the low-energy effective J\f = 2 field theory are 
directly related to the instanton partition function; the computation of the latter constitute here our first 
aim. We describe here a preliminary and essential step to its explicit evaluation, namely the localization 
limit. 
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The contributions to the partition function Z arising from the various topological sectors are additive 
and we can expand Z with respect to the value of the topological charge k, 

oo 

Z = ^q''Zk, (5.71) 
fc=0 



where q is generally a dimensionful parameter given by 



(5.72) 



Since the overall partition function Z is a dimensionless quantity, its k-th term Z^ has dimension [fi] 
In the special SU(2) case (where hi = 0) we have 



,(SU(2)) 



(5.73) 



and all the Z 



(SU{2)) 



are dimensionless as well. 



Any term Z^ in ( |5.71| ) arises from the moduli integral of the instanton belonging to the A:-sector, 
namely 



(5.74) 



where A/fc is a normalization constant. Note that the classical factor is not present in ( 5.74 i because it has 
already been included in the definition of q (|5.72 1. 



We perform a set of rescalings on the variables in order to put the integrals ( |5.74| ) in a form allowing 
the direct computation. At first we rescale the open-string instanton moduli in the following way 



1 



1 



(a^, Mf,) - (a^, Mf,) , (x, v) ^ - ix, r}) , 
{Xc,D,)^y^{X,,D,), {fi,h)^y^{fi,h) , {fi' , h') ^ {fi' , h') 



(5.75) 



where y is just a dimensionless scaling parameter. Notice that the rescaling respect the BRST doublet 
structure. Similarly, we scale also the anti-holomorphic part of the graviphoton field. 



z T, 



(5.76) 



The possibility of performing such rescalings is intimately related to supersymmetry and the BRST struc- 
ture of the theory. In relation to ( |5.75[ ), the equal treatment within any doublet guaranties that the moduli 
measure dA4k is insensitive to the rescalings; indeed, in dA4k we have an equal number of bosonic 
and fermionic degrees of freedom which, upon rescaling, behave in opposite ways and compensate each 
otheip^ the possibility of performing the rescalings ( |5.75| ) without affecting the moduli integral is re- 
lated to supersymmetry (also before the BRST interpretation). For (|5.76|) the BRST interpretation of Q 



Consider the Berezin integral over a Grassmann variable 

dijjip — 1 



(5.77) 



Let us now consider the rescaling tp' 
variable ip', we have 



atp. Since the same expression pTTl has to hold also for the rescaled Grassmann 



dip' — —dtp . 
a 



(5.78) 



5.8. SU{2) CONFORMAL CASE 



81 



is instead crucial. Our freedom in rescaling T is due to the holomorphicity property of the action; this 
property, as shown in Subsection 5.6.3 is a direct consequence of the co-homological structure of the 
model. 

We are allowed to choose the scaling parameters y and z in the most convenient way in view of the 
computation of the partition function Z^. Specifically, we take the following limits 



oo 



oo 



with 



y 



oo 



The moduli action ( |5.53| ) becomes 



s fx^Q'^fi' + s h^h' - t fc X^r] 



(5.79) 



(5.80) 



where we have introduced the following coupling constants 



2 ' 
% 



y_ 



gl 



(5.81) 



Note that the couplings ( |5.81| ) tend to oo in the limit (5.791, actually in ( |5.80| ) we have indicated with 
dots the subleading terms. 



The technical manipulations performed so far have a very nice results, they led us to (5.80 1 which 



is quadratic in the modulj^ The integrals over the moduli are therefore of Gaussian type and can be 
straightforwardly evaluated. Since we are considering a limiting case in which the action possesses only 
quadratic terms, it can sound as we performed a semi-classical (i.e. approximate) evaluation, but it is not 
so. Observe that, since we are allowed to take the limits ( 5.79 1 (because of SUSY and co-homological 
arguments), the subleading terms are infinitely small and the computations involving (5.80 1 lead to exact 
results. 



5.8.2 Details of the partition function integral computation 



In order to compute explicitly the integral ( |5.74[ ), we take the non-dynamical background 7^^;^ along 
the Cartan directions of SU(2) x SU(2)'; this amounts to consider 



fc = f Sc3 , fc = f 5c3 , 



(5.82) 



in the self-dual/anti-self-dual parametrization of the graviphoton given in ( |5.42[ ). The expanded matrix 
form of the graviphoton background is therefore 



fr]'--ff 





■(/ + /) 





(/+/) 











-(/-/) 






(/-/) 





(5.83) 



^^Stating that the terms in ( |5.80^ are "quadratic" in the moduli, we are not considering the modulus x parameterizing the 
instanton rotations; actually x is contained in the explicit expression of the Q'-variations of the moduli. As we will see shortly, 
the integration with respect to x will be the last one, and it needs a different treatment and particular care. 
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After having inserted (5.821 into ( 5.80 1, tlie action contains the fermionic modulus rj only in the term 

-trjt/A^r?} (5.84) 

We can then integrate simultaneously over rj and A3: This yields a factor t f and, since A3 is a Grassmann 
variable, all the other terms containing it do not give further contribution to the moduli integral. The 
counterpart of this is given by the integration over D-^ and x; the modulus x appears solely in the term 

itr {tfD^x} , (5.85) 

so that the Gaussian integration with respect to Ds and x yields a factor l/{t f). The overall result of 
the integrations on A3, D3, and x produces just a numerical factor that can be reabsorbed within the 
normalization constant J\fk outside the partition function. 

We have still to integrate upon the BRST doublets {a^,M^), {jjL,h), {jJ ,h') and {Xc,Dc) where 
c = 1, 2 before facing the last x integral. Performing the corresponding Gaussian integrations we obtain 

_ _ (5.86) 

where we have defined the following quantities: 

= (0,1,(1,3)0 (^")' ^'-''^^ 

^(^) = d^t(n,N,(i,i))(^")' (5.87b) 
= d^^(m,i, (.,.)) (^")- ^'-''^^ 

The sub-labels attached to the Pfaffian and determinant symbols indicate the representations of the sym- 
metry group (namely instanton, gauge and Lorentz group) with respect to which the associated moduli 
transform. Remember that the net result of a double Q'-variation is an infinitesimal symmetry transfor- 
matioij^ In other terms, Q'^ is represented by a matrix whose explicit structure depends on which kind 
of modulus it acts on, i.e. on the representations to which it belongs. 



In ( |5.86[ ) we have a proportionality symbol because we are again neglecting all the numerical factors 
which we absorb in the overall normalization constant A4- Eventually, the integral corresponding to the 
k-th term in the partition function topological expansion can be cast in the following form 



dx \ v{x)n{x) 



~^In the first line of j5.87[ l, (1, 3)' means that the component of the BRST pair (Ac, -De) along the null weight must not be 
considered, since it has been already accounted for in dealing with the A3, D3 integration. 
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Notice that the result does not depend on the coupUng constants s, t and u defined in ( 5.81| ). Equation 
( |5.88[ ) corresponds to the localization formula ( |4.56| ) where 



a{X) = e^l^l (5.89) 

Xo =0 (5.90) 

a(0) = 1 (5.91) 

The variable X here indicates a point in the moduli space Ai k and the transformation group underlying 
our equivariant approach is the full symmetry group of Mk, 

SU(2) X SU(2)' X SU(iV) X SO(A:) (5.92) 

Lorentz gauge instanton 

whose unique fixed point on TW^ is Xq = where all the moduli are null. 

Before performing the last step concerning the integration over x one has to regularize the integral 



(5.88 1. The singular behavior emerges for two reasons: firstly, we have a divergence whenever the 
denominator Q{x) in the integrand vanishes and, secondly, for asymptotic values of x the integrand itself 
remains finite giving another diverging contribute. Both the troublesome features are solved following 
Nekrasov's prescription (to have some explicit examples see for instance ||8T1 [86l ) that consists in a 
"complexification" of the naively ill-defined integral ( |5.88 1, x is promoted to a complex variable, and 



the singularities along the real axis are given a small imaginary part so that they are displaced away 
from the integration path. The integral path itself is "closed" at infinity in the upper complex plane and 
interpreted as a contour integral. This latter step consists in assuming that the contribution at infinity 
is unimportant. It has to be underlined that Nekrasov's prescription is a recipe lacking a first principle 
derivation; in spite of this, many non-trivial examples have been treated in the literature and whenever 
checks are possible Nekrasov's prescription led to correct results. 



5.8.3 Explicit computations for the smallest instanton numbers 

k = 1 

The instanton partition function Zi for /c = 1 (i.e. the exotic 1-instanton) is simple to compute. Note 
indeed that when k = 1 the Ac and x moduli are absent and consequently the factor V{x) is absent as 
well; in particular there is no x integration to be performed. The factors V{x) and Q{x) for = 1 are 
given by 

TZ(x) oc det 6 , 

i/J (5.93) 
Q(x) oc det^/2_^ oc E1E2 = £ , 

where we have defined £^12 as follows 



(5.94) 
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As anticipated, we are neglecting numerical factors because we absorb them into the overall normaliza- 
tion Ml. The k = 1 result is 

Z,=M^. (5.95) 



We remind ourselves that, as described in lISTl . the factor l/£ in ( |5.95| ) is interpreted as the regularized 
volume of the four-dimensional M = 2 superspace^ 



k > 1 



As opposed to the preceding k = I case, now the integration over x has to be explicitly performed. We 



exploit the SO(A;) invariance of the integrand in (5.88 1, and we consider the variable x along the instanton 
group Cartan's sub-algebra generated by ^^so(fc)- ^ represents the integration variable, its choice 

along the Cartan direction must be compensated with the introduction of the so called Vandermonde 
determinant A(x), 

rankSO(fc) 

X X-Hso^k) = Yl XiH'so(k)- (5-96) 



1=1 



The partition function integrals for A; > 1 become 

Zk=Mk / n 



vix)nx) 



(5.97) 



Once more all numerical factors (in this case associated to the "diagonalization" of x) have been re- 
absorbed inside the overall normalization constant Mk- exploiting the symmetry of the integrals with 
respect to the gauge rotations we can take, without losing the generality of the treatment, the VEV of (p 
along the Cartan direction of SU(2), 

= I r3 . (5.98) 
Now we examine the k = 2 case, i.e. the exotic 2-instanton; in this case we have 



V{x) « -(^1 + E2) , n{x) « (x' + det^y , 
2 

Qix)^ £ 1[{2x-Ea){2x + Ea) , A(x) = l 



(5.99) 



A=l 



The precise derivation is in Appendix |E] Putting ( |5.99[ ) into the integral expression for Z2 ( |5.74| ), we 
obtain 



Zo 



-Mo 



E1 + E2 f dx 
£ 



(5.100) 



27ri (4x2-£;2)(4^2_^2) • 

The 2-instanton represents the smallest topological charge value leading to a non-trivial integration on 
X. We follow Nekrasov's prescription and interpret the x integral as a contour integral in the complex 



'^For further details see 1871167 
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plane; we "close" the contour in the upper complex plane and assume that no contributions come from 
the part of the contour at infinity. The singularities corresponding to the zeros of the denominator are 
"cured" assigning a small imaginary part to the Ea's- Specifically, we chooser^ 



E E 

ImEi > lmE2 > Im^ > Im^ > . (5.101) 



The evaluation of the integral with the residue technique returns 

Z2 = ^ det20 _ ^ det <A - [{Ef + E^) + £] . (5.102) 



We proceed analogously to the next level, k = 3. The algebra is more complicated and we just give 
the final result 

^ 1^ " sl^ " 19^ + " "^""^ ^^-^^^^ 

The computations for Z4 and Z5 are more difficult because involve two integration over x; niore 
precisely the Cartan of SO{k = 4,5) has two Cartan generators and therefore two eigenvalues over 
which we have to integrate. Some details are given in the Appendix [E] The computations lead to 

ZA = ^detU + --- , (5.104a) 
^5 = det^,/. + • • • , (5.104b) 

where we have omitted the terms with higher powers in £. 



5.8.4 Last step: the computation of the exotic non-perturbative prepotential 



Let us consider again Equation ( |5.71 1 that can be interpreted as the grand-canonical partition functio 



(where the role of the "particle-number" is played by the topological charge that intuitively counts the 
number of 1-instantons). 

In the low-energy D3-brane action, the contributions of the exotic non-perturbative sector are en- 
coded by the corresponding corrections to the effective prepotential F; the prepotential is related to the 
logarithm of the grand-partition function. Finally, it is possible to promote the VEV in 2 to the cor- 
responding full dynamical superfield ^{x,9). The very last step to obtain the exotic non perturbative 
corrections consists in considering the limit of zero graviphoton background, 

^(exotic) ^ j d^X(feF'^^''°''^\^{x,e)) (5.105) 



^'For details on the prescription and thie assignments of the imaginary parts see 1881 . 

^"Xhe first term Zq is fixed at 1 corresponding to the fact that at fc = the exotic instanton contribute a factor of 1, i.e. do 
not give any contributions. 
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where the exotic prepotential F^^^°^^^^ ($) is 

F''^''"'''\^) = £ log Z 



(5.106) 



We have to tribute particular care to the moduli and Af^ whose traces correspond to the center position 
of the instanton in superspace, namely to the supercoordinates x and 9. Since we want to extract the 
centered moduli contribution only, we have to multiply log Z by 



Expanding (5.106l in powers of q, we have 



k=l 



(5.107) 



Comparing the two "topological expansions" ( |5.74[ ) and ( |5.107| ) we can express the in terms of the 



Fi 


= £Zi 


F2 


= £Z2 


Fs 


= SZ3 


Fa 


= £Za 


F5 


= £Z5 



Fl 








2£ ' 








F2F1 


Ff 






£ 


6^2 ' 






F3F1 


Fi 


F2FI 


Ft 


£ 


2£ 


2£:2 


24^3 ' 


F4F1 


F3F2 


F3FI 


FiF, 


£ 


£ 


2£:2 


2£^ 



(5.108) 



F2FI _ Ff 
6£3 120£^ ■ 

The ending step of our prepotential computation consists in the removal of the graviphoton regulator, 
considering the limit Ea — 0. We require that in this limit the prepotential is well-behaved and defined 
but, at a first look, the terms present some naive divergences. Since the various Fk for different values 



of k correspond to different topological sectors (and in ( |5.107[ ) are consequently multiplied by different 
powers of q), we cannot have compensations effects between them and at any A;-level the prepotential 
must be either finite or null. There is still a freedom which we are not exploiting, namely the definition 
of the normalization constants Mk- In spite of the fact that the residual freedom (one factor parameter 
for any value of k) is less than the number of the divergence cancellation conditions that we must satisfy, 
this proves to be enough. Of course this is highly non-trivial and can be a sound argument to support 
the whole procedure and in particular Nekrasov's prescription in the case of exotic instantons. On the 
computational level we proceed imposing the cancellation of the most divergent terms of F^ and fix in 
this way the overall normalization A/fc- 

In the k = 1 case, remembering Eq. (5.95 1, we have the following result for the corresponding term 
in the prepotentiaj^ 

Fi = AAi det (/> . (5.109) 



^' As described in 1 81 1, a factor ofl/£ correspond to the integral over the moduli associated to the instanton center position. 
'^The same result has been previously found in 1411 
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Regarding the case k = 2, from Equations (5.1081 and (5.1021 we get 



'4 2 £ 8 ^64 



[{El + El) +8] 



(5.110) 



Choosing 



M2 = 2Ml , 

we see that the most divergent term disappears, we are then left with 

i^2 = -^ dei4>-^[{El + El)+£] 

which is finite in the zero-background limit Ea 0. We go on analogously for A; = 3. We use 
Eq. (5.103 1 and put in (5.108 1 the expressions just obtained for Fi and F2, 



(5.111) 



(5.112) 



Fs 



12 6 

To get rid of the divergent terms we have to choose 

Ms = 2Mf . 

Having done this, the other divergences within F3 cancel, 

Mf 

F^ = -^ det< 



+ ... 



(5.113) 



(5.114) 



(5.115) 



For fc = 4, we use the partition function Z4 given in Appendix |E] and once more we require the can- 
cellation of the most divergent term in F4. This constrains M^ = 2Mi. The explicit result for F4 is 
then 

32 ^ 256 

which remains finite in the limit Ea — )• 0. In the case /c = 5, we have Z5 in Appendix |E] ; here the 
cancellation of the mostly divergent term in F5 leads to A/s = 2A/'f , after which we get 



\{El + El) + 8] , 



(5.116) 



F5 = -^ det, 
80 



(5.117) 



Promoting the VEV (j) to the full fledged dynamical superfield ^{x,9) and considering the limit 
Ea — )• 0, we eventually get 



^ ' V 2 ^ 8 ^ 24 ^ 64 ^ 160 ^ 



where we used 



det ( 



Tr< 



(5.118) 



(5.119) 



that is a consequence of Eq. (5.98 1. 
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5.8.5 Resumming exotic contributions 

The results obtained explicitly up to = 5 suggest a very interesting structure in the tail of exotic instan- 
ton contributions in the model under analysis. This is a special feature of the SU(2) exotic and conformal 
case. Conformality of the model means that the exotic contributions do not bring any dimensional scale; 
in other terms, the corrections due to the non-perturbative sector are dimensionless and, as such, are all 
(i.e. for any value of the instanton number k) on the same footing. Indeed it appears reasonable to con- 
jecture the possibility of resumming the entire series of exotic contribution^ (note that we are assuming 
to guess properly the structure of the terms for all values of k and so also the ones that have not been 
computed directly) in a closed functional form. 



The possibility of resumming at all orders in k allows us to conjecture a compact expression for the 
non-perturbative redefinition of the coupling of the quadratic terrtj^ This is very interesting, because it 
would allow one to redefine the coupling and treat the theory classically; the effects of the stringy non- 
perturbative corrections could in fact be encoded simply in the new redefined coupling. This has also a 
meaning in terms of "renormalization" arguments; indeed we could claim that for SU(2) the exotic non- 
perturbative sector does not change the "nature" of the model but it simply redefines the fundamental 
constants. The last observation renders the point especially interesting with respect to duality arguments 
and could be a signal of deeper structure. A theory presenting the same formal structure in different 
regimes could in fact, in some sense, be dual to itself and possibly its non-perturbative regime can be 
related in some insightful way to the perturbative regime. 

5.8.6 Comment to the SU(2) conformal case 

In the conformal SU(2) case, the integration measure of the instanton moduli integral is dimensionless. 



This lays at the basis of the resummation of exotic effects that we have just presented in Subsection|5.8.5 



because all the contributions corresponding to different values of k have the same (null) dimensio: 



There is an interesting observation in relation to supersymmetry. As the orbifold study showed, we 
have M = 2 SUSY from the four-dimensional theory point of view; nevertheless, in the case of SU(2) 
the symmetric representation (under which the hypermultiplet transforms) coincides with the adjoint rep- 
resentation (which is instead associated to the vector multiplet). In this peculiar case, all the fields belong 
therefore to the same representation of the gauge group and we can have a supersymmetry enhancement 
from J\f = 2 to J\f = A. The model under consideration can therefore be thought of as a non-trivial 
realization an A/" = 4 SU(2) super Yang-Mills theory in four dimensions. In this case, ordinary gauge 
instantons do not contribute to the (quadratic) effective action and this has been checked successfully 

^^^Remember that A/i is a noimalization constant whose numerical value can be in principle recovered performing the instan- 
ton computations without neglecting overall factors as we indeed have done throughout the present analysis. 
^''A similar closed form for exotic contributions in a D( — 1) /D(7) model has been conjectured in |82|. 
'^We can think to the present case in analogy with ordinary instantons mM — 2 SU(2) gauge theory with 4 fundamental 




(5.120) 




flavors. 
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also in our model. Conversely, the stringy instantons do contribute and the computations carried out 
here show the explicit results. The contribution of the exotic non-perturbative sector is (completely) 
accounted by modifications of the effective prepotential; such corrections spoil at non-perturbative level 
the supersymmetry enhancement. 



5.9 SU(A^ 7^ 2) not-conformal case 

The explicit computations reported so far regard the specific case of SU(2) gauge theory; the same kind 
of calculations can however be performed in SU(A^) gauge theory with generic as we have done in 
||89l ; we refer to it for a detailed description of the computations in the generic N case. There we have 
found explicitly the non-perturbative stringy corrections to the J\f = 2 prepotential in SU(A^) gauge 
theory employing a setup analogous to the setup described in the previous Sections and in ll90ll ; of course 
the number of gauge branes N is different from 2 while the kind of background involving the orbifold 
CV^3 and the 03-plane is as in Section ' 



4.1 



The main difference between the N = 2 case and the N > 2 case is that in the latter the one-loop 
coefficient 6i of the /3-function assumes non-zero values and then the corresponding gauge theory is 



not conformal. As described in (5.71 1 and following lines, the partition function resulting from the 



fc-instanton sector is dimensionful and its dimension is given by 

M""'^ , (5.121) 



where is a renormalization mass scale linked to the string scale (see Section 5.7 1. Of course, the total 
partition function Z, obtained from the sum over all the instanton A;-sectors, has to be dimensionless; 
indeed, within the sum yielding Z, the dimension of any Zk is compensated by an appropriate power of 



q defined in (5.72i 



Thanks to the same prefactors in q, we obtain a total prepotential with the correct dimension, namely 
(length)^. It should be stressed that only for the special case = 2 all the addenda contributing to the 
prepotential have the same dimension; as a consequence, for N = 2, they can be re-summed to give the 
logarithmic closed form conjectured in ( 5.120| ). Conversely, when N > 2, the terms in the expansion 



( |5.107| ) have different dimensions for different values of k; the tail of non-perturbative corrections cannot 
therefore be summed because the addenda are on a different dimensional footing. In other terms, this 
situation can be rephrased stating that for > 2 the various terms in the k prepotential expansion 



( 5.107 1 account for stringy perturbative corrections to different couplings of the N = 2 effective model 
that emerges in the low-energy regime of the D-brane setup. 

On a more technical level, to compute the non-perturbative corrections coming from the stringy 
instanton charges up to A; = 3, we take advantage of the properties of the elementary symmetric poly- 
nomials and their relations with the power sums; for the details we refer to the appendices of |[89]| . The 
explicit formulse we obtain for general N are in agreement with the special case N = 2. 

From the dimensional analysis of the measure of the moduli integral we understand that, for our 
quiver model, the conformality of the gauge theory occurs exclusively for SU(2) gauge group. Instead, 
for > 2 a dimensionful pre-factor has to be introduced in front of the moduli integral in order to 
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produce a dimensionless actioq °[ The exotic or stringy nature of the corrections is evident as the moduli 
integral pre-f actor depends explicitly on a'; the stringy instantons then introduce into the low-energy 
field model an explicit dependence on the string scale. 



5.10 Final Comments and Future Developments 

At the end of this part of the thesis, a general conclusion emerging from the analysis we went through 
is that stringy instantons can contribute to field theories describing the low-energy regime of D-brane 
models. More precisely, we performed the study in the context of A/" = 2 SUSY setups where the 
computations are feasible thanks to the powerful technical tools related to the BRST structure and the 
consequent localization framework. 

The specific model we considered in depth furnishes an example of four-dimensional field theory 
defined on the D3-world-volume living in a C'^/Za orbifold/orientifold background. We have computed 
the exotic contributions to the prepotential for the lowest values of the topological charge in the SU(A^) 
Af = 2 theory with one vector in the adjoint representation and one hypermultiplet in the symmetric 
representation of the gauge group. 

There are two main lines of future research consisting in generalizing a similar analysis to gauge 
theories with orthogonal and symplectic gauge groups and a systematic study of the logarithmic resum- 



mation of the SU(2) stringy correction proposed in Subsection 5.8.5 



The extension of our approach to study models with symplectic and orthogonal gauge groups is 
already work in progress. In order to obtain such different gauge groups we can start again from our 
orbifold/orientifold background but we need to dispose appropriately the D-branes on the nodes 
of the quiver. In the present treatment we have placed the gauge branes on the nodes 2 and 3 of 



the quiver (see Section 4. 1 1; these two nodes are identified by the orbifold projection. In other 
words, the orientifold projection reduces an initial SU(A''2) x SU(A''3) (the two factors arise from 
the N2 = = N D-branes of the stacks placed at the two nodes) to a single SU(A^) emerging 
from their identification. No further projection is considered. Placing instead the gauge branes on 
node 1 we obtain a different outcome; the orientifold actually projects the initial SU(A^i) down 
to its orthogonal or symplectic subgroup according to the kind of symmetry we choose for the 
orientifold representation on the CP indexes. 

• The main motivation for studying all such cases is that, as our analysis of SU(iV) has shown, 
the instanton group associated to stringy instantons are different from the ordinary case. It is 
then interesting to analyze models realizing such novel instanton structures. Indeed, for SU(A^) 
gauge theory, the ordinary instanton group is \J{k) while for exotic instantons we have found 
SO (A;). Already from a naive analysis of the quiver we can understand that both in the symplectic 
and orthogonal gauge group instances the exotic instanton group is U(A;). Actually, the brane 
setups producing orthogonal or symplectic theories can be thought of in analogy with the SU(A^) 
model where we interchange the position on the quiver of D3 and D(— 1) branes; as for SU(A^) 

^Remember that we consider natural units where h — 1. 
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gauge theory we had the full SU(2) preserved by the orientifold projection, in the same fashion 
for orthogonal and symplectic models we have the whole U(A;) instanton group surviving the 
orientifold projection. 

Another very interesting future point of interest regards the closed expression we conjectured in 



the conformal case (see Subsection 5.8.5 1. Indeed, from the explicit computations of the stringy 



instanton contributions for the lowest values of k, we were able to conjecture a resummed formula 



for the stringy corrections to the quadratic coupling of the theory, see ( |5.120[ ). As already noted, 
this possibility of resumming the complete tail of stringy instanton corrections could be related 
to some yet unknown structure in the model. Note that the possibility of handling all-order ex- 
pressions is very interesting especially in relation to the extension of the results at strong-coupling 
where, in general, an order by order analysis could turn ill-defineq^ 



The extension to strong coupling of results computed at weak coupling generally implies the analytic continuation of 
all-order expressions; actually, the decomposition according to topological charge can be even meaningless from the strong 
coupling perspective. 



Part II 

Holographic Superconductors 
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Holographic Techniques 



6 



In the context of quantum string and field tlieory, the term ''holography" is usually adopted to indicate 
the study or the appUcation of gauge/gravity duaUties. Holographic ideas suggesting a correspondence 
between specific gauge theories and string models have been considered since when 't Hooft observed 
that the large number of colors (i.e. large N) limit of non-Abelian Yang-Mills theory admits a topolog- 
ical expansion resembhng the amphtude expansion of string diagrams. However, in 1997, Maldacena's 
AdS/CFT conjecture constituted a revolutionary breakthrough. Not only is AdS/CFT itself a powerful 
and insightful theoretical tool which opened many new computational possibilities, but it inspired various 
kindred duaUty relations that populate the rich holographic panorama. 

This second part of the thesis is tributed to the application of holographic techniques to the study 
of condensed matter systems and, in particular, superconductors. The interdisciplinary nature of the 
subject makes it tantaUzing and difficult to treat at the same time. Even more so, because an ambitious 
aim consists in trying to bridge the holographic (i.e. string-inspired) studies with the (more standard) 
research in condensed matter physics (and the corresponding scientific communities). This is essential 
for several good reasons such as: 

• It is crucial to understand precisely how far the stringy-inspired tools can be pushed in describing 
real-world systems by means of holographic correspondences. 

• "Cross-fertilization" can prove extremely valuable in both directions. For the string community, it 
would increase the awareness of the state of the art and frontier problems in the condensed matter 
panorama offering the essential possibility of accompanying a bottom-up approach to the top-down 
attitude; for the condensed matter community, fresh new ideas emerging in an apparently unrelated 
context can hopefully shed new light on many non-perturbative and strong-coupling questions. 

The present treatment is not self-contained and we often refer to existing literature and reviews. 
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6.1 Formulation of the correspondence 

We start by observing that in a CFT it is not possible to define asymptotic states nor the S matrix. This is 
intimately related to the definition of asymptotic states, and the consequent S matrix elements intercon- 
necting them, in fact, such definition relies on a large distance (i.e. asymptotic) limit. Since conformal 
invariance contains scale invariance, it states the equivalence between large and short distances. In an 
interacting CFT, the asymptotic fields cannot be approximate with free propagating waves. 

The essential objects to be considered in a conformal field theory are the operators. Of course, only 
the gauge invariant operators are physical observables. We will see that the AdS/CFT correspondence 
claims the existence of a gauge invariant operator for any field living in the dual theory, ||9TI . Specifi- 
cally, for a systematic study of the operators of the CFT we need a method to handle quantitatively the 
correlation functions of the operators themselves. The AdS/CVT offers a recipe to obtain analytically 
the correlation functions of the "boundary" CFT from the analysis of its gravitational or string dual. We 
give just a sketchy picture of how to compute correlation functions in the framework of holographic cor- 
respondences; the topic is very important but also treated widely and in depth in the existing literature, 
in particular- we refer to 1921 . 

In the context of a generic quantum conformal field theory, let us consider an operator O and the 
corresponding source (p. Let us insert the source term in the action, 

5cFT + j (fxO-(t), (6.1) 

where the product • is a symbolic way to keep the treatment as general as possible; the tensorial or spino- 
rial structure of the operator is indeed unspecified and then generic. The source (/> is a non-dynamical 
(i.e. background) field. As it is standard in field theory, the computation of expectation values of n-point 
correlation functions of the operator O is performed considering multiple functional derivations with re- 
spect to the source which is eventually put to zercQ Let us define the generating functional for connected 
correlation functions, 

e^[<^] = (e/'^'-'^-^)cFT. (6.2) 
The correlation function of n insertions of the operator O is obtained computing 

( (D...(D )rFT ~ 

n 

The core statement of the AdSICVY correspondence (in its strongest version) claims the complete 
equivalence and therefore identification of the partition functions of the two dual theories, e.g. = 4 
U(A^) SYM theory in 4-dimensional Minkowski space-time and full Type IIB string theory on AdS^ x 
background with non-trivial 5-form flux, 

^cftM = e^t^l = (e/^^-' ^(^■)-<^(^') )cFT = ™ ^ M • (6.4) 



(6.3) 



' We do not introduce the field tlieoretic teciiniques mentioned in tiie text, you can nevertheless find details about them on 
any field theory textbook, for instance 1,93 j . 
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With (j) we denote an arbitrary, non-dynamical function defined on the boundary; its role in the two sides 
of the duality is different: In the conformal field theory (p represents the source associated to the operator 
O while, in the string theory partition function, (p represents the "boundary value" of the dynamical bulk 
fielcj^f^. 

Many comments are here in order, the most important points in view of the subsequent analysis are 
illustrated in the following subsections. 



2 + ... (6.5) 



6.1.1 Conformal structure of the AdS boundary 

Studies of gravitational theories living on AdS backgrounds usually treat the asymptotic region as a 
boundary. The large radii r 1 region of AdS space-times is instead technically a conformal boundary 
(look at |[9Tll94ll ): this means that the bulk metric yields a boundary metric up to conformal transforma- 
tions. In other terms, the metric g in the bulk does not induce a unique metric g on the boundary; the 
near-boundary expansion of g is 

1 

r 

where the dots indicate terms that are subleading for r — )• oo. In order to define a boundary metric g 
we have to choose a scalar function /(r, t, X ^ X ^ X ) defined on the bulk which vanishes linearly at the 
boundarjj^ 

9= lim fg. (6.6) 

r— >oo 

The bulk metric defines therefore an equivalence class of boundary metrics; the transformation linking 
two boundary metrics which are representatives of the same class is the multiplication by a scalar func- 
tion, i.e. a conformal transformation. For instance, we can choose the simplest defining function f = r 
and induce a metric on the boundary from 

r^ds'^ , (6.7) 



where 



ds^ = _ -dt^ + dxj + -jdr'^ + L^dnl (6.8) 



=1 

is the AdS^ x S^ metric. 

Notice that, as long as the large radius behavior of the background is described by the AdS^ x 
S^ metric ( |6.8[ ), the definition of the conformal boundary remains unchanged. In other terms, the 
holographic correspondence itself can be generalized to gravitational models admitting asymptotically 
AdS^ X S^ vacua. Such generalization to asymptotically AdS spaces will be of direct interest to our 
studies; indeed, in order to model thermal dual field theory, we will introduce black hole configurations 
which, however, for large values of the radius will approach the AdS geometrj]^ 

^From now on the term "bulk" will refer to objects living in the higher-dimensional space-time as opposed to "boundary" 
objects living on the conformal boundary of AdS. 

'The function / is usually called the defining function of the boundary metric g. We have to require that limr->oo /'^/'"^ is 
non- vanishing at any point [x"" ,t) of the boundary manifold. 

"^The case which we will directly investigate refers to AdS 4, x F/CFT3 duality, i.e. a lower dimensional case of holographic 
correspondence. Y represents here the "internal" compact manifold. 
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6.1.2 Effective supergravity description 



The correspondence ( |6.4| ) claims the equivalence of a conformal quantum field theory, namely A/" = 4 
SYM, with a specific string model, i.e. Type IIB on AdS^ x background. Since full string theory 
computations can be a pretty complicated subject, one can legitimately wonder if, even though the CFT 
happens to be strongly coupled, it is in any sense useful to try to use stringy computations to obtain 
information on the dual conformal field theory. We have to notice that, restraining to particular regimes, 
we can exploit an effective description of the string side of the duality; the computations performed in 
the effective framework could be practically feasible. 

We are dealing with Type IIB string theory on an AdS^ x vacuum; the string dynamics is char- 
acterized by a unique dimensionful parameter, namely a', but the vacuum solution provides another 
dimensionful parameter that is the AdS radius of curvature denoted with L. A physically significant 
quantity is given by the ratio between these two parameters, 

(6.9) 



a'2 ^ n 



where we have used {22_) relating a' to the characteristic string length Ig. In Equation (6^1 we have 
the ratio between the background scale and the scale of the strings living on it; from the relations found 
studying the supergravity solution describing a stack of N D3 branes (see Appendix |G] and mainly 



Equation ( |G.5[ )), we can rewrite ( |6.9| ) and ask 

-j^r^gsNy^l. (6.10) 

This is a necessary condition for describing the string model effectively with the corresponding super- 
gravity theory. Notice, however, that in order to legitimate a perturbative weakly coupled string and then 
supergravity description]^ we need gs I and therefore N large enough to satisfy ( |6.10| ). Furthermore, 
in the far gs <^ I and N ^ 1 regime, the supergravity description becomes even classical and fully 
quantum CFT correlation functions can be obtained from a dual on-shell analysis on the gravity side of 
the correspondence. For an important part, the computations involved in the analysis of our holographic 
superconductor consists in the study of the system of equations of motion (and its solutions) associated 
to the gravitational dual model. 



In order to appreciate the holographic meaning of the condition (6.IO1, let us repeat a comment 



reported in II951 . For the simplest gravitational system described by the Lagrangian density 

it is possible to show that the free-energy of Schwarzschild-^d5 solution is given by 

F = -TlogZ = TS-on-sheii = ^^Kv2T^ ' (6-12) 



^The string coupling constant can be thought of as measuring the likelihood for a string to "break" or for two strings 
to merge. More precisely, in string Feynman diagrams, any string splitting or fusion introduces a factor Qs in the associated 
amplitude. This generalizes the introduction of the coupling to any interaction vertex in a field theory Feynman diagram. Higher 
loop string diagrams present more string splittings and fusions; they contain therefore higher powers of g^. 
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where V2 represents the volume of the spatial part of the boundary. The coefficient of the free-energy 
scaling with respect to the temperature is related to the number of degrees of freedom of the system. For 
large N we have L/k^ » 1 so a large AdS curvature reveals indeed (in the thermodynamic picture of 
the gravitational model) a large number of degrees of freedom. 



6.1.3 IR/UV connection and holographic renormalization 



Let us consider again the AdS^ part of the metric ( |6.8| ) introducing the new coordinate z = ^, 

1 



L2 



(6.13) 



i=l / 

which is manifestly invariant under the following rescaling transformation 

t^Xt, ^ \x\ z ^ \z . (6.14) 

The coordinates and t span the boundary which is the base manifold of the CFT while z is the AdS 
radial coordinate. Note that, for A > 1, the scaling ( |6.14| ) sends a mode oscillating with period T into a 
mode with longer period AT and then lower frequency. Since the frequency is associated to the energy, 
we can interpret the AdS coordinate z (which under rescalings behaves as the period T) as an inverse 
energy scale. 

Any energy regime of the CFT is associated to a corresponding value of the AdS radial coordinate. 
In other terms, the radial AdS direction can be interpreted as a renormalization scale coordinate. This 
correspondence can be supported by explicit calculations; for instance, it can be shown that Green's 
functions or Wilson's loops associated to a particular energy scale E, when computed in the dual gravity 
model, receive contributions mainly from the bulk region corresponding to z ~ l/£', 1 13 |. Given that 
z can be regarded as an inverse energy scale, the near boundary region, i.e. z ^ 1, is associated to the 
high-energy regime of the dual conformal field theory and, conversely, the central AdS region (or near 
horizon when the gravity model possesses a black hole) corresponds to the low-energy regime of the 
CFT. 

To have a well defined quantum field theory we have to renormalize the UV divergences suffered 
by the correlation functions. As the divergences to be cured are a high-energy phenomenon (i.e. we are 
considering UV-divergences), in the dual picture they must correspond to some kind of problem arising 
in the near-boundary region. Indeed, the field theory UV-divergences are dual to the divergence of the 
AdS volume in the asymptotic region. Specifically, an AdS radial shell defined hy^ <z<~z + 5 
contributes to the l/(z + 5) < < 1/z "regime" of the CFT and it presents a diverging volume in the 
limit z — ^ 0. 

In quantum field theory, to make precise sense of the computations, one needs to cure the singular 
behavior of the correlators by subtracting the divergent part; in other words, it is necessary to regularize 
the divergences and renormalize the theory considering specific limits of the regularized theory. We do 
not enter into the details of this procedure which in the dual holographic picture is usually referred to as 
holographic renormalization. For a detailed analysis we refer to the review [.9ll . 
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Since from the AdS space viewpoint the boundary region represents asymptotic distance from the 
branes, it is associated to the long wave-length physics of the gravitational system; in other terms, the 
small z (i.e. large r) region encodes the IR regime of the gravity model. The correspondence between 
the UV physics of the CFT and the IR physics of the dual gravitational system is referred to as UV/IR 
connection. 



6.2 Holography and thermodynamics 



As already said the holographic correspondence states the identification between the partition functions 
of the two connected dual models. Considering (as we will do in our explicit computations) the regime in 
which the gravitational theory is accountable with a semi-classical approach we are allowed to evaluate 
the partition function with the exponential of minus the on-shell action, 



This is the leading classical contribution which could be refined considering quadratic semi-classical 
fluctuations around the classical solution or, even further, considering the full path integral. Sticking 



to the classical level, form ( |6.15| ) we can compute straightforwardly the free-energy thermodynamic 
potential 

F = -TlnZ ~ rS'(on.shell) , (6.16) 



were T represents the temperature about which we comment in Subsection 6.2.1 



The identification of the partition function of the two dual fellow models suggests that the thermo- 
dynamic of the two sides of the correspondence is the same. Indeed, the identification is true also for 
intensive thermodynamical quantity like the temperature (see next subsection) and the entropy. 



6.2.1 CFT at finite temperature and Hawking temperature of the gravitational dual 



The standard way to treat quantum field theory at finite temperature prescribes to consider analytic con- 
tinuation with respect to imaginary times. The imaginary time is given a compact extension and it is 
therefore periodic; the inverse of the period is identified with the temperature of the systerrj^ 

In a holographic correspondence, the gravitational model is higher-dimensional but it contains the 
space-time directions on which the dual CFT is defined. In particular, in the coordinate systems adopted 
in (Ol or ( 6.13 1, the time direction coincides on the two sides of the duality. Considering a compact 
Euclidean time on one side, implies naturally the same feature on the other; hence, the temperature of 



*A naive way of thinking the introduction of finite temperature through a compact imaginary time is to think to Heisenberg 
indeterminacy principle: specifically, a compact dimension localizes to some extent the physics producing indetermination of 
the corresponding dual quantity ("dual" in the sense of coordinate/conjugate momentum). A compact time produces indeter- 
minacy in energy, and this quantum effect for the imaginary part of the time coordinate can be exploited to mimic thermal 
fluctuations. 
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the two dual descriptions coincides. Let us enter into the detail as it is useful in the following. Consider 
a generic AdS black hole whose t, r part of the metric has the following shape 



-a(r) b{r) df + 



dr^ 

W) 



(6.17) 



where 6(r//) = 0, i.e. it vanishes at the horizor|^ If we require Euclidean regularity at the horizorj^we 
want the Euclidean (i.e. t — ir) part of the metric to behave as the flat polar coordinates r, -d, 



ds 



pol 



dr^ + d^"^ 



Let us perform some simple passage on the Euclidean-time metric 



dr^ 

'Euci - a{r)b{r) dr^ + ^ 



oc b'^{r)a{r) dr'^ + dr^ 



d 
dr 



{ha 



1/2^ 



(r - rnf dr'^ + dr'^ + ... 



r=rH 



Comparing ( |6.18[ ) and ( |6.19[ ), we have 



dr 



{ba 



1/2^ 



As a consequence, we have that Euclidean time is periodic with the period given by 

r ~ r + 



I dr 



(6ai/2) 



\r=rH 



The temperature is identified with the inverse period of the Euclidean time, then 



1 



d_ 
dr 



{ha 



1/2N 



r=rH 



(6.18) 



(6.19) 



(6.20) 



(6.21) 



(6.22) 



6.3 Motivations 
6.3.1 Theoretical interest 

The theoretical interest of AdSICPT and kindred holographic correspondences is vast and deep. Already 
by itself the correspondence relates theories that have been thought of as separate and unrelated. This 
can lead to paramount theoretical development as, already at the intuitive level, there is the possibility 
of thinking of a theory in terms of its dual that possibly offers an easier approach to specific questions. 

'An event horizon is actually a locus characterized by the vanishing of the tt component of the metric. 
**In the limit (if it exist) in which the horizon shrinks to a point, the regularity requirement amounts to avoiding a conical 
singularity in the Euclidean t — r plane. 
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Useless to say that this is precisely the case in that AdS/CVT relates the strongly coupled regime on one 
side of the duality to the weakly coupled regime on the other side and vice vers£[^ A great source of 
fascination indeed relies in the fact that it opens a novel path to the analytical study of strongly coupled 
field theories. On the same line but in the opposite direction, the AdS/CVT correspondence could be 
regarded as a conjectured definition of quantum gravity on a particular geometrical background. The 
correspondence has been useful to study black hole physics (e.g. in relation to the information problem) 
with dual field theoretical means. 

This thesis orients the light-spot on the striking possibility of describing models of strongly coupled 
media presenting coupled electric-spin properties (with particular focus to superconductors) by means 
of their dual picture involving hairy black holes, whereas, as we will briefly report here, other various 
apphcations are viable. 

As a generic motivation for holographic research (and other topics in theoretical physics) let us 
repeat a nice example mentioned by Sachdev in ll96l related to the history of strongly interacting systems. 
The work of Bethe in the early ' 30 opened the way to studying a wide range of quantum many body and 
strongly interacting systems defined in two dimensions (the time and one spatial). Customarily these 
models are referred to as "integrable systems" as they have an infinite number of conserved quantities. 
Since the integrability properties requires fine-tuning of the theory, the generic expectation is that they 
do not describe directly any real-world system. The study of integrable models has however led to a 
deeper insight and comprehension of quantum many body dynamics in one spatial dimension; this, in 
turn, proved essential (to make just an example) to the the development of the Tomonaga-Luttinger liquid 
modeling electrons in 1-dimensional conductors such as carbon nanotubes. 

In some respect, the holographic panorama is similar. In general, the systems of which we know 
precisely the gravitational dual are not directly phenomenologically relevant microscopic models. For 
instance, we still not have a dual for the Standard Model or some of its sub-sectors. In spite of this, 
AdS/CFT and kindred correspondences make us aware of some features of the strongly coupled regime 
of quantum field theories that can be relevant beyond the particular model. Of course much effort is 
tributed to the quest of holographic setups able to reproduce at the microscopic level as closely as possible 
some real-world system, but this is not the only possibility of exploiting the holographic methods. Indeed, 
it is possible to use them at the "macroscopic" level; in this case, the quantum field theory of which we 
investigate the strong-coupling regime is an effective theory. The study of the unbalanced holographic 
superconductor performed in this thesis represents an instance of this latter attitude. Even though at 
this stage we work with an effective theory, this does not prevent as a future development to be able to 
embed the gravitational system in a consistent truncation of a full fledged string model. This development 
would allow a precise identification of the dual degrees of freedom in terms of which the strongly coupled 
regime of the field theory admits a weakly coupled treatment. 



'observe that a strong-weak correspondence has also an interesting "philosophical" implication: indeed, it not only con- 
sists in a connection between apparently detached branches of theoretical physics, but it could affect also our idea of what is 
more "fundamental". A general attitude in theoretical physics is that progressively higher-energy regimes are related to more 
fundamental dynamics and constituents; this is the case for example in relation of the UV-free QCD. However, in a would be 
gravitational dual of QCD the asymptotic freedom regime would be mapped to a strong interacting string model. 
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6.3.2 Phenomenological applications 

The AdS/CVT and similar string-inspired strong/weak dualities provide efficient analytical tools for 
studying quantitatively some quantum field theory models at strong coupling. Optimistically, when we 
encounter a strongly coupled gauge theory, we can hope to find some dual argument or gravitational 
framework to work with perturbatively in order to extract some information about the original theory or 
at least gain some qualitative insight. There is actually a wide variety of phenomenological topics which 
are described by a strongly coupled quantum field theory whose dual model is not completely unknown or 
mysterious. In other cases, although the dual theory is obscurer, by means of careful analogies to model 
possessing a known gravity dual, one can gain some insight about the strongly coupled dynamics. In this 
section we will briefly spend some words and indicate some bibliography about the main applications of 
holographic techniques in order to tribute due attention to the far-ranging phenomenological relevance 
and motivations of string/gauge duality studies. 

• Strongly coupled field theory at finite temperature: 

The strong-coupling regime generally posits difficult practical issues as in relation to field theo- 
retical methods that often rely on perturbative techniques. A viable alternative is represented by 
numerical calculations performed on the lattice, however, also the lattice approach can result poor 
in dealing with systems out of the thermodynamic equilibrium. The finite temperature out-of- 
equilibrium dynamics of strongly coupled media is difficult to treat even numerically and the main 
source of trouble consists in the fact that it is problematic to define real-time quantities, such as 
correlation functions, at finite temperature; a "complex weighting" e~''^ (S is the action) in the 
partition function, necessary for real-time computations, renders the usual importance sampling 
exploited in lattice simulations troublesom^^ As alternative methods generally suffer because of 
complicated issues, the AdS/CFT-like techniques are an interesting and significant possibility for 
the study of strongly coupled media and especially their dynamics beyond thermal equilibrium. 
Note however that the lattice and the holographic methods, even if presented usually as alternative 
to each others, are not known to cross-fertilization; to have an instance see 1981 . 

• QCD and quark-gluon plasma: The quark-gluon plasma is the strong coupling deconfined phase 
of quantum chromo-dynamics; so far, QCD belongs to the set of quantum field theories whose 
dual is not unknown. As a consequence, in relation to QCD, the results obtained with holographic 
means remain to some extent qualitative and based on analogies with other theories whose dual is 
specified. Nevertheless, especially because its tremendous phenomenological significance, there 
has been much focused interest and theoretical work on QCD also by means of AdS/CVT-l\ke 
tools. 

There are many important achievements about the phenomenology of the QGP obtained with 
string-inspired techniques such as the modeling of mesons dynamics within the deconfined plasma 

'"a similar problem affects QCD Monte Carlo simulations at finite density. In the QCD partition function the quarks appears 
quadratically, it ts then possible to perform the "Gaussian" integral over them obtaining a determinant which, at finite baryon 
density, is complex. Again we face the problem implied by a complex weighting within an importance sampling computation; 
this is commonly referred to as the sign problem, see for instance L97l . 
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||99l mOOl . the computation of shear viscosity, bulk viscosity (related to compressibility and the 
propagation of shock waves and sound in the medium) and some insight on the topic of QGP ther- 
maUzatioij*^ The instance of shear viscosity is particularly interesting, indeed direct experiments 
at the relativistic heavy ion collider (RHIC) and at LHC indicate that the QGP shear viscosity is 
very small. Perturbative QCD computations yield large values for the shear viscosity and, as al- 
ready mentioned, real time studies are troublesome on the lattice; AdS/CFT techniques applied on 
TV = 4 SYM indicate a value [il02i 

s 4:TrkB ' ^ ^ 

for the ratio of the shear viscosity over the entropy density. This low value is closer to the QGP 
measurements than the field theoretic results^ Furthermore, the expression (|6.23|) is universal for 



theories possessing two-derivative gravity dual models, [104|. In general, even in relation to the 
non-strictly universal results. A/" = 4 SYM theory (whose gravity dual is Type IIB string theory 
on AdS^ X S^) in the strongly interacting double scaling limij^regime is expected to reproduce 
strongly coupled QCD dynamics to a good approximation. For the sake of brevity, we do not enter 
into detail but refer to the review paper 1 101 1. 

Another important topic for which holographic techniques are relevant is the study of the QCD 
phase diagram [,105I . The question is rather delicate because the QCD phase diagram shows a 
pronounced sensitivity to the parameters of the theory; even more so, since we lack a precise dual 
for QCD, the extrapolation of results obtained for other model to QCD can be troublesome. Given 
the importance of the subject, there has been much effort also from the numerical (i.e. lattice) front 
which, however, suffers at finite density. 

We have just presented a list of AdS/CFT applications to QCD which does not exhaust the com- 
plete panorama; a concise review on the employment of stringy techniques to QCD and in partic- 
ular to the QGP is l[T06l . 

Condensed Matter: Many condensed matter systems admit a description with quantum field 
theory in the strong-coupling regime. In the next points, we give a list of some peculiar instances 
in which holographic techniques can offer valuable information and investigation methods. 

As dualities connecting two theories, AdS/CFT and its analogs are usually significant in a two- 
fold way, namely using computations on one side to obtain information about the dual theory. 
This can be done in both directions. A very significant and tantalizing point to underline relies 
on the research of the possibility of engineering condensed matter systems described by quantum 
field theories whose dual is precisely known. Actually, such a finding would open the doors to 
an experimental test on aspects of the dual quantum gravity. A hopeful observation is that, as 
opposed to high energy physics where the quantum field theory is essentially unique, the condensed 
matter realm offers a wide range of different models described by different theories. In this regard 



"We reccommend the review IIOII and references therein. 

'^The experimental windows for the QGP shear viscosity over entropy density ration is 0.08 < ri/s < 0.3 at a temperature 
of about 170MeV. Perturbative QCD computations lead to ry/s ~ 1 while holographic methods for J\f — 4 SYM yield l |6.23| l 
which, in natural units, becomes ry/s = 47r ~ 0.08, see 11031 . 

'^This is another name for the 't Hooft limit l |2.36| l. 
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technological developments such as meta-materials enlarge the panorama of possibilities. Indeed, 
meta-materials are essentially formed by arrays of nanostructured elements which play the role of 
artificial atoms; the possibility of engineering systems with exotic properties is then significantly 
enhanced. 

• Quantum phase transitions: A quantum phase transition is a phase transition at zero absolute 
temperature which is driven by quantum fluctuations instead of thermal fluctuations. Even though, 
strictly speaking, a quantum phase transition occurs only at T = 0, there exists a nearby region in 
the phase space for T > where the dynamics of the system is strongly affected by the presence 
of the quantum critical point. This region goes under the name of quantum critical region. 

A quantum phase transition occurs in a system at T = and at a precise point in the parameter 
space where the parameters themselves attain their critical value. Such external control parameters 
could be, for instance, the magnetic field or the pressure. If we move away from the quantum 
critical point at T = increasing the temperature we discover that the quantum critical region 
widens. In other words, for low enough temperature, the extension (in parameter space) of the 
region of the phase diagram which is affected by the critical quantum dynamics increases with 
temperature. At a first thought this phenomenon could sound counterintuitive, in that the quantum 
criticality extends its relevance in the parameter space in moving away from the quantum critical 
point. To have an intution of this we can reason as follows: the quantum critical point separates 
two different phases or two different ordered states of the system; the two phases have different, 
long-range excitations which at the critical point require a vanishing energy to be excited. If 
we consider a non-vanishing temperature we add a thermal noise with a characteristic energy 
e. The thermal backgorund makes us uncapable of distinguishing between fluctuations whose 
energy cost is smaller than e. As a consequence, a fluctuation with finite energy smaller than e 
can be "confused" with a zero energy fluctuation. In this sense, moving away from the critical 
temperature, the critical region widens. Let us notice, however, that this kind of reasoning is valid 
as long as the quantum fluctuations dominate over the thermal ones or, in other terms, as long as 
the quantum order is not spoiled completely by thermal noise. 

The qualitative and quantitative description of a continuous quantum phase transition exploits the 
same theoretical framework employed for normal continuous phase transitions. More precisely, 
a system in the proximity of a quantum critical point is characterized by a diverging coherence 
length and the behavior of the observables is described by the corresponding quantum critical ex- 
ponents. Strictly at quantum criticality, the coherence length is infinite and the system becomes 
scale invariant; this is the reason why the critical system can be described with a conformal quan- 
tum field theory. This is also where holographic tools enter into the game, especially when the 
critical system happens to be strongly coupled. 

For a detailed review containing also examples of AdS/CFT applied to quantum phase transitions 
consult for example LIOTJ. 

• Non-conventional superconductors: 

Conventional superconductors are described with Bardeen, Cooper and Schrieffer theory (BCS), 
where superconductivity is explained as arising from the condensation of a fermionic bilinear 
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operator describing interacting pairs of electrons, the so called Cooper's pairs. This interaction is 
mediated by the crystalline lattice and in particular by phonons describing its vibrational modes. 
The BCS picture, however, does not exhaust neither explain all the superconductivity phenomena 
observed in Nature. Indeed, there exist for instance superconductors in which the occurrence of 
interacting Cooper-like pairs is mediated by spin-spin interactions. 

The BCS approach relies on the possibility of describing the system with weakly interacting de- 
grees of freedom. An important class of non-BCS superconductors is constituted by all the in- 
stances in which the weak interacting picture is not suitable. The onset of superconductivity in 
a strongly interacting medium is usually connected with a quantum phase transition; we do not 
enter in this complicated subject, for a succinct review look at II 1081 and references therein. Let 
us just mention that this topic involves the physics of the so called heavy fermion metals, where 
the effective mass of the conducting electrons (because of strong interactions between conducting 
and valence electron^^) is orders of magnitude above the bare electron mass, and the cuprate or 
layered iron pnictides superconductors presenting a high critical temperature for the occurrence of 
superconductivity as their peculiar featur^^(for a review on the layered iron pnictides supercon- 
ductors we refer to fT09l). 

• Non-Fermi liquid: Non-Fermi liquids are systems possessing some features similar to Fermi 
hquids (like the presence of a Fermi-like surface) but at the same time they do not admit a quasi- 
particle description for the corresponding microscopic dynamics. In other terms, the would-be 
quasi-particles are ill-defined because of some strong interaction. On a formal level, the presence 
of a Fermi-like surface is associated to a pole in the fermion Green's function; the value of the 
momentum at which the Green function diverges plays the role of the "Fermi" momentum. For 
further details see for instance L96J and references therein. 

Other phenomena that admit a holographic macroscopic description are forced ferromagnetic or 
spontaneous anti-ferromagnetic (or spin waves) systems, UllOI . Models with an external DC current and 
the description of a holographic Josephson junction are given in Ullll I112II . Various reviews on this 
subject exist in the literature, we particularly reccommend ||95l , 111131 and 111081 . 



6.3.3 Beyond conformality 

Holography relates the conformal group of the gauge theory and the isometry group of the dual grav- 
itational AdS spacej^ There are different possibilities of breaking conformality and, essentially, they 
all involve the introduction of a characteristic scale into the theory. The dual gravitational picture will 
therefore present some additional features (associated to the RG-flow radial coordinate) affecting and 
modifying the AdS geometry. Scale invariance relates different energy regimes of the theory and is 



'''This enhancement of the effective electron mass is referred to as Kondo effect and arises from hybridization of conducting 
electrons and "fixed" strongly correlated electrons generally accounted for as a lattice of magnetic moments (usually called 
Kondo lattice) 

'^The order of magnitu de of the critical temperature is within lOK and lOOK. 



See Appendix G. 1 . 1 for details 
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mapped into shifts of the AdS radial coordinate of the dual model. Breaking the scale invariance corre- 
sponds to breaking radial translations invariance. 

Let us consider the possibility of describing holographically a finite temperature system. The charac- 
teristic thermal energy represents obviously an energy scale which breaks conformaility. Gravity setups 
at finite temperature are characterized by the presence of a horizon emitting quantum Hawking radiation 
with a thermal spectrum. In other terms, we expect to have black holes solutions that tend asymptotically 
for large radius to AdS space. Indeed, the boundary region is related to the high-energy regime where 
the temperature scale becomes neglectable and conformality is effectively "recovered". Observe that the 
presence of the black hole horizon introduces a sort of "cut-off" in the radial direction. 

If we examine an Ad5-Schwarzschild black hole, it has a horizon radius which is related to the 
temperature in such a way that in the zero-temperature limit the horizon shrinks to a point and vanishes. 
This feature is not generic of all black hole solutions. If we consider the AdS'-Reissner-Nordstrom black 
hole (which generalizes the Schwarzschild one adding a total charge) the presence of a net charge affects 
the horizon and in particular the horizon radius does not shrinks to zero in the T — limit. The presence 
of a total charge for the black hole describes holographically a charge density of the dual field theory and 
the fact that, also at zero temperature, the horizon has finite radius can be interpreted as the breaking of 
conformality due to the energy associated to the presence of the charge density. 

The field of conformality breaking in a holographic context has received much attention and non- 
conformal generalization of AdS/CFT correspondence have gathered keen interest. Viable approaches 
rely on mass deformation of conformal field theories (and of then of the RG flows) or model in which 
(on the gravity side) there are D-branes wrapping non-trivial cycles (whose volume introduces a charac- 
teristic scale into the theory) of the internal manifold (see m4i] for further details). 



7 

Minimal Holographic Description of a Su- 
perconductor 



7.1 Superconductors, introductory remarks 

This section will be unavoidably brief if compared with the significance and wideness of the subject; the 
purpose here is just to mention some crucial ideas that will be useful in the following sections. For a 
thorough treatment we refer to the abundant literature on the topic of superconductivity. 



7.1.1 Historical account 




^^^■■fJ^ 

_1 



Figure 7.1: Conductivity of mercury at the superconductive transition (original plot taken from Onnes' 
Nobel Lecture 1,115,1 ). 
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"...the experiment left no doubt that, as far as accuracy of measurement went, the resistance dis- 
appeared. At the same time, however, something unexpected occurred. The disappearance did not take 



place gradually but (compare Fig. 7.1.1) abruptly. From 1/500 filj the resistance at 4.2 K drops to 
a millionth part. At the lowest temperature, 1.5 K, it could be established that the resistance had be- 
come less than a thousand-millionth part of that at normal temperature. Thus the mercury at 4.2 K 
has entered a new state, which, owing to its particular electrical properties, can be called the state of 
superconductivity l\115V .". 

Superconductivity was discovered by Kamerlingh Onnes in 1911 fll6'| in his Leiden laboratories. 
It obviously appeared at once as an impressive breakthrough from the experimental (and later also tech- 
nological) viewpoint and also a challenging theoretical question; Kamerlingh Onnes itself started soon 
to study and measure the possibility of having superconductive coils to produce unprecedentedly high 
magnetic fields. At the same time, without venturing to give a theoretical explanation or interpretation, 
the observation of a threshold current beyond which superconductivity was spoiled gave a first hint of 
the richness of the phase space structure of superconductors. 

The measure of the goodness of the superconductors "perfect DC conductivity" has been soon and 
henceforth accurately tested. The best measurements exploit nuclear resonance techniques to detect 
the variations of the field generated by persistently circulating currents; in appropriate experimental 
conditions, it is not observable any decay of the persistence of superconductive currents for periods of 
time that, quoting Ketterson and Song II117L "are limited (only) by the patience of the observer". To 
have an idea about the orders of magnitude, precise measurements have returned a lower bound for the 
characteristic decay time of persistent currents in a superconductor of about 10^ years, [|118 1. 

Some years after the discovery of superconductivity, in 1933, Meissner and Ochsenfeld observed the 
perfect diamagnetism of superconductors; this phenomenon has usually assumed the (probably) unfair 
name of Meissner effect. Physically it consists in the expulsion of magnetic fields from the supercon- 
ducting bulk. 

A couple of years later, the London brothers gave an account of the perfect conductivity and dia- 
magnetism of superconductors by means of a phenomenological set of equations (the London equations) 
but it is only in 1959 that Landau and Ginzburg firstly recognized the crucial role played by symmetry 
breaking in the superconductor physics. Abrikosov showed that from Landau and Ginzburg model is 
possible to predict theoretically the existence of two categories of superconductors, namely Type I and 
Id 

In 1957, in the western side of the iron curtain, Bardeen, Cooper and Schierffer (BCS) gave the first 
microscopic description of the superconducting mechanism emerging from phonon-mediated attractions 
between electrons. Meanwhile, in the eastern block, Bogoliubov was studying microscopic models for 
describe superconductivity; one of his main results led to the description of the BCS vacuum by means 
of canonical transformation^ 

As superconductivity is a phenomenon related to symmetry breakdown, below a critical temperature, 

'The two type of superconductors differ in the sign of the energy cost of domain walls separating superconducting from 
non-supercoduction portions of the material; such difference yields qualitatively distinct behaviors at the phase transition. For 
more details we refer to 1 1 18|. 

^For a simple pedagogical model (in Italian) describing BCS theory and Bogoliubov transformations we refer to 11191 . 
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a system can develop an ordered phase in which a charged field condenses leading to superconductivity. 
The essential features of superconductivity can be studied in general without entering into the details of 
the microscopic dynamics of any particular model, [1201. A wide class of superconducting media are 
described with quantum U(l) gauge field theories. Indeed, the gauge structure of the quantum field the- 
ory itself, leads to some general properties as infinite DC conductivity, the Meissner-Ochsenfeld effect, 
the flux quantization, the Josephson effect and, more generally, many aspects of the magnetic behavior 



of superconductors. In Subsection |7.1.3| and Appendix |H] we respectively concentrate on the first two 
features in the above list. 

Since the discovery of superconductivity, the phenomenon remained limited to the extremely low 
temperature region (around and below the liquid helium region ~ 4.2 K). The experimental investi- 
gation has maintained the focus on the metallic elements or alloys till the mid 1980's when a crucial 
breakthrough has been accomplished by Bednorz and Miiller [121]: They discovered a superconduct- 
ing transition around Tc 30 K on a specific oxide, namely Lai.85Bao.i5Cu04, containing copper and 
lanthanum and doped with bariurtj^ A surprising fact is that such kind of oxides are often, at higher 
temperature, almost insulators. The discovery received stark attention both because the experimental 
and technological possibilities offered by high temperature superconductivity are paramount and also 
because temperature values close to 30 K where believed to be the theoretical bound for superconducting 
phenomena (according to a weak-coupling analysis). The idea of some unconventional (i.e. non-BCS) 
superconducting phenomenon started therefore to be caressed in the scientific communitj]^ 

Later, in 2008, another class of high- Tc superconductors was discovered II124I . namely layered Fe- 
based compounds; the actual discovery occurred with LaFeAsOi-^F^,. with doping parameter x ~ 0.11; 
this material presents a transition temperature Tc ~ 26 K. Soon afterwards, other Fe-based materials 
have been investigated and higher values of Tc have been found. 

Even before any deeper observation, these high values call for an explanation beyond the standard 
BCS framework. 



7.1.2 London equation 

In this section we sketch the original phenomenological argument on which the introduction of London 
equation is based. Let us consider a metallic superconductor in which a "cloud" of electrons moves 
within a crystalline array. Below a critical temperature, superconductivity arises and we indicate with 
the density of electrons participating to the superconductivity phenomenon. The supercurrent is defined 
as 

js = nsev, (7.1) 

where e is the electron charge and v is the mean velocity of the superconducting electrons. In a quantum 
context, the observables are of course substituted with the mean values of the corresponding operators. 

^They were awarded the Nobel prize in Phiysics in 1987; here is the link to the corresponding press release 11221 . 

''At present, the primate for the highest Tc (at ambient pressure) goes to mercury barium calcium copper oxide 
(HgBa2Ca2Cu308), at around 135 K 11231 . Applying a higher pressure, the transition temperature can been further increased 
to values slightly above 150 K (see again 11231 ). 
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The velocity is obtained dividing the canonical momentum by the mass of the carriers, 

^ 'p--A) , (7.2) 



m \ c 
so that in general we have 

i. = ^(p-^A). (7.3) 

As the London brothers did first, let us observe that in a periodic crystal Bloch's theorems does hold. 
Therefore the quantum solutions are expressible as the product of plane waves times functions sharing the 
same periodicity as the crystalline array encoded in the potential (These are known as Bloch's solutions 
or Bloch's waves). Postulating that the superconducting state is the ground state of the system, Bloch's 
theorem implies that the momentum of the plane wave has to be zero. Indeed for any solution with p ^ 
we can find a corresponding lower energy solution with p = 0. In a superconductor, equation ( |7.3[ ) 
reduces to 

j. = -^A, (7.4) 
mc 

which is actually the renown London equation. It is customary in the literature (and we will adopt this 
convention as well) to denote as the first and second London equations the relations obtained from ( |7.4[ ) 
taking respectively a time derivative and the curl on both sides. 



7.1.3 Infinite DC conductivity 

In this Subsection we focus on the relation between the symmetry features of the gauge field theory 
description of a superconductor and its phenomenological properties, in particular, on the DC supercon- 
ductivity. Whenever we describe the superconducting medium with a quantum U(l) gauge field theory, 
the action is invariant under the gauge transformations 

Af,{x) ^ A^{x) + d^a{x) (7.5) 
V'(x) ^ e'^^^^^V'l^) , (7.6) 

where we have assumed the presence of a single fermion species ip with electric charge q. The gauge 
parameter function a{x) is arbitrary and specifies the particular gauge we consider. At a fixed point x in 
space-time, the transformations ( |7.5| ) and ( |7.6| ) correspond to a compact U(l) phase symmetry; indeed, 
the values a{x) and a{x) + 27r/(7 are identified. 

In general, in a superconductor, the gauge symmetry ( |7.5| ) is supposed to be broken by the condensa- 
tion of some operator. Suppose that, in a phase characterized by the spontaneous symmetry breakdown, 
the original local U(l) symmetry is reduced to a discrete subgroup Z„ G U(l). From Goldstone's theo- 
rem we have that the symmetry breaking leads to the appearance of a massless mode G parameterizing 
the coset group U(l)/Z„. The field G behaves as a phase and then, under a gauge transformation, it 
transforms as follows: 

G{x) ^ G{x) + a{x) . (7.7) 



110 



CHAPTER 7. MINIMAL HOLOGRAPHIC DESCRIPTION OF A SUPERCONDUCTOR 



In addition, as it spans the coset group U(l) /Z„, we identify 

G(x) = G(x) + — . (7.8) 
nq 

Relying on symmetry arguments, the Lagrangian for the gauge and Goldstone's fields has the fol- 
lowing general shape: 

C = -^Jd'^x{F-F + Lg[A-dG]}, (7.9) 

where the form of the Goldstone part Lq of the Lagrangian density depends on the specific model while 
its functional dependence on ^ — dG is a general feature descending from gauge symmetry. Note indeed 
that A — dG is a gauge invariant quantity. The spatial electric current and charge density are given b>[^ 

oAi{x) 

70 _ _ _5Lg_ _ __5Lg_ 

~P~5A^{x)~ 5{dtG)- ^ ' 

The second equation states that —p represents the canonical conjugate variable to G; then, within a 
Hamiltonian description, the energy density Ti is a. functional of G and p. The Hamilton equation for 

dtGh 

dtG{x) = -—-. (7.12) 

6p{x) 

Let us interpret physically this Hamilton equation: The Hamiltonian T-L gives the energy density and, 
since p{x) represents the charge density, we have that the right hand side of ( |7.12[ ) gives the change 



in energy density implied by a change in the charge density. This is the electric potential. The time 
derivative of G is then related to the potential 

dtG{x) = -V{x) . (7.13) 

Let us consider a stationary state in which there is a steady current flowing through the superconducting 
medium; stationarity means that nothing depends on time and, in particular, dtG{x) = 0. The potential 
V{x) is then forced by ( |7.13 1 to be zero too; since we have stationary currents without any difference of 



potential sustaining them, we are facing a zero resistance or infinite conductivity phenomenon. As we 
are concentrating on the stationary properties, we are studying the DC conductivity, i.e. the limit of the 
conductivity a{ijj) for vanishing frequency uj. 

We have just showed the occurence of infinite DC conductivity basing our argument (originally sug- 
gested by Weinberg in II120II ) on the simple assumptions of having an Abelian gauge symmetry which is 
spontaneously broken to a discrete group; no details of the actual mechanism leading to the spontaneous 
breaking have been actually specified. The moral consists in recognizing the value of the symmetry 
breaking itself in leading to the description of the superconductor phenomenology independently of its 
microscopic origin. In this sense we can understand better why phenomenological models d la Ginzburg- 
Landau are able to describe accurately the phenomenology of superconductivity even though they rely on 
crude approximations like, for instance, the description of the Cooper pairs with a single bosonic field. 

'We are assuming Euclidean space-time here. 
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7.2 Hairy BH and dual condensates 

There are various gravity effective models which are dual to a boundary theory describing a supercon- 
ductor. A general feature of such models is the presence of a charged black hole that becomes "hairy" at 
low temperature. As usual, speaking of "hair" in relation to a black hole solution indicates the presence 
of some field which develops a non-trivial profile. The occurrence of a non-trivial hair in the bulk is gen- 
erally dual to some kind of operator condensation in the boundary theory; in other terms, the boundary 
operator develops a non- vanishing vacuum expectaion values. 

We will concentrate on a bulk model developing scalar hair. This corresponds to a superconductor 
with a scalar condensate or, using the superconductor jargon, an s-wave superconductoi]^ Notice that the 
scalar operator which condenses is associated to the Cooper's pairs; indeed, whenever the electrons pair 
in a singlet spin state with zero orbital angular momentum, the Cooper condensate is actually describable 
at the effective level with a scalar field. 

As we will describe in detail, the ingredients needed to build the simplest bulk models dual to 
superconductors involve an Abelian gauge field minimally coupled to gravity and a scalar field with 
a generic potential V{'ip). Moreover, since we want to model superconductors in flat space-time, we 
consider black hole configurations presenting planar horizons. 



7.2.1 Note on the holographic description of a superconductor 

What does it mean, on a practical level, to deal with a holographic model of a superconductor? 

Duality itself is a concept of which it is easy to have an intuitive idea: namely, it is the map of the 
degrees of freedom and dynamics of a certain model to the degrees of freedom and dynamics of another 
model. The two descriptions are proved or conjectured to be equivalent. 

Let us underline that usually, in a holographic context, we exploit duality to study some strongly 
coupled model of which the microscopic description is not available. It is then reasonable to ask on 
what basis we claim to describe a superconductor. The macroscopic holographic description allows one 
to handle expectation values and correlations of the operators of the boundary theory. Even lacking the 
Lagrangian of the "boundary" model we can study in detail many dynamical feature and the general 
thermodynamic behavior. It is from this study that some features of superconductor phenomenology 
arise. In particular, as we will see in the following, the holographic superconductor shows a normal-to- 
superconducting transition in the electric response function; indeed, in trespassing the critical tempera- 
ture, we observe a novel diverging contribution to the DC conductivit>|^and such contribution is naturally 



interpreted as a superconducting phenomenon at strong coupling (see Subsection 8.6.4 1. 

At the outset, a general caveat regarding the terminology of the holographic literature should be 
mentioned. When, in relation to a holographic model, some physically suggestive (e.g. inspired by con- 



The gravity models presenting non-trivial profile for a vector field are dual to the so called p-wave superconductors. If the 
non-trivial profile is associated to a spin 2 field we have instead a d-wave superconductor. 

'As the system under analysis enjoys transaltional invariance, it possesses a diverging DC conductivity also in the normal 
(i.e. non superconductivity) phase. Such effect is merely due to the lack of momentum relaxation and it is not to be confused 
with authentic superconductivity. 
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densed mayyer) terminology is adopted, one has always to keep in mind that the actual description of a 
real-world system can be still far apart. It is advisable to start with the moderate attitude that the holo- 
graphic context offers treatable examples and toy models able to reproduce some phenomenologically 
interesting features (especially at strong coupling) but the whole of the holographic model under study 
can detach in some other respects from the actual phenomenology. The model we develop in the fol- 
lowing sections is no exception. When we speak of a superconductor, we do not mean that we expect to 
be able to interpret any single aspect of the model in terms of some real-world example. Of course, this 
would be however amply desirable and, indeed, we will try to do that, but a problematic attitude toward 
any particular feature is probably the best way of judging the real value of the model. To rephrase, we 
suggest a "bottom-up attitude" in the confidence we tribute to the realism of any holographic model. 

7.2.2 Effective electromagnetic background and non-dynamical photons 

In a quantum field theory picture, the possibility of neglecting the photon dynamics corresponds to the 
small relevance of processes involving virtual photons. It should be stressed that the non-dynamical 
photon approximation leads to an effective description in which the underlying U(l) gauge symmetry is 
treated as a U(l) global symmetrjj^ The photon dynamics is negligible whenever the electromagnetic 
coupling can be regarded as small and the Feynman diagrams containing internal photons are corre- 
spondingly suppressed. In real systems, for example, the screening effects that occur in charged media 
are a ubiquitous feature in condensed matter systems and, at the level of non-microscopic description, 
they can lead to an effectively small electromagnetic coupling. 

To avoid confusion we must underline a significant caveat: The holographic description is particu- 
larly suitable to treat strongly coupled media (as the dual gravitational model becomes weakly coupled). 
When we consider the non-dynamical photon approximation, we treat the system as a strongly inter- 
acting medium weakly coupled to external photon^ Notice that, also in the non-dynamical photon 
approximation, the strong interactions within the holographic medium can still involve electromagnetic 
phenomena; they are however encoded in the macroscopic effective description and no photon-like de- 
grees of freedom are manifest. More precisely, the meaning of our non-dynamical photon approximation 
consists in working under the assumption that the microscopic degrees of freedom of the medium can 
be treated collectively as a plasma which interacts weakly with the external electromagnetic background 
fiel4!3 

Within the non-dynamical external photon analysis of a system, the response to the variation of an 
external electromagnetic field is described in terms of induced currents in the medium. In other terms, 
the total electromagnetic field coincides with the background value sourcing the charged currents within 
the system. There is a natural compatibility between the non-dynamical photon approximation and the 
linear response theory because the charged currents are weakly coupled to the external source and then 
effectively describable at linear order. 

*Note that the treatment of the electromagnetic symmetry as a global U(l) matches with the prescription of the holographic 
dictionary connecting a boundary global symmetry with a gauge bulk symmetry. 
Comments on the non-dynamical photon approximation can be found in iT25l . 
'"similar observations can be found in 1 107j . 
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As underlined in II107L superfluidity corresponds in general to a spontaneous symmetry breaking 
of a global symmetry whereas superconductivity is associated to the Higgs mechanism of a local gauge 
symmetry. Since, in a holographic framework, boundary global symmetries correspond to local bulk 
symmetries, superfluidity in the boundary theory should correspond to "superconductivity in the bulk". 
For the purpose of the computation of the conductivities, however, there is no crucial difference between 
a superfluid and a superconducting phase because we retain only the linear effects. Indeed, from a purely 
field theoretical viewpoint it is possible to show that the linear response of a system to external perturba- 
tions is insensitive to the fact that we work with dynamical or non-dynamical photons (the dynamics of 
the photons is encoded in the subleading orders). As a consequence, the non-dynamical photon approx- 
imation which approximates a superconductor with a superfluid allows us to describe linear response of 
the superconductor to external electromagnetic perturbations. This is another argument supporting the 
vaUdity, in our context, of the non-dynamical photon approximation. 

In a holographic framework, in order to go beyond the non-dynamical photon approximation, one 
needs to develop the so called "gauged AdS/CFT"; this term refers to the problem of defining a dual 
configuration to a boundary gauge symmetry; this theoretical possibility constitutes still an open prob- 
lenC3 

There is still another significant observation which can made about the non-dynamical character of 
the photons. In the present thesis we concentrate especially on a superconductor in 2 + 1 dimensions, 
namely a superconducting layer. Given the "infinitesimal" thickness of the superconducting region, there 
is no Meissner-Ochsenfeld effect. In other terms, we are supposing that the thickness of the supercon- 
ducting layer is much smaller than the characteristic penetration depth of the magnetic field inside the 
superconductoij^ In higer dimensional systems, the Meissner-Ochsenfeld effect is related to the photon 
dynamics, but independently of the dynamical or non-dynamical character of the photons, such effect 
does not occur in 2 + 1 dimensions. In this sense, our holographic model in the non-dynamical photon 
approximation is able to reproduce the phenomenology of a superconducting layer (analogous observa- 
tions can be found in lllllll ). 



"in 11261 there is described an attempt to have a gauged holographic coiTespondence. 
'^See Appendix H for some detail on the Meissner-Ochsenfeld effect. 
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Holographic Superconductors with two 
Fermion Species and Spintronics 

8.1 Mixed spin-electric conductivities and spintronics 

The term spintronics is a short version of "spin transport electronics" known under the name of "magneto- 
electronics" as well. The subject of spintronics concerns the role of electron spin in condensed matter 
physics, especially in relation to transport properties. Indeed, the purpose of spintronics aims at the 
study of systems with particular spin transport or spin-dependent transport properties with the objective 
of understanding and designing devices exploiting the individual electron spin instead or in connection 
with their charge. Spintronics is in contrast with usual electronics where only the electron charge or 
collective magnetization are exploited. 

The first phenomenon relating current flows and electron spin is Anisotropic Magneto Resistance 
11127 1 (ANM); it was observed by Thompson in 1857 and (much) later (1975) it has been described in 
a model involving spin-orbit coupling P128l|. The phenomenon itself consists in a dependence of the 
resistivity of a ferromagnetic metal on the relative angle between the magnetization and the current flow. 
The order of magnitude of the resistivity variation are (at room temperature) of a few percent points 
(~ 5%). 

The first steps of what has been later called spintronics were moved by Mott who in 1936 proposed 
the model know as "two-current model" 111291 11301 to describe some spin-dependent features of the 
conduction properties of ferromagnetic metals below the Curie temperature. Mott proposed that well 
below the Curie temperature the conduction electrons propagating in the ferromgnetic metal undergo 
scattering processes without changing their spin orientation. As a consequence the two-current model 
depicts the spin-up and spin-down currents as two independent currents and the overall properties of the 
material arise from the parallel of the spin-up and spin-down circuits. In its simplest version the two 
currents are totally independent, however Mott's model can be improved considering a weak coupling 
between the spin-up and spin-down currents (for instance because of spin mixing phenomena). A source 
of spin-mixing is, for instance, the electron-magnon scattering which could lead to spin flip. Let us 
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remind the reader that the magnon is a collective mode of an ordered magnetized medium and arises 
from the quantization of spin-waves; it constitutes the analogous of phonons for elastic lattice vibrations. 

In 1966 Fert studied in depth the spin-dependent conduction properties of doped alloys where the 
sensitivity to the spin is due to impurities with strong spin-dependent cross-section^ It is on the basis of 
these preliminary studies that in 1988 one of the main achievements of spintronics was discovered: the 
Giant Magneto-Resistance (GMR) II132II1331 . It consists in the large difference of resistivity through a 
device constituted by different layers depending on the anti-ferromagnetic or ferromagnetic polarization 
of adjacent layers. One of the interesting points is given by the possibility of controlling easily the 
relative polarization of the layers by means of external fields. 

In the spintronic context, the possibility of affecting magnetization patterns by acting on electric 
currents has received particular attention in the last decade f l341ll35Tll36[[T3 7l. Indeed, recent results 
showed that an electric current flowing in a ferromagnetic conductor drives magnetic textures such as 
domain walls and vortices. This mixed electro-magnetic effect has been studied theoretically II138II and 
proved experimentally II139I . The generation of such spin motive force is described in analogy with 
the DC Josephson effecj^ The effect can be microscopically described by means of a torque exchange 
interaction among the unpolarized spins of the conduction electrons flowing through the localized spins 
of the magnetic pattern. The opposite effect can also occur, namely moving magnetization patterns can 
drive electric currents. 

At the core of spintronics there is the mixed electromagnetic effects interlacing spin and charge trans- 
port. In this context our holographic approach investigates the strong-coupling extension of weakly cou- 
pled spintronics. Indeed, as we will explain in detail later, our holographic unbalanced system presents 
a conductivity matrix mixing electric and magnetic effects. Since the conductivity is defined as a linear 
response phenomenon, the mixed entries in the conductivity matrix correspond to the fact that at linear 
order an external electric perturbation leads to a net spin current and conversely an external magnetic 
perturbation can drive an electric current. This being a general feature of spin-up spin-down unbalanced 
systems. 

In Section [8^ we introduce the model that will be described in detail henceforth, namely the holo- 
graphic unbalanced superconductor. It possesses two fermion species associated to two independent 
chemical potentials; the system is said to be unbalanced whenever the two chemical potentials (or Fermi 
energies) differ. The holographic unbalanced superconductor is relevant to studying strong-coupling un- 
balanced superconductivity but also (especially in its normal phase) as a strong-coupling generalization 
of Mott's two-current model. An interesting observation concerning the superconducting phase of our 
system arises from interpreting it as a model of a forced (as opposed to spontaneous) ferromagnet at 
strong coupling in analogy with that studied in IIIIOII . 



'For a introductory account to spintronics see 11311 . 

^This phenomenon is sometimes referred to as "ferro- Josephson effect". The DC Josephson effects consists in the occur- 
rence of an electric current flowing between two linked superconductors separated by a thin insulating layer even though no 
external voltage is applied (see AppendijjM]). The analogy between the DC Josephson effect and the spin motive force is par- 
ticularly suitable for the case in which the flow of an electric current exerts torque on a magnetization domain wall 11381 . Note 
that the conductor magnetic system under consideration is in general not superconducting. 
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8.1.1 Spintronics and information technology 

Electron transport and magnetization have been the two pillars of information technology till fifteen 
years ago. With magnetization is here meant the magnetic property of a big numbers of microscopic 
elements as opposed to the magnetic properties of the single electrons. The magnetization has mainly 
been employed in high-density storages and the need to read and write on such memories requires an 
integration of magnetic devices in to electronic circuits. In other words, information has to be translated 
from electric current or voltages into magnetic properties and vice versa. 

Initially Faraday's law has been the first method to write and read magnetically storaged information 
but especially the reading process proves rather inefficient. It naively consists in moving a coil in the 
proximity of the magnetized bit. The route to increase in efficiency and the possibility of significant 
decrease in device size moves naturally the attention to "spintronics". Indeed, the reading process has 
been based on the current flowing through the magnetized bits, and the property of the current flux depend 
on magnetization. In the last thirty years big progress has been attained by exploiting in succession 
anisotropic magneto-resistance, giant magneto-resistance and tunneling magneto-resistance. They are 
mentioned in historical order which is also the order of the efficiency/miniaturization potentialitjp] 



8.2 Superconductor with two fermion species 

The superconductor models with two fermion species are relevant both for QCD contexts and in the 
panorama of condensed matter physic^ The two fermion species might have different chemical po- 
tentials and generally the resulting system is said to be unbalanced. In high density QCD and nuclear 
matter systems, the chemical potential mismatch can be due to mass or charge differences between the 
quark species; in condensed matter systems, where usually the two fermionic species describe spin-up 
and spin-down electrons, the imbalance can be induced, for example, by magnetic impurities. The pair- 
ing mechanism leads to Cooper's pairs formed by two fermions of different species and the pair is a 
singlet zero-spin state|^ The BCS analysis shows that at weak-coupling the properties of the two fermion 
superconductor are strongly sensitive to the chemical potential imbalance between the two species (look 



at Subsection( |8.3| ) and II140II ). One can naturally ask what happens at strong-couphng; a viable way of 
addressing the question is the holographic approach. 

In a holographic context, as already mentioned, the chemical potential is associated to the boundary 
value of a bulk gauge field. It is then natural to implement the second chemical potential with the 
introduction of another Abelian gauge field in the bulk. More precisely, we will associate an AbeUan 



^The present account has been made based on P1361 we further information can be found. 
''An ample review encompassing (also) two-species superconductors is 1 140 1. 

""Note that we will be concerned with an s-wave superconductor; at weak-coupling (where Cooper's pair are well defined), 
in an s-wave superconductor, the electrons bind to form a Cooper pair without orbital angular momentum and with their spins in 
opposition. In a p-wave superconductor, instead, there is L = 1 angular momentum leading to a minus sign contribution to the 
parity of the pair; in order two have overall antisymmetry, the electrons have to be in the triplet state. So far the experimental 
evidence of a p-wave superconductor is still matter of debate, while p-wave superfluidity is a well established result discovered 
in superfluid '^He. There exist also holographic models for p-wave superfluidity, see for instance I141II1421I143I ; for a model 
of a holographic imbalanced p-wave superfluid see Iil44il . 



8.2. SUPERCONDUCTOR WITH TWO FERMION SPECIES 



117 



bulk gauge field A to the mean chemical potential fi of the two species considered together, and a second 
Abelian gauge field B to their chemical potential mismatch 5//, namely 

= J (/^l +/^2) 

I (8.1) 

•^/^ = 2 ~ ^2) • 

The condensation, i.e. the transition to the superconducting phase, is associated to the breaking 
of the U(1)a symmetry, with a VEV of a scalar field ip. Such scalar field represents the condensate 
operator and has charge q ^ under the field A while is instead neutral with respect to B. For the 
sake of concreteness, think again to the two fermionic species as spin-up and spin-down electron^ All 
electrons have the same electric charge g/2 so that the Cooper pair has charge q; from the spin point of 
view the pair is instead neutral (i.e. the two bound electron are in a singlet state) and B represents the 



"magnetic" driving field (see Subsection 8.2.1 1. 



In the gravitational dual perspective, according to the standard holographic dictionary, the asymp- 
totic, near-boundary behavior of the bulk gauge fields A and B, 

A{r) ~ + B{r) ~ 6^-^-^ + ..., (8.2) 

r—^oo T r— ^-oo T 

account respectively for the collective mean chemical potential /i and total electric charge density p 
arising considering both the fermion species and the chemical potential difference 5p and charge density 
imbalance 5p. Even though the scalar field if) is uncharged with respect to B, it is not completely 
insensitive to its dynamics. In the dual holographic picture this feature is obvious: the presence of the 
field B backreacts on the gravitational background on which ijj itself fluctuates. This important point 
will be further developed in the following; let us here pinpoint the crucial role of the metric noting that it 
is insufficient to work in the probe approximation: We have to consider the backreaction of all the fields 
to the backgrouncQ 



8.2.1 The "magnetic gauge field" U(l 



B 



In the previous section we have seen that the introduction of a potential mismatch is naturally accom- 
modated in the holographic framework by the introduction of a second gauge field in the bulk. As we 



have recognized in Subsection 7.2.2 our holographic treatment of the boundary theory approximates the 
electromagnetic gauge symmetry with its global version \]{1)a- Inverting the line of thought, we can 
wonder what the gauge symmetry whose global part corresponds to U(l) b is. It should be stressed that 
our gravity model provides an effective description of the symmetries and order parameters (e.g. the con- 
densate whose dual is given by ijj) of the " boundary" field theory. In this sense U(l)^ and U(l) b, that 
we interpret as holographic duals of "charge" and "spin" currents respectively, can represent any couple 
of Abelian global symmetries enjoyed by the field theory. It is then to the effective stage that we have to 

*The spin picture is used many times throughout the text but as stated at the beginning of the chapter the analysis is more 
general and not specific to this "condensed-matter" scenario. 



'Details on the probe approximation are given in Appendixjl] 
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2'"' order 




Sfii = ^ Sfi2 = 0.78Ao 



Figure 8.1: Phase diagram on the (T, plane for a generic weakly coupled superconductor. 

stick, where U(l) b introduces the possibility of describing two mismatched fermion species. In a would 
be gauged version of the model, where both U(1)a and U(l) b becomes local in the "boundary" theory, 
the description of electromagnetic interactions by means of two dynamical Abelian symmetries would 
posit interpretation questions. Note however that the point is rather speculative, actually we will not con- 
sider gauged AdS/CFT correspondence and, as akeady mentioned, the AdS/CFT gauging possibility 
itself is still rather obscure. 

8.3 Unbalanced superconductors at weak-coupling and inhomogeneous 
phases 

Let us pinpoint some aspects of the unbalanced superconductor behavior at weak coupling studied with 
the standard BCS approach; we will later compare these features with their strong-coupling counterparts 
investigated with holographic means. There are two different possibilities for the superconducting phase: 
homogeneous phases and space-varying phases. In the two cases the superconductor gap parameter is 
respectively a constant or a non-trivial function in space; the same holds true for the condensate profile. 

In the homogeneous case, the condensation occurs at a critical temperature Tc which is a decreasing 
function of the potential mismatch The imbalance hinders the formation of the condensate, namely 
the more the system is unbalanced, the lower is its condensation temperature. Furthermore, even at zero 
temperature, there is a maximal value for 6fi above which the homogeneous superconducting phase does 
not occur (Chandrasekhar-Clogston bound |145[|146l ). 

Considering the possibility of inhomogeneous phases, where the condensate is spatially modulated, 
one can observe the occurrence of Cooper's pairs with non-vanishing total momentunj^ Actually, the 

'*The condensate is related to the expectation value of a bosonic operator whiich, in a first-quantized picture, can be regarded 
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typical wave-length of the spatial modulation corresponds in order of magnitude to the energy difference 
between the two Fermi surfaces of the pairing fermions. The weak-coupling analysis of the unbalanced 
superconductor shows that an inhomogeneous superconducting phase at zero temperature can be energet- 
ically favored with respect to a homogeneous phase; this occurs in an interval of the potential mismatch 
< 5^ < diJ.2- The inhomogeneous possibility is known as the Larkin-Ovchinnikov-Fulde-Ferrel 
(LOFF) phase II147I I148II and it presents a space- varying condensate and gap parameter. In the LOFF 
case, the spatial modulation is periodic and related to the modulus of the wave- vector k of Cooper's pairs. 
The modulus |fc| is determined by free energy minimization, its direction corresponds instead to a spon- 
taneous breaking of rotational symmetry. Notice therefore that the LOFF phases break spontaneously 
both the translational and the rotational symmetries of the Hamiltonian. It is possible to have also more 
complicated situations in which the condensate can be thought of as a superposition of waves. The cases 
where the wave-vectors of the superimposed waves are linearly independent are sometimes referred to 
as crystalline superconducting phases. 

When the system is unbalanced beyond the critical value 6fi2, the Fermi surfaces corresponding to 
the two fermionic species are too far apart and it is no longer energetically convenient to form Cooper's 
pairs; both homogeneous and inhomogeneous superconducting phases are disfavored with respect to the 
normal phase. 



The features that have been just described are summarized in the phase diagram 8. 1 Concluding this 
brief section, let us remark that the experimental evidence for the occurrence of inhomogeneous phases 
is still uncertain. 



8.4 Holographic unbalanced superconductor: Dual gravity setup 

In describing holographically the unbalanced strongly coupled superconductor we maintain an effective 
macroscopic attitude. Indeed, we consider a bottom-up approach introducing the minimal set of ingredi- 
ents able to reproduce the relevant phenomenological features of an s-wave unbalanced, unconventional 
(i.e. strongly coupled) superconductor in 2 + 1 space-time dimension^ The reason of choosing a 3- 
dimensional space-time is related to the fact that, as a general feature, high Tc superconductivity occurs 
in layered materials. 

In the dual, gravitational perspective, the bottom-up approach consists in working with effective 
low-energy approximations of a would-be full-fledged string model. Although we study systems before 
knowing whether they could be consistently UV completed, we nevertheless comment on the possibility 



of embedding our phenomenological description into a string theory setup in Section 8.8 

The bottom-up approach constrains us to work in the large N limit. Indeed, going beyond such 
limit and considering lower values for requires to consider string theory corrections^ Moreover, the 



as the wave-function of Cooper's pairs. The inhomogeneous phase is related to a "stationary wave" configuration and not to a 
"superfluid-hke" net flow of Cooper's pairs. 

' Even though in the introductory remarks we have frequently referred to the original AdS5/CFT4 correspondence, here we 
employ its lower dimensional counterpart AdS4/CFT3. 

'"As we are frequently referring to electrons and U(l) electro-magnetic interactions, one could be confused by the large A'^ 
hypothesis. Note however that the large TV SU(A'^) group supported by the D-branes in the bulk mimics the strongly coupled 
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lack of a precise stringy picture makes it difficult to account in detail for the microscopic content of the 
boundary theory. In other terms, we are able to give a description of the macroscopic observables of the 
CFT boundary theory without a detailed knowledge of the elementary degrees of freedom. As we will 
see, the phenomenological models are nevertheless able to describe qualitatively and quantitatively some 
interesting dynamical features at strong coupling which would be difficult (if not impossible) to study 
without the holographic tools. 

The simplest holographic model describing an unbalanced superconductor at strong coupling corre- 
sponds to the following Lagrangian densit>p] 



2Ki 



{y'yab - -J'^^'Fab - - igA^P - ^(1^1) 



(8.4) 



where F = dA and Y = dB are the two field- strengths and K4 is the AdS^ Newton gravitational 
constant. All the fields appearing in the Lagrangian density are dimensionless, they have been rescaled 
in order to collect the factor in K4 outside and the charge q is dimensionally an energy. The complex 
scalar ip is manifestly charged under A and neutral with respect to B. 

The Lagrangian density ( |8.4[ ) represents a simple generalization of the one proposed in II149[ 11501 
for the balanced superconductor. It admits the AdS^ solutiorp^of radius L where all the fields except the 
metric are zero. The finite temperature configurations correspond instead to black hole solutions which 
are still asymptotically Ad^j^ 

The simplest, non-trivial choice for the scalar potential V is 

Vm) = '^\M\ (8-5) 
where m represents the mass of the bulk scalar field if). More specifically, the choice we adopt is 

y(|V^|) = -2|^|2, (8.6) 

corresponding to m? = —^jl?. Notice that even though the squared mass is negative it does not 
correspond to an instability; the background we are considering is in fact AdS/^ and the mass value we 
have chosen is above the Breitenlohner-Freedman stability bound II151L 

^2^2 < -- . (8.7) 

dynamics of the dual medium. Our U(1)a and U(l) b currents arise instead from some other feature (such as flavor groups) of 
the would be string model, see Section S 



"One could consider more general kinetic terms for the field-strengths F and Y , namely 

- - ^A'(|7/.|)r"V,5 , (8.3) 

where H and K are functions of the condensate field 1/;. Since we are dealing with an effective theory, we could have functions 
depending on any power of ?/). The generalized versions would however correspond to non-minimal couplings between the 
scalar -(/) and the gauge fields. To take the simplest possibility, we are here concerned with the //(Ii/j]) = K{\il)\) = 1 case 
only. 

'^See footnote]?] 

'""This is true for all charged/uncharged, hairy or not solutions. In the holographic language, the AdS asymptotic geometry 
means that in the UV regime the boundary theory recovers the conformality. 
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As mentioned in II149L = — in our background corresponds to a "conformally coupled" scalar 
and it represents a typical value arising from string theory embeddings of the effective setupj^ As de- 
scribed in Appendix[F| the AdS/CVT dictionary relates the mass of the bulk scalar field to the conformal 
dimension A of the corresponding dual operator: 



A(A-3) = m^L^ (8.8) 



8.4.1 Backreacted bulk dynamics 



Now we enter into the systematic study of the dual (classical) gravitational problem. From the La- 
grangian (8.4i we obtain the following equations of motiorPl 



• Einstein's equation 

where the energy-momentum tensor is given by 



J-, dabR '^9ab l^p /o n\ 

^ab ^ £jr~~2 "-^^ 



Tab = -FacF\-YacY\ + -^gabF,dF'''+-^gabYcdY'^ 

+gabV{\^\) + gab\d^-iqA'4)\^ 

-[{dai^ - iqAaij){dbiJ^ + iqAbij^) + (a o b)] , (8.10) 



Scalar equation 



^ ^a[V^i^b^P-^qAh^P)g''']+iqg'''Ab{^a^P-^qAai^) + l^V\\^P\)=0, (8.11) 



V-9 2 
Maxwell's equation for A 

-L9„(V=ff5"V'i^fec) = iqg''[tl^\d,^P - iqA,^P) - iPidc^^ + iqA^iP^)] , (8.12) 



Maxwell's equation for B 



7^5,(7=55"V^nc) = 0. (8.13) 



We are interested in static and asymptotically AdS black hole solutions to the system of equations 
of motion; in accordance to this, the general ansatz we adopt for the metric is 

ds'^ = -g{r)e-^'^'^df + ^ + r'^{dx^) . (8.14) 



''*In particular, as an instance, it is possible to consider the truncation of M theory on AdSn x 5^ to A/" = 8 gauged 
supergravity. 

''To have the equation in the case with generic dimensionality we refer to |152| . 
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For the remaining fields we consider the following "homogeneous" (i.e. the functions depend only on 
the AdS radial coordinate and not on the spatial coordinates) ansatz: 

V' = ^(r), Aadx" = (pir)dt, Badx" = v{r)dt . (8.15) 

The "black" nature of the solution arises from the presence of an event horizon at r = in 
correspondence of the vanishing of the tt metric component, namely g{rH) = 0. Plugging the metric 
( |8.14| ) into the general formula for the black hole temperature we have derived in ( |6.22| ), we obtain 



T= . (8.16) 

47r 

Since A^, A^, and Ay are null, their associated Maxwell equations imply that the phase of the 
complex scalar field is constant; without any loss of generality, we can therefore take as a real quantity 
whose equation of motion is 



g r 2 J 2g g^ 



V'" + V''(^ + --^)-^ + ^^^=0, (8.17) 



In light of the assumed ansatz, the Maxwell equation for the temporal component of the gauge field A is 

\r 2 J g 

The remaining independent relations descending from Einstein's system are 

2 4:g gr gL'^ Zg Zg"^ 

X +r'ip + r ^ = , (8.20) 

Eventually, the equation for the temporal component of B becomes 

^" + ^'[1 + ^) =0- (8.21) 

Notice that if we force v{r) to vanish, we recover the standard holographic superconductor intro- 
duced in II150L In the last equations we have again dealt with a generic potential, but in the following 



developments we will adhere to the particular choice ( |8.5[ ). To simplify the formula we henceforth posit 
L = 1 and also 2k| = 1 as we are allowed by the scaling symmetries of the equation of motions, see 
IfBOl for details. 
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8.4.2 Boundary conditions 

We want to proceed in solving the system of equations of motion and, to this end, we need to consider 
an appropriate set of boundary conditions. Firstly, in order to obtain regular gauge field configurations, 
we have to impose that both the scalar potential and its B analog v, vanish at the horizon, ||150i 
Otherwise, we would have a non-trivial holonomy of the gauge fields around the imaginary time circle; 
in case of horizon collapse, this would lead to a singular gauge connection. Atr = rn, according to the 
event horizon definition, also the function g vanishes so, as a whole, we have 

(pirn) = v{rH) = g{rH) = , and ip{rH),xirH) constants. (8.22) 

In agreement with ( 8.22 ), we have the following near-horizon expansions 

i>Hir) = (pHiir - rn) + 4>H2{r - rnf + • • • , (8.23) 

(8.24) 
(8.25) 
(8.26) 
(8.27) 



•i'Hyi ) — HJHiyi — I H ) ^ VH2\i — I H ) T ■ ■ ■ , 

tpnir) = ipHO + ipHi{r - th) + il)H2{r - ruf + • 
XH{r) = xm + XHi{r - rn) + XH2{r - rnf + ■ 
9H{r) = gHi{r - rn) + gH2{r - rnf + . • • , 
VH{r) = VHi{r - th) + VH2{r - rnf + .... 



The computational strategy consists in solving the system term by term until we gather enough boundary 
conditions to "feed" the numerical computations. Notice that, from the near-horizon analysis, we find 
the presence of 5 degrees of freedom which parameterize the space of solutions: 

, V'HO , E(^A){rH) = (t)'{rH) , E^B){rH) = v' [rn) , Xm , (8.28) 

where we have denoted with E(^x^{rH) the "electric field" at the horizon associated to the gauge field x. 

Let us look at the same mathematical problem from the conformal boundary viewpoint. The param- 
eters at the horizon have a boundary counterpart. We choose 

m^L^ = -2 (8.29) 

which leads to the following asymptotic behavior for the scalar field ip, 

C C 

^(r) = 1 — - + ..., as r— )-oo, (8.30) 

where, as a consequence of the homogeneous character of our ansatz and the stationarity hypothesis, Ci 
and C2 are constants that do not depend on the coordinates of the physical space-time. The choice for 



the mass ( |8.29 ) led us to the asymptotic behavior ( |8.30| ) where the two leading contributions are both 
normalizabla^ we can therefore choose which between them plays the role of the source and which 



'*In the Lagrangian density ( |8.4[ l, the terms involving the scalar are quadratic. Remembering the metric factor detg 
which, according to \0.1\ behaves as for large r, the normalizable terms are those behaving asymptotically as r^" with 
a > 1. 
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plays the role of the VEV of the corresponding operator (see II153II '). We will consider Ci as the source 
and 

{O) = V2C2 , (8.31) 

as the operator representing the superconducting order parameter. In ( 8.31 1, the \/2 factor has been 
inserted to adhere to the usual convention, [,1501 . We furthermore put the source to zero, namely 

Ci = 0, (8.32) 

so that the presence of a non-vanishing expectation for O (i.e. C2 / 0) will correspond to a spontaneous 
breakdown of the gauge symmetr)p^ 

The vector fields at the boundary behave as 

(f){r) = /i— - + ... as r— )-oo, (8.33) 
r 

S p 

v(r) = 6fi as r— )-oo, (8.34) 

r 

where ix and 5^ represent respectively the chemical potential and the chemical potential imbalance and, 
similarly, p and 5p are respectively the charge density and its imbalance. Note that the quantities p. and 
p (or 5/i and 5p) are not independent and imposing from outside either the values of the p's or the values 
of the /i's corresponds to consider the canonical or grand-canonical description of the system. 

Eventually the fields g and x have the following asymptotic behavior: 

gir) = as r— )-oo (8.35) 

2r 

x{r) = + ... as r — )• cxD , (8.36) 

where we have imposed 

X ^ for r ^ 00 ; (8.37) 
this follows from the requirement of having an asymptotic AdS solution. 



8.4.3 Normal phase 

The normal phase is characterized by the absence of a non-vanishing expectation value for the conden- 
sate, so 

(O) = . (8.38) 

In the bulk, the solution to the gravitational problem presents a vanishing scalar field ip. The metric 
corresponds to a Reissner-Nordstrom-Ad54 black hole charged under both the gauge fields A and B; its 
metric is explicitly given by 

ds^ = -f{r)df + r\dx^ + dy^) + jj-^, (8.39) 
"The "spontaneity" of a symmetry breaking consists in the presence of an unsourced VEV for the breaking operator. 
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where the horizon radius rn refers to the black hole external horizon. The profiles of the solution for the 
gauge fields are 

Hr) = =/x-^, (8.41) 

v{r) = S^iU-'y^ =6fi-^ . (8.42) 



Repeating the analysis of Subsection 6.2.1 we have that the temperature for our doubly charged RN 
black hole is 

--^(--^)- 

From ( 8.43[ ) it is possible to express the horizon radius in terms of the thermodynamical variables of 
the system, namely 

TH = ^vrT + ^ JWtt'^T^ + 3(/i2 + 5fi^) . (8.44) 
3 6 

The AdS/CFT dictionary relates the free energy of the boundary theory with the on-shell value of 
the (regularized) dual action. This emerges naturally from the formulation of the correspondence which 
identifies the two generating functionals, see Subsection 6.2 In our model we have the following explicit 
expression for the free energy 

- = -"('"^^)- ''''' 



Notice that employing Equation ( |8.44[ ), the free energy thermodynamic potential can be expressed in 
terms of T, fi and alone. 

When the temperature is lowered to T = 0, the black hole solution becomes extremal and the 
degenerate horizon radiu^is obtained considering T = into ( |8.43| ), 

ir'S''^? = ^^iSf^' + ^^') ■ (8.46) 

The near-horizon geometry of the RN-j4(i54 black hole is AdS2 x R"^ where the radii of the two solutions 
are related as followj'^ 

= ■ (8-47) 

This observation about the near horizon geometry is important in the study of the stability that we perform 
in Section [1331 

At extremality, i.e. T = 0, the charge density imbalance is given by 



S,= J frills,, (8.48) 



Outer and inner horizons coincide at extremality. 



'See Appendixjjjfor details. 
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where it is manifest that 6p vanishes as 5 fx does so. This behavior is in agreement with the weak-coupling 
unbalanced superconductor phenomenologj]^ The susceptibility corresponding to the charge imbalance 
is given by 

Note interpreting the field B as associated to the "spin of the electrons" we have that dx represents the 
magnetic susceptibility. 



8.4.4 A criterion for instability and hair formation 



Following and generalizing the approach proposed in UllOII and 111541 . we can find a criterion for the 
instability of the normal, non-supercondcting phase at T = 0. Such criterion can be expressed as a 
condition on the parameters m, q and the "external" sources fi, 5fj.. We let the complex scalar field ip 
fluctuate on the extremal U(l)^-charged Reissner-Nordstrom-^dS background. Recall the equation of 



motion for ip (8.17i with background metric (8.39 1 and gauge fields given in (8.41 1 and (8.42 1 leading to 



the horizon radius ( 8. 



In the near-horizon analysis, the scalar equation of motion reduces to an equation of motion for a 
scalar field of mass rn'^fi(^2) E^^^^^ by the following relatiotj^ 



m 



■eff(2) 



m 



2g2 



1 + 



(8.50) 



on an AdS2 background (hence the pedex (2)) having radius given by ( |8.47 i. We recover an instability 
criterion asking that the effective mass ( |8.50[ ) is below the near-horizon AdS2 Beitenlhoner-Friedman 
bound, namely 

L2 , 1 

(8.51) 



r2 2 

-^(2)"^eff(2) 



leading to 



1 + 



6 "^eff(2) 



m? + 



< 



< 2g2 



(8.52) 



Notice that if < —3/2, the RN solution at T = becomes unstable for any value of the chemical 
potential ratio 6fi/ fi. The case we consider explicitly, m? = —2, refers to this situation. This observation 
implies that for mP' < —3/2 a superconducting phase developing non-trivial profile for ip is always ener- 
getically favored at T = 0. In other terms, for any value of the imbalance, we can have a superconducting 
phase if we lower the temperature enougr^ 



20 



We rely further on this in Subsection 



8.4.5 



^'To actually appreciate this, it is possible to repeat the same reasoning proposed in 11541 to the context of our generalized 
model containing an extra gauge field. 

^^A similar result emerged in the study of the instability of dyonic black hole charged both under an electric U(l) and a 
magnetic U(l), see IllOl . 
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Conversely, when m? > —3/2, the normal phase becomes unstable at zero temperature only if the 
following condition is satisfied 



2 <2q^—^-l. (8.53) 

Provided that Aq^ > 2m? + 3, we have in this case a bound on the imbalance above which the supercon- 
ducting phase is unfavored at T = 0. This is analogous to the Chandrasekhar-Clogston bound occurring 
in unbalanced weakly-coupled superconductor^^ 

Let us comment on the T = phase transition which is expected in the presence of a CC-like bound. 
Phase transitions at zero temperature aie driven by quantum fluctuations instead of thermal fluctuations 
and are accordingly named "quantum phase transitions". In our system, crossing a CC-like bound by 
acting on the 5^/ ^ ratio, would lead to a quantum phase transition; the peculiarities of this transition, 
and in particular the kind of phase transition, are however not clear a priori. An expected possibility is 
that the quantum transition associated to the crossing of the CC bound is of the Berezinskii-Kosterlits- 
Thouless (BKT) type (see 1 155] and [ 156 |). The BKT transitions are continuous transitions in which, as 
opposed to second order transitions, the order parameter vanish exponentially towards the critical point. 



Indeed, in II 1561 has been argued that a BKT phase transition can occur within a holographic context 
provided that the model possesses two "control parameters" with the same dimension. This is precisely 
what happens in our model; think to and /i if working in the grand-canonical picture or to p and 5p if 
adopting the canonical picture. 

A final remark is in order. According to the Mermin- Wagner theorem, no second-order phase tran- 
sition can occur within systems with 2 or less spatial dimensions. More precisely, in systems with d <2 
spatial dimension, with short ranged interactions and at finite temperature it is not possible to break 
spontaneously a continuous symmetry. In fact, the Goldstone modes associated to a hypothetic sponta- 
neous breaking would possess an infrared divergence and therefore the low-energy Goldstone quantum 
fluctuations would spoil the long-range order. In our treatment, we deal with a d = 2 system at finite 
temperature and, nevertheless, we refer to the scalar condensation as a "second order phase transition". 
It should be precised that this means simply that the transition is continuous and it possesses mean-field 
behavior (i.e. Landau critical exponents). In a holographic, large N context, the scalar condesation is 
associated to the bulk violation of the near-horizon Breitenlohner-Friedman bound; from the boundary 
theory perspective, the phase transition corresponds to the simultaneous condensation of N operators. 
This picture does not fit in the usual framework, the reasoning in terms of the Ginsburg-Landau approach 
and also the Mermin-Wagner theorem are not strictly appUcable to the holographic context. 

8.4.5 Chandrasekhar-Clogston bound at weak-coupUng 

Let us consider the T = and 5p <^ p behavior of the BCS superconductor. We expand the free energy 
Gibbs potential around 6p = Crjand look at just the first terms. 



n{5p) = 1^(0) + VL{Q)'5p + ^!^"(0)5/u2 + 0{5p^) . (8.54) 



^^So, rephrasing the previous result, for rn? < —3/2 there is no Chandrasekhar-Clogston-like bound. 
^'^In other words, we are assuming analiticity for the Gibbs potential in the grand-canonical ensemble. 
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Within the standard physical interpretation the number of particles is conjugate to the chemical potential; 
an analogous relation holds for the quantities accounting for the imbalance, namely 

do, d5n d'^VL 

6n = nu-nd = -^^, Sx = = -^r^ , (8-55) 

where 6n represents the "population imbalance" between spin-up and down electrons and 6x is the 
already mentioned "magnetic susceptibility" ( |8.49[ ). From the weak coupling BCS analysis, it is possible 
to show that the population imbalance corresponding to the normal phase at null temperature is given by 

(^n^""-™) r^pdfi. (8.56) 

This leads to the following explicit Gibbs potential in the normal phase at T = 0: 

J^(norm)(^^) ^ f)("°™)(0) - ^ppSfi^ • (8.57) 

Conversely, the superconducting BCS phase, again at T = 0, presents a vanishing population imbal- 
ance. The condensate, which we are assuming here homogeneous (i.e. non depending on the space 
coordinates and stationary), involves an equal number of spin-up and spin-down electrons. Indeed, any 
Cooper pair is composed by an electron of each kind. Correspondingly, the free energy expansion in the 
superconducting phase is 

J7(super)(^^) _ j^{super)(Q) , (8.58) 

which is analogous to stating that the gap parameter of the superconducting phase is independent of the 
imbalance 5fi. It is easy to compare the Gibbs free energies conesponding to the normal and supercon- 
ducting BCS phases for the same T = and 6^ <^ fi thermodynamical situation 

J](norm) ^^^^ _ j^(super) _ j^(norm) _ j^(super) _ Ip^^fi^. (8.59) 

This comparison is intended to study which phase is energetically favored. Relying on another BCS 
result, the difference between the free energies of the two phases at J/i = is accounted for by 

Q{norm) _ j^{super) ^ , (8.60) 

where Aq represents the zero-temperature gap parameter. At non-zero dfiwe have 

J](norm)(^^) _ J^{super) ^ 1^^^2 _ ^p^Sfl^ (8.61) 

We observe that the superconducting phase is favored whenever 

6p < 5pi, djii = — E . (8.62) 
This relation is known as Chandrasekar-Clogston bound. 
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Figure 8.2: Critical temperature dependence on the chemical potential mismatch. 



8.4.6 Chandrasekhar-Clogston bound at strong-coupling 



Repeating somehow the line of reasoning described in Section 8.4.5 and extending it to strong-coupling 
we can expect to find something analogous to the CC bound also in the strongly correlated regime. Let 
us start from the study of the Gibbs potential in the normal phase (i.e. the doubly charged RN-black hole 
solution). At T = and in the region of small 5^ of the phase diagram (more precisely 5^ <C (jl) we 
have the following expansion for the Gibbs free energy 

a;(5/.)«^(0)-^-^5^^ (8.63) 



The normal phase result should be confronted with its counterpart in the superconducting phase. How- 
ever, the solutions of our system in the presence of non-trivial condensate are not known analytically 
and, in addition, the zero-temperature limit of the superconducting phase, namely the ground state of the 
unbalanced superconductor, is uncleaip^ We have therefore to resort to numerical computations and, in 
this fashion, study directly the emergence (or not) of a condensate. 

The numerical analysis shows that, for our unbalanced system, the superconductive condensation 
occurs for any value of the chemical potential provided the temperature is low enough. The critical 
temperature value depends on Sfi and, specifically, for higher values of 5^, the condensation occurs at 
lower values of the temperature, look Figure [0| the qualitative behavior of condensation, instead, does 
not change varying the value of the imbalance. We have then not observed any Chandrasekar-Clogston 
bound. Actually, the presence of a CC bound would translate in an intersection between the critical Une 
and the Tc/r° = axis, i.e. Tc{dii*) = for a particular 5fi*. The behavior of the numerical results 



reported in Figure 8.2 suggests that the curve approaches the Tc/T^ = axis without intersecting it; if 



^^The determination of the liolographic dual of tiie superconductor ground state is a delicate question. We indulge on this 



interesting topic in Subsection 9.1 



130 



CHAPTER 8. HOLOGRAPHIC SPINTRONICS 




Figure 8.3: Figure taken from II109II . Experimental phase diagram of a high-Tc superconductor; SC 
indicates the superconductive phase while AFM denotes an anti-ferromagnetic phase. In the dashed box 
there is the line of Tc for the superconductor-to-normal transition at different doping levels. 



this extrapolation holds true for any value of Sfj, it implies that in our strongly coupled system there is no 
Chandrasekar-Clogston bound, namely 

Tc{5n) > , V ()> . (8.64) 
In Figure |8.3| is reported an experimental diagram taken from HI 091 where we put in evidence the line 



of superconductor-to-normal transition at different doping levels X. To draw the comparison with our 



result reported in Figure 8.2 the doping level has to be related to the chemical potential imbalance; this is 
natural if we consider doping with magnetic "impurities". Note that the experimental plot does not show 
neither exclude the presence of a Chandrasekar-Clogston-like bound. 



8.4.7 The condensate 



The numerical analysis focused on the characterization of the condensate emerges from a standard nu- 
merical study of the system of equations of motions of the dual gravitational model. We underline that 
the results hold for strictly positive values of the temperaturer^ 



Plugging the exphcit metric ( |8.14[ ) into the formula for the temperature ( |6.22| ) and using the near- 
horizon expansions for the fields we find the following expression for the temperature, 



rH 



167rL2 



(12 - 2m2vI/2)e-xo/2 _ ^2 j^^J 



oXo/2 



=Xo/2 



(8.65) 



We refer again to Subsection 9.1 
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Figure 8.4: Condensate as a function of temperature for /i = 1 and q = 2; the plots refer to three 
different values of 6fj,, namely (from right to left): 0, 1, 1.5; notice that as the mismatch increases, the 
critical temperature decreases. 



We adopt the definition of the condensate (already given in (8.31 1) 



{0) = V2C2, (8.66) 

so we study the near-boundary behavior of the scalar field from which we extract the coefficient C2 and 
then (O). 

For small values of the chemical potential mismatch, namely for 6fi = 0.01, and for different 



values of the external charge parameter, we recover results which are in agreement with II150L The 



qualitative shape of the condensates as the temperature is varied (see Figure 8.4.7 1 is again similar to 
the profiles one recovers from a BCS approach to the standard superconductor. We have also computed 
the condensate profiles for higher values of the chemical potential imbalance finding qualitative similar 
results. As a general observation, in accordance with the intuitive expectation that the imbalance hinders 
the condensation, we have that for higher chemical potential mismatch the critical temperature at which 
superconduction occurs is lower. Though, the dependence of Tc on 6fi is not linear and has been already 



depicted in the "phase diagram" of Figure 8.2 From the viewpoint of the hologrpahic model at hand, 
let us notice that the bigger is the imbalance the bigger is the effective mass ( |8.50| ); then, for bigger 
values of 6 fi/fi the condition for instability, though always satisfied, is met with a smaller margin. This 
intuitively leads one to think that the T = doubly charged RN is less unstable for bigger imbalance 
and the condensation requires a lower temperature. 



8.4.8 A look to the "unbalanced" gravitational solutions 



In the Section 8.5 we will perform a detailed study of the fluctuations around the solutions of the grav- 
itational system. Prior to this, it is useful to have a direct look at some features of the background and 
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Figure 8.5: Background fields for = 1, T ~ 0.027 and 5fj, = (solid), 5fi = 1 (dashed) and 6fi = 3 
(dotted). At z = there is the conformal boundary while at z = 1 there is the black hole horizon. 
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then we will let it fluctuate. In Figure 8.5 we have the plot of the field profiles at fixed /x = 1, fixed 
temperature T ~ 0.027 but varying 6fi. For the sake of computational convenience, we have defined the 
new dimensionless radial coordinate 



r 



(8.67) 



and adopted the following field redefinitions 



qi{z) = ^ V(^) (8.68) 
z 

2 

h{z) =g{z)-^ (8.69) 

Z'^ 



In the plots of Figure [83j the solid lines refer to 5^ = 0, the dashed lines to = 1 and the dotted lines 
to 5^ = 3. For 5jjL = Q and Sji = 1 the system is in the superconducting phase, while for 5/i = 3 it is 
in the normal phase; actually this can be guessed already from the plots noting that, for 5^ = 3, the ^ 
profile is null. More precisely, from ( |8.30| ), ( |8.31| ) and ( |8.68| ) we have that the condensate is related to 



the first derivative of the field ^ at the boundary, z = 0; for the dotted line, the derivative of ^ at the 
boundary appears indeed vanishing. 

At the boundary the value of 4> represents the chemical potential /i which we are holding fixed to 1; 



u(0) represents instead 5^ that, in the plots of Figure 8.5 assumes the values 0, 1 and 3. Note that being 
the scalar field ^ charged with respect to the gauge field A (whose time component is denoted with (j)) 
and uncharged with respect to B (whose time component is v), we have that the shape of the profile 
is appreciably affected by the presence of while v (even though we change the boundary condition) 
preserves apparently the same qualitative linear shape. For = we recover the balanced holographic 
superconductor of lll50iF ^ 



As an aside comment to the numerical computations, it should be underlined their delicacy. The nu- 
merical solution of the system of equations of motion and the employment of the shooting method (see 



8.5.2 1 can result in quite cumbersome and lengthy numerical evaluations. In many cases the process ap- 
pears not to converge within a lapse of time compatible with work necessity (or Ph.D. student patience). 
In order to obtain a solution having a specified set of values for the thermodynamical quantities (a given 
temperature and chemical potentials), it is generally sensible to move away varying step by step the pa- 
rameters of a configuration on which the computation has already proved to be "convergent" instead of 
finding a new "converging" setup presenting the desired thermodynamic characteristics. In other words, 
to explore the configuration space is usually convenient to move "slowly" in parameter space in order to 
avoid waste of time and to maintain the situation as under control as possible. In fact, the step-by-step 
approach allows us to compare the result we find with the result that has been just found at the previous 
step; we can thus monitor against possible troubles arising in the numerical computations. 



^'Even though the paper 11501 does not show the background exphcitly, the code used by the authors is available on-line on 
Herzog's personal web-page. 
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8.5 Fluctuations 



So far we have considered exclusively the thermodynamics of our system. Let us now turn the attention 
on some of its out-of-equilibrium characteristics, in particular its transport properties. The study of the 
transport features of the system emerges from the analysis of the linear response to variations of the 
external sources. Of course, the validity of the linear response approach requires the source variations to 
be "small"; quantitatively, the terms beyond the linear one have to be neglectable with respect to it. The 
coupling of the boundary theory with an external source is encoded in the action with a generic term of 
the following form, 

' d^x J'^A^f) , (8.70) 



where D is the dimensionality of the boundary, the space-time index fi runs over {0,1, .., D — 1}, J'^ 
is the boundary operator representing the current that is associated to the source A|f ^ . The holographic 
prescription (usually referred as holographic dictionary) relates the source term A^j*^ to the boundary 
value of the corresponding full-fledged bulk gauge field A^. Therefore, a small variation of the source 
corresponds, in the dual gravitational picture, to a small variation of the associated dynamical gauge field 
boundary condition. At the classical level, the study of the bulk system for small boundary variations 
consists in the analysis at linear order of the fluctuations of the bulk fields around the background values. 



We follow the lines described in II150II : we consider a monochromatic solution ansatz, i.e. a time 
dependence for all the fluctuating fields of the type e"^*. Let us consider the linearized Einstein and 
Maxwell equations associated to the vector mode fluctuations along the x direction^ 



A'^ + 



x_ 

2 



-9tx + -9tx 
r 



(8.71) 



2 



-9tx + -9tx 
r 



(8.72) 



9'tx 



-gtx + (p'A^ + v'B^ = 



(8.73) 



Here the prime represents the derivative with respect to the bulk radial coordinate r. Notice that, since 
we consider the linearized version of the equations of motion, we are introducing an approximation in 
our computations. The justification is that, as the boundary perturbations are small, the perturbed fields 
remain close to their background value; higher-order terms in the fields within the equations of motions 
are then negligible. 



Substituting ( |8.73| ) into ( |8.71| ) and ( |8.72| ) we obtain: 

9 V5^^ 

,2 



A''+ 



9 



A, - ^e^ [B,v' + A,<p'] 



B''+ 



X_ 
2 



B'x + 



9^ 



B^--e^ [B^v' + A^ 



(8.74) 



(8.75) 



^"^Because of rotational invariance, the choice of x direction does not spoil the generality of the treatment. 
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In this way we can deal with two (coupled) equations in which the metric fluctuations do not appear. 
Observe, however, that the substitution has led to a system of equations in which the two gauge fields A 
and B are mixed, in fact they appear in both the equations. It is important to underline the role of the 
metric in such mixing, indeed, in the probe approximation (where metric fluctuations are neglected) no 
mixing between the different gauge fields occur^^ 

In analogy to what we have done in dealing with the background, we perform a change of variable 
for the bulk radial coordinate r to z = ^ where rn is the black hole horizon position. Moreover, we 



adopt the field redefinitions ( |8.68| ) and ( |8.69| ); we then rewrite the fluctuation equations for the two gauge 
fields, 



a:{z)+k{z) 



X'iz) 



2r2 



z^h'{z) 



+ A^{z) 



H 



z{r'jj- + z'^h{z)) 



+ B^{z) 



rjj + z'^h{z) \rj^ + z^h{z) 

rfj^ + z'^h{z) 

2rjj - z^h'{z) 
z{r'jj + z'^h{z)) 
( e^(^)w2 



(8.76) 



AJz 



B.iz) 



z^e>^^'^(p'{z)v'{z) 
r'jj + z'^h(z) 



' H 



rjj + z'^h{z) + z'^h{z) 



(8.77) 



BJz 



22gX{2),/2 



v'\z) 



H 



''h{z) 



A.{z) 



z^e^(^)y'(^z)(j)'iz) 
rjj + z'^h{z) 







The reason why we are using this rewriting for the fluctuation equations is that, for the background 
computation, the introduction of the z radial coordinate and the functions h and ^ were particularly 
convenient. As the study of the fluctuations relies on the background computation, it is better to stick to 
the same definitions. 



In order to solve ( |8.74| ) and ( |8.75[ ), we assume the following near-horizon behavior ansatz for the 
fluctuation functions: 



Ax{z) 
B,{z) 



{l-zr'^ [ao + ai{l-z) + ...] 
[bo + h{l-z) + ...] 



We expand term-wise ( |8.74[ ) and ( |8.75| ) in the proximity of the horizon, i.e. z 
contributions behave as 

1 



{1-zy 



(8.78) 
(8.79) 

1 ; the most divergent 
(8.80) 



8.7 



In the full backreacted 



We describe the probe approximation for the holographic unbalanced superconductor in Section I 
case, it is inconsistent to neglect the metric (vectorial) fluctuations as they are coupled with the fluctuations of the gauge vector 
fields through the Einstein equation [8.73| In the probe approximation, the field A is regarded as a perturbation of the background 
while B belongs to the background itself; so, in this approximated case, the problem of studying mixing between A and B 
fluctuations is ill-posed because the background is assumed by definition to be fixed. 
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Imposing that at this level (8.74i and (8.75) are satisfied determines the value of a. We find two opposite 



possibilities that we call Og. Since the differential equations we are solving are linear, we can consider 
the solutions obtained combining the two possibilities we have found for a, namely 



A^iz) =4+)(z)+4-)(z) 
B^iz) = B^+\z) + B[-\z) 



(8.81) 
(8.82) 



where 



Af^ {z) = (1 - zr^'^'^ [4^) + af\l -z) + 



B^^\z) =(l-z)-^"- h'^> + hr{l-z) + 



v{±) 



(8.83) 
(8.84) 



As the system shows two second-order differential equations, we need to impose 4 initial conditions to 



determine one particular solution. Let us fix the values of the coefficients Cq^^ and b""^' , in particular, 



since we want to consider just the ingoing wave, we set Oq ^ and ' to zero (more comments on this 



choice are given in Subsection 8.5.1 1. Hence, all the terms labeled with (— ) are consequently vanishing; 
we henceforth simply ignore their existence. 

In the literature of holographic superconductors, the constant term in the near-horizon ansatz for 
the fluctuations is usually chosen to be equal to 1. In the case of only one gauge field A, the Maxwell 
equation in the bulk has, in fact, a scaling freedom for the gauge field; in the holographic framework, the 
physical quantities that, like correlation functions (and then conductivities), emerge essentially from the 
ratio of coefficients in the near-boundary expansion of the bulk gauge field, are completely insensitive 
to the rescaling of the gauge field itself (indeed it affects the numerator and the denominator in the 
same way). Our two-current model enjoys an analogous symmetry with respect to concurrent scalings 
of both fields A and B but it is sensitive to their ratio; consequently we cannot scale the two gauge 
fields independently. As we will see shortly we have to consider carefully this point in order to correctly 
compute the transport properties of our system. 



8.5.1 Ingoing/Outgoing solutions 

The fluctuation equations we obtained assumed that the fluctuation fields depend "harmonically" with 
respect to time, i.e. as e"^*. Let us focus on the fluctuations of the field A, keeping in mind that the 
same argument could be repeated analogously for B. Notice that in the linearized Maxwell equation 



( |8.71| ) the time derivative appears only quadratically, therefore we are here insensitive to the sign of u. 
Moreover, the time oscillating factor e"^* can be collected outside and disregarded. In the linearized 



Einstein equation for the metric component gtx, (8.73 1, there is no time derivative at all. The fluctuation 



equation ( |8.74[ ) obtained from the composition of the ( |8.71[ ) and ( |8.73| ) is therefore insensitive to the sign 
of U). 

Our solution ansatz for the fluctuation equation near to the horizon behaves like: 



(1 



'{aQ + ai{l- z) + ...) . 



(8.85) 
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In order to see in which direction along the radial coordinate the "wave travels" let us compare its value 
(close to the horizon) at two different times: 



Taking the logarithm we get 



gi(^t (1 _ zy°^ ~ e"^' (1 - . (8.86) 



t' - t 

ln(l - z)- ln(l - z ) = . (8.87) 

a 



Using again the near-horizon assumption (i.e. expanding around z = 1) we obtain: 

z' -z 1 



t' -t a 



(8.88) 



We notice therefore that the sign of a coincides with the sign of the wave propagation speed along the 
radial direction. Remember that the horizon is at z = 1 and the boundary is at z = 0; going towards 
bigger values of z means going towards the black hole. A positive a corresponds then to a wave traveling 
towards the center of the black hole, i.e. an ingoing wave. 

It is important to distinguish between ingoing and outgoing solution because of the prescription we 
employ to compute holographically correlation functions for a Minkowskian boundary theory. Indeed, 
to compute Minkowski retarded Green's function for the CFT boundary model we follow the recipe 
advanced in 1115711 and, according to the prescription, in order to study the CFT causal linear response 
one has to consider the ingoing fluctuation solutions. 



From the general near-horizon ansatz ( |8.85| ), we have that the fluctuation solutions approach in the 
vicinity of the horizon a constant value for their modulus (related to the first coefficient in the expansion, 
i.e. ao) whereas, at the same time, present a divergence in the phase. Let us notice however that from 



( 8.88 1 the wave propagation speed is related to the exponent a and then, in the near-horizon limit, it tends 



to a constant finite value. 



8.5.2 Shooting Method 

In numerical analysis, the shooting method is a method for solving a boundary value problem by reducing 
it to the solution of an initial value problem. Let us try to clarify by means of an example. 

For a boundary value problem of a second-order ordinary differential equation, the method is stated 
as follows. Let 

y"{t) = f[t,y{t),y'{t)]- y{to) = yo ; vih) = yi (8.89) 
be the boundary value problem. Let y{t;a) denote the solution of the initial value problem 

y"{t) = f[t,y{t),y'{t)]; y{to) = yo ; y'{to) = a (8.90) 

Define the function F{a) as the difference between y{ti; a) and the specified boundary value yi 

F{a) = y{ti-a)-yi (8.91) 

If the boundary value problem has a solution, then F has a root, and that root is just the value of y'(to) 
which yields a solution y{t) of the boundary problem. 
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8.6 Conductivities 

The conductivities encode tiie linear response of the superconductor to perturbations of the external 
sources. We consider only perturbations with zero momentum, i.e. trivial spatial dependence on the 
space coordinated^ Exploiting rotational symmetry on the x — y plane (i.e. the spatial sub-manifold of 
the boundary), we can concentrate on the excitations and currents along the x direction without spoiling 
the generality of the treatment. 

The conductivity computations via holographic means are quite a standard procedure. The novelty 
of our analysis consists in the concurrent presence of two gauge fields and their consequent mixing. 
The two gauge fields correspond to two U(l) gauge groups that through the AdS /CFT correspondence 
"source" two currents in the boundary theory. In this sense, our model could furnish the strong-coupling 
generalization of the two-current model proposed by Mott, and the mixing effects of the two currents 
are then read as spintronic features. The two-current model refers to spin-up and spin-down electron 
currents flowing through a metallic ferromagnet, we will oftentimes borrow the intuitive language of 
condensed matter systems. It is appropriate to keep in mind however, that the model can have a larger 
relevance and some of its features are completely general and not restricted to the condensed matter 
context. The condensed matter interpretation is both interesting per se as a way to investigate the physics 
of real unconventional superconductors and as a source of intuitive insight of the holographic system 
at hand. At the outset it should be mentioned that adopting the term "holographic superconductor" we 
do not claim that all the holographic results have a clear and definite interpretation in terms of features 
of real superconductors; nevertheless, the holographic framework offers an innovative environment in 
which crucial properties at strong-coupling can quantitatively studied. More details on weak and strong 
points of the holographic description of superconducting systems will emerge in the analysis. 

The boundary value of the bulk gauge field A is interpreted as the electric field source or the electric 
external field Ea in the boundary theory. It provides the so-called electro-motive force, namely the 
force acting on electrically charged objects. The external electric field induces a corresponding electric 
current J a through the medium and such response is accounted for (at the linear level) by the electric 
conductivity a a- However, this is not the only effect we can obtain when exciting Ea', indeed, in general, 
we can produce a spin current as well. This happens whenever the system reacts asymmetrically, that 
is, spin-up and spin-down electrons behave somehow differently, and there is therefore a net transport of 
spin in response to an external electric perturbation. We describe this electric-spin effect at linear order 
with the mixed conductivity ^ba encoding a spin current response to Ea- 

The converse possibility is of course possible as well. When we excite the boundary value of the 
gauge field B we source a spin-motive force accounted for by the spin field Eb- This external field acts 
directly on the objects with spin producing a spin current proportional to the spin-spin conductivity gb 
but it could also, in general, induce an electric current. We have again an "off-diagonal" component of 
the conductivity, namely '-^ab- 

As we consider the possibility of mixed effects, it is natural to express the conductivities in a matrix 
form. Let us add to the picture also the thermal effects, namely the thermo-electric and thermo-spin 
linear response of the system. The relevant thermal quantities are the temperature gradient, which plays 



'We will comment about the finite-momentum extension (which constitutes a future research direction) in Subsection 



9.3 
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the role of the thermal external source, and the heat current flowing through the system. Again, the 
temperature gradient sources a heat flow proportional to the thermal conductivity k but, in general, it 
yields also electric and spin transport. Let us write expUcitly the conductivity matrix, 

aT kT /3T I • I 1 . (8.92) 




7 f^T as 

Following Onsager's argument (see appendix [L]), the symmetry of the matrix is a general feature of the 
response functions of the systems having time-reversal invariant equilibrium states. Indeed, we defined 

lAB = IBA = 7- 

Let us observe that the two gauge fields A and B are not directly coupled in the bulk Lagrangian. 
However, their fluctuations are coupled through the non-trivial fluctuations of the geometry; so the A 
and B mixing is mediated by the metric. When we excite A and B, we look at vector fluctuations, i.e. 
fluctuations possessing a spatial indexp^ such perturbations mix with the metric vector perturbations. As 
both electric and spin currents carry momentum, they are naturally related to the Ttx component of the 
energy-momentum tensor describing the flow of momentum and energy through the system. Ttx is then 
both sourced directly by a temperature gradient (encoded holographically in the vector perturbation of 
the metric component gtx, see Appendix |N]) and also whenever there is momentum transport sourced by 
electric or spin motive forces. 

From the study of the fluctuations we have that the near boundary behaviors of the fluctuating bulk 
fields are given by the following asymptotic expansions: 

Axir) =4°^ + iAi') + ..., (8.93) 
Bx{r) = ^(0) + l^i.') + ... , (8.94) 
9tAr) =r^9S'-lgi^ + .... (8.95) 



The solution of the Einstein equation for the fluctuations of the metric (8.73 1 can be then expressed as 



so that 

9^ = ^4°^ + • (8.97) 

Substituting the Einstein equation into the Maxwell equations for the fluctuations of A and B, we 
find a system of two mixed equations ( |8.74[ ) and ( |8.75| ). Here the metric does not appear explicitly any 



(0)^ r ^'^x + v'Bx 



longer; using the notation introduced in the near-boundary expansions ( |8.93| ), we assume the following 
linear ansatz 

A^^) = i uaAA^^^ + i ujjBi^^ , Bi^'> = i u-fA^^'^ + i ujasBi^'^ , (8.98) 



^'Remember that we stick to the x direction exploiting spatial rotational symmetry. 
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Notice that, as already mentioned, the mixed conductivities are equal and denoted with a single symbol 



7; furthermore, as it will be clearer in the following, the coefficients in ( |8.98| ) are proportional to the 
spin-electric conductivities. 

As it is standard in field theory, the linear response to perturbations of the generic external source 
(p^ is encoded in the corresponding current J"- and given by the associated retarded Green function (see 



Appendix K. 1 1 



where we are understanding that we have the following source/current term in the action 



(8.99) 



(8.100) 



The Green functions Gr (or retarded correlators) are proportional to the corresponding conductivity and 
can be computed in the holographic framework by studying the on-shell action of the gravitational dual 
system. Since we aim at the computation of the linear response of the boundary system we have retained 
just the linear part of the equations of motion. We then consider the on-shell action up to quadratic terms 
in the fluctuation fields. The on-shell bulk action can be completely expressed in terms of contributions 
coming from the boundaries of the bulk base manifold. In order to do so, we must use the equations 
of motion for both the background fields and for the fluctuation fields. We have the following explicit 
expression for the on-shell bulk action 



So. 



s. 



-e ^ AxA„ 



gtxgtx + 



1 



X 



2 

9tx 



(8.101) 



Note that we have just contributions coming from the upper radial limit Too; the contribution from the 
horizon corresponding to the lower radial boundary at r = r^, vanishes because both the background 
field g and the vector fluctuations gtx are null at the black hole horizon. Furthermore, all the fields are 
supposed to be vanishing at "spatial" and "temporal" infinity, i.e. when either x, y or t tend to plus or 
minus infinite. 



The on-shell action ( |8.101| ) is divergent for roo — )• 00, its divergence being related to the divergent 
volume of AdS space. To cure such divergence we apply the holographic renormalization procedure that 
consists in regularizing the action with the introduction of appropriate counter-terms and than taking the 
limit of Too — ?• 00 of the regulated action. 

The (standard) holographic renormalization procedure involves the introduction of the following 
three counter-terms (look at II1501I158TI and references therein): 



s, 



G.H. 




and 



L 



(8.102) 
(8.103) 

(8.104) 
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The term ( 8.103 1 is usually referred to as the Gibbons-Hawking boundary term (firstly introduced in 
II159I ): g is the metric induced on the 3-surface consisting in a shell of constant radius and the scalar 
K represents the extrinsic curvature. The counter-term ( 8.104 i represents a boundary cosmological 
constanj^and the metric g^o is the "boundary metric", i.e. the metric induced by the bulk metric g on 
the asymptotic surface r = r^o with Too — )• oo, namely 



goo = lim g{r). 

r— >oo 

Explicitly, the metric induced on a radial shell is given by 

ds"^ = -g e'^dt^ + [dx^ + dy^) + gtx {dx dt + dt dx) 
The extrinsic curvature i^T of a surface r = const is defined as 

K = g^'^V^n, , 



(8.105) 



(8.106) 



(8.107) 



where g'^'^ is the full metric (as opposed to g'^'^) and n'^ is the outward unitary normal vector to the 
surface. Since it is defined to have unitary norm, the explicit expression if the normal vector n in the 
coordinate system t, r, x, y is 

= {0,1/ ^.,0,0) . (8.108) 



As explained in Appendix [Oj being the extrinsic curvature ( |8.107| ) a covariant divergence, it can be 
rewritten in the following way 



K = g^^Vf^n, 



The regularized action is then: 



1 



gn^) 



1 



: dr 



-g 



Sreg = Sq.S. + + Sq.H. + Sx . 

As anticipated, we want to analyze the term of Sreg which, in the limit r 
fluctuations. 



Squad — 



eg 



(8.109) 
(8.110) 

oo, is quadratic in the 
(8.111) 



From the study of the solutions of the background and fluctuation equations of motion we obtain the 
near boundary behavior of the fields^ 



9 

X 



r 

L2 

1 



2r 



+ 



(8.112a) 
(8.112b) 
(8.112c) 



Notice that this term does not contribute to the part of the action which is quadratic in the fluctuating fields; we mentioned 
it for completeness' sake but we will not analyze it further. 

Remember that we are working in the case t/)'^' = 0; the same formulae can be found in 11501 . 
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and of their derivatives 



g 

X 



2r eL^ 




1 



Eventually the quadratic action can be expressed as follows 

Squad = J d^x (^A^^^ A^^^ + -B'^^B^^ — 3g^J g^J — -g^^ 



(0)„{0) 

ytx 



(8.113a) 
(8.113b) 
(8.113c) 

(8.114) 



with Bi^\ g^J given in ( 8.97 ) and (8.98 1. The details are given in Appendix [o| 

The entries of the conductivity matrix can be computed enforcing the holographic relations 

^ Squad 



J' 



5Af 



J 



B 



58, 



quad 



where the following relations are to be employecj^ 

= ioj{Af + ^,gfj) , = ioj{Bf) + 5^ig 

We can thus get 



(0)x 
tx I 1 



VxT 



■ (0) 
^^9tx 



mYL(")-RW-n ' 



iBi'\ 



^ A. 



(o)_R(0)_r, , 



(0) is,^:;^=Br=o 



aT 



as well as 



i B 



(1) 



(TB 



iO)_.{0)_ 



J' 



I3T 



''Details are given in Appendix N 



Q 



{0)_ .(0)_ 



i , 



=0 ' 



=0 ' 



E^'gl 



(0)_ .(0)_ 



i6p 



5fiaB - IJ^J ■ 



(8.115) 
(8.116) 
(8.117) 

(8.118) 



(8.119) 



(8.120) 
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Figure 8.6: Relative uncertainty on tlie computation of the real and imaginary parts of as as functions 



of the parameter t] defined in (5.24i. 



The off-diagonal conductivity 7 can be computed in two independent ways 

This possibility offers a non-trivial check for the numerical results. The test has been successfully passed 
by our numerics. 

Eventually, we find that the thermal conductivity is given by 

kT = — {e+ p — 2fj,p — 26fi5p) + ctaM^ + ctbS^^ + , (8.122) 

id 

where the term in the pressure p = e/2 has been introduced to account for contact terms that have not 
been directly considered in the computations (see Herzog's review in II107I ). 

In order to compute a specific entry of the conductivity matrix we have to "excite" the corresponding 
source fixing the other sources to zero. The holographic dictionary relates a source to the boundary term 
of the corresponding field; all such boundary fields must be put to zero except the boundary field whose 
response we are interested in. To achieve this we have to choose the appropriate horizon conditions such 
that at the boundary we have all the other sources to zero; this could be done by means of the shooting 



method (see Subsection 8.5.2 1 



It is possible to compute the conductivities (at VT = 0) with an alternative method, namely we 
consider the following equations 

= (JA^^ + 7^^ , = aBE^ + -iE^ (8.123) 



for different arbitrary values of the horizon boundary conditions (i.e. cq and 69 of ( |8.83| )) in order to 
obtain enough equations to determine the three conductivities aA, ctb and 7. Since we are choosing 
arbitrarily the horizon condition (which would correspond to various physical sources configurations), it 
is required to test the stability of the results upon different choices of the horizon terms. This has been 
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Figure 8.7: The real part of the electric conductivity for 6fj,/ fj, = 0, 0.8 (left plot, right plot) at Tc (dashed 
curves) and T > Tc (solid curves). 



done systematically and the conductivity results proved stable; let us quantify this defining the following 
parameter 



V 



(8.124) 



where the labels (1) and (2) indicate two different arbitrary choices of the horizon termj^ The conduc- 
tivity (we present the results obtained for as) has proved to be stable over a range of (at least) two orders 



of magnitude, see Figure ( 8.6 1. 



8.6.1 Normal-phase conductivities 



The normal phase of the holographic model under study can be interpreted as describing a strongly 
coupled "forced" ferromagnet (see UllOII ). The attribute /orcet/ is opposed to spontaneous, indeed in our 
model the "spin" density represented by 6p is induced by the presence of an non- vanishing 6^ accounting 
for an external magnetic field. 



We report in Figure 8.7 the plots of the real part of the optical, electric conductivity (ta{^) for 
different values of the imbalance and different temperatures. The frequency uj is dictated by the external 
field fluctuations. The dashed lines represent the critical curves at T = Tc. The solid lines refers 
instead to progressively higher temperature, where the constant behavior is reached at high T. This 
characteristic emerges in the holographic context in relation to the electro-magnetic duality of the 4- 
dimensional Einstein-Maxwell theory defined on AdS^, see II160I . We further comment on this constant 



behavior (occurring for tj/T » 1 and at any temperature value) in Subsection 8.6.6 



As the temperature is decreased, the conductivity is more and more depleted in the small frequency 



region. The imaginary part of a a (see the right plot of Figure 8.20 to appreciate its qualitative behavior) 
has a pole at io = 0; this corresponds (via a Kramers-Kroning relation, see Appendix K.l i to a delta 
function for Re[(Tyi] at the same point (the solid line at co/T = in our plots). The delta function at zero 



""The test has been actually perfoimed holding Oq^' — a, 



,(2) 



(2) 

fixed to 1 and letting ' vary 
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Figure 8.8: The real part of the "spin-spin conductivity" ub (left) and of the "spin conductivity" 7 (right) 
for 6fi/fi = 0.8 at Tc (dashed curves) and T > Tc (solid curves). 



frequency (in the normal phase) is completely produced by the system translation invariance; in fact, 
in charged media, a DC external field causes an overall uniform acceleration (instead of a stable drift 
speed), and then an infinite DC conductivity]^ 

The left plot in Figure 8.7 refers to the balanced case and reproduces the results of UlSOi The plot 



on the right instead refers to an unbalanced case; we se that, even though the qualitative shapes are the 
same as the balanced setup, the low-frequency region of depletion manifests different characteristics. 
In particular, the pseudo-gap is shallower and, correspondingly, the amplitude of the DC delta function 
is smaller. Recall also that for the unbalanced case the critical temperature is smaller than its balanced 
counterpart. 

Let us turn the attention on the "spin-spin" optical conductivity, that is (7b(<^). In the balanced 
= case its real part is a constant because the system does not contain a net overall spin and its 
imaginary part is vanishing at any frequency. The unbalanced case, instead, presents a. a 3(^0) which is 



qualitatively similar to aA{oj), see Figure 8.8 For / also the "spin-spin" conductivity has a DC 
delta and a corresponding depletion region for small uj. These are not surprising features: essentially we 
obtain the conductivities from the near-boundary study of the gauge field fluctuation equations of motion 



( |8.74[ ) and ( |8.75| ) which, in the normal phase (i.e. -ip = 0), are symmetric with respect to the substitution 



(8.125) 



This symmetry translates in the following relation between the conductivities 

CTA ^) = o-B ^) , (8.126) 



A comment about the depletion: because of a Ferrell-Glover-Tinkham sum rule, the area under the curves representing 
the real part of the conductivity must be constant at different temperatures; the development of a delta function at oj = is 
therefore compensated by a depletion of the conductivity at small frequency. 
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Figure 8.9: The real part of the thermo-electric conductivity aT (left) and of the "spin-electric" conduc- 
tivity /3r (right) for Sfx/iJ, = 0, 0.8, 1.6 (dotted, dashed and soUd lines respectively) at fixed temperature. 



that we have tested also numerically with an 0(10^'^) accuracy at least. From ( 8.126 ) we have that the 
behaviors of a a and as with respect to the ratio 5fi/fi are opposite. Observe that Equation ( |8.126| ) in 
the particular case 6fi = it/x, namely a perfectly polarized configuration where the spins are all oriented 
in the same direction (in our conventions we have respectively all "spin-up" for + and all "spin-down" 
for — ), states that the electric (aA) and spin (o"b) conductivities coincide. This happens because we 
have normalized the "spin" and electric charges of the electron both to one and therefore, in a perfectly 
polarized case, a charge flow corresponds always to an equally intense spin flow. 



Relation ( |8.126| ) is one among other relations connecting the various components of the conductivity 
matrix; these descend from symmetry characteristics of the system of fluctuation equations. We will 
further rely on these relations in Subsection 8.6.6| where we parametrize the conductivity matrix in terms 
of a single w-dependent function /; this possibility suggests an interesting interpretation in terms of a 
mobility function for individual carriers (see Subsection|8.6.6|). 



The behavior of the mixed conductivity 7, plotted in Figure 8.8 (on the right), has again a qualitative 

shape similar to the cr's; note however that it presents negative values and, for large u, it saturates to 
IT 



zerq [ Eventually, Figure 8.9 contains the thermo-electric and-spin-electric conductivities. Obviously 
at = there is no spin transport and the spin-electric conductivity is vanishing on the entire range of 
Lo; apart from this feature, a and /3 behave similarly and, in particular, they are always negative. 



8.6.2 Superconducting-phase conductivities 

The overall qualitative behavior of the real part of the optical conductivities in the superconducting case 
(Figure 8.10 and Figure 8.11 1 appears, at a first sight, very similar to the normal-phase plots. The main 
and crucial difference relies in the amplitude of the uo = delta function; we will analyze systematically 
this point in Subsection 8.6.4 Let us note, however, that the low-frequency behavior appears to be "more 
structured"; the new features such the inflection points, have no clear interpretation but, in general, can be 
thought of to be consequences of the presence of a new scale (and therefore different regimes) introduced 



comment of negative values for mixed conductivities is given in Appendix 
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Figure 8.10: The real part of the electric conductivity for 6fi/fi = 0,0.8 (left plot, right plot) at Tc 
(dashed curves) and T < (solid curves). 
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Figure 8.11: The real part of the "spin-spin conductivity" as (left) and of the "spin conductivity" 7 
(right) for = 0.8 at Tc (dashed curves) and T < Tc (solid curves). 



by the chemical potential imbalance. Indeed, for a completely uncharged black hole (see Subsection 
8.6.7| ), we obtain constant, "featureless" conductivities; considering a chemical potential /x, we observe 
the "opening of a gap" at low-frequency and the occurrence of a DC delta; eventually, in the presence of 
both ^ and we observe the already mentioned, more complicated, behavior. 

We present in Figures 8.12[ 8.13 different plots of the cta, cr^, 7 and kT conductivities of our sys- 
tem for different values of the imbalance 5/i but at fixed temperature T < Tc. The optical electric 
conductivity is characterized by the presence of a pseudo-gap in the small frequency region just above 
the oj = delta. At large frequency it saturates at the unitary value as occurs in the normal phase|^ We 
use the term "pseudo-gap" term to indicate the depletion at small frequency because the real part of the 
electric conductivity appears (as far as numerical computations are concerned) exponentially small with 
respect to T but not strictly null (even at zero T). In this regard, we have to recall that the holographic 



Further comments on the high-cj behavior of the conductivities is given in Subsection 8.6.6 
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Figure 8.12: The real part of the electric conductivity a a (left) and of the "spin-spin conductivity" as 
(right) for 6n/fi = 0, 0.8, 1.6 (dotted, dashed and solid lines respectively) at fixed temperature below T^. 
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Figure 8.13: The real part of the "spin conductivity" 7 (left) and of the thermal conductivity kT (right) 
for 6fi/ fi = 0, 0.8, 1.6 (dotted, dashed and solid lines respectively) at fixed temperature below Tc. 



model describes, strictly speaking, a superfluid where the \J{1)a symmetry broken by the condensate 
is global. The spectrum of the model is then without gap because it does not contain the Goldstone 
boson associated to the broken symmetr>p^ In the numerical analysis, it is however possible to define a 
thermodynamic exponent A according to which the conductivity of the "bottom of the depletion region" 
scales with temperature, in formula 



Re 



a 



(pseudo-gap) 

A 



oc e 



A 

■ T 



(8.127) 



In Figure 8.12 (right) we plot the behavior of the electric conductivity at fixed temperature T < Tc 
but at different value of It is possible to notice that increasing the imbalance of the system the 

depletion region at small lo becomes less pronounced, eventually disappearing for a high enough value 
of 6fi. This is in agreement with the expectation that, increasing the imbalance, the system encounters 
a phase transition (a second order one) to the normal phase; indeed, in the normal phase, the high 5// 



'Further comments can be found in 11541 and in Subsection 8.6.3 
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behavior consist in the disappearance of the pseudo-gapQj Again, since the qualitative behavior is similar 
in both the normal and the superconducting phases, a careful care has to be tributed to discontinuous 
quantities through the transition. As already mentioned, the clearest signal of superconductivity is given 
by a discontinuity in the thermal behavior of the amphtude of the DC delta (see Subsection|8.6.4|). 



8.6.3 Depletion at small u and the pseudo-gap 

As it is manifest from the conductivity plots, the real part of the conductivities a a and as show pro- 
nounced depletion regions at low values for As we have already mentioned, an important question 
in the phenomenology of holographic superconductors concerned the occurrence or not of a "hard gap" 
in the real part of the conductivity at low frequency. The term "hard gap" indicates a region in which, 
at zero temperature, the conductivity vanishes exactly; in fl501 it is numerically tested that for low tem- 
perature the low-frequency limit (not zero because there we expect the DC delta) of Re[cr(a;)] is affected 
by thermal fluctuations and behaves exponentially with respect to the temperature as in ( |8.127| ) where 
A/r » and A is a quantity proportional to the width of the gap iOg. The proportionality factor is 
1/2 in the probe (i.e. large q limit) and smaller for smaller charge (look at fTSOl and references therein). 
The numerical approach cannot nevertheless solve the conceptual question of excluding or confirming a 
hard-gap for T = because there the numerics become unreliable and, even more importantly, the T = 



case can present qualitative new feature with respect to the low-temperature region (see Subsection 9.1 

In HI 5411 the numerical difficulty is circumvented employing an analytical approach that shows that 
there is no "hard-gap" for any choice of the scalar potential l^(V')- Said otherwise, in none of the simplest 
(singly charged) models the conductivity occurs to be exactly zero in the low energy regime, no matters 
which scalar potential is considered. This conclusion is a consequence of the possibility of mapping the 
conductivity to a reflection coefficient 7^ in a scattering problem obtained from the gauge field fluctuation 
equation with an appropriate change of radial coordinate. The exact vanishing of Re[(T(u;)] corresponds, 
fro the point of view of the associated scattering problem, to total reflection, \Tl\ = 1. As showed in 
II154II . the potential in the scattering problem vanishes always at the horizon and it saturates to a finite 
height at zero temperature so that there is always a non-null probability of transmission, and therefore no 
"hard-gap". 

In our unbalanced case we have performed a numerical study similar to (150) where we analyzed 
the thermal behavior of Re[aA{uJref)], where coref represents a reference frequency corresponding to the 
"bottom of the depletion region']^ We have performed the analysis in the probe approximation because 
we wanted to study the behavior of A with respect to 6p; this requires a lot of calculation^ indeed. 



for any value of 6p, we need to perform a scan in temperature to produce a series of points that, once 



fitted with a functional shape as (|8.127 1, returns the value of A. As an example, we plotted in Figure 



8.14 the points computed for 6p = 0.7 and the associated exponential fit. There is an important caveat 



'^''We have not shown a corresponding plot at fixed temperature and increasing S/j, in the normal phase; the behavior consisting 
in a shrinkage of the depth of the pseudo-gap can be guessed comparing the left and right Figures [OO] 

""We comment on a possible analogy between the low-frequency shape of our conductivities with the quasi-particle expec- 
tation of a Drude-like model in Subsection 
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8.6.6 



In our computation we have chosen a;,cf = T which, in the considered range, is always well within the depletion region. 
^The probe case is indeed much faster. 
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Figure 8.14: On the left: exponential-like behavior of the real A conductivity at small frequency as a 
function of T. On the right: effective thermal exponent as a function of the imbalance. 
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Figure 8. 15: The discontinuous behavior at Tc in the imaginary part of the electric conductivity cj^ (left) 
and of the "spin-spin conductivity" as (right), signaling a discontinuity in the temperature dependence 
of the magnitude of the delta function at w = in the corresponding DC conductivities. 



to be mentioned: we needed to adopt the probe approximation for practical reasons, but the results have 
to be regarded with attention because the low-temperature region can be in general troublesome for the 
approximation itself. In the future, the analysis has to be repeated in the full-backreacted case. 



8.6.4 Normal-to-superconductor transition 

We work on a model which enjoys translational invariance; this feature alone leads to a divergent static 
conductivity (i.e. a{uj = 0) = oo) encoded in a delta function. Such contribution represents the ideal 
version of the Drude peak that, in real materials, is "smeared" by impurities, defects and any other feature 
spoiling the translational invariance of the medium. Notice that, in order to be sure of dealing with an 
actual superconductor, we must distinguish such divergent contribution to the DC conductivity due to 
translational invariance from actual superconductivity. To study this point it is essential to consider the 
static conductivity of our model and its behavior at the normal-to-superconductor transition. Since it is 
impossible to deal numerically with a delta function, we have to study it indirectly. One way to do this 
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Figure 8.16: Low frequency plots of Re[(T^] for 
= 0,0.3,0.7 (solid, dashed, dotted lines 
respectively). The horizontal line represents the 
threshold value (0.005) employed to define 0J*JT. 
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Figure 8.17: Plot of the threshold-pseudo-gap u*^ 
with respect to the imbalance the error bars cor- 
respond to numerical uncertainty (which happened 
to be quite variable from point to point); the contin- 
uous line emerges from a fit by means of a quartic 
polynomial functional shape. 



consists in exploiting the Kramers-Kronig relation which maps the delta at cj = in the real part of a to 
a corresponding pole in the imaginary part at the same frequency. The residue of the pole corresponds to 
the "area" (or amplitude) of the delta function. 

The numerical analysis is focused on the study of lm((7) for a small value of the frequency and 
its behavior in moving through the normal-superconductor transition. As shown in figure 8.15| there is 



a discontinuity of the derivative of the DC conductivity at Tc- This is interpreted as the key signal of 
superconductivity; a new contribution due to qualitative new feature of the superconducting phase led to 
an abrupt change in the conductivity behavior. 

Observe also that both below and above the transition the DC conductivity increase as the temper- 
ature is lowered. This is a feature in agreement with the expectation and, moreover, below Tc we have 
that its rate of increase is greater. We read this as a new contribution to the conductivity due, to use the 
superconductive terminology, to the condensation of "carriers" in a superconducting macroscopic state. 

As anticipated, this feature at the transition is one of the crucial clues denoting superconductivity on 
our holographic model. It is interesting to observe that, in passing to the superconducting phase, a novel 
DC delta contribution arises in the "spin-spin" as conductivity as well. There is indeed no breaking of 
symmetry associated specifically to the gauge field B, nevertheless, its supecronducting-like behavior is 
induced by its mixing with the electric conductivity. 

8.6.5 Pseudo-gap threshold characterization 

In order to study quantitatively the depletion region of the a a "electric" conductivity, we fix a small 
threshold value, namely 

ReicTAK^)] = 0.005 , (8.128) 




Figure 8.18: Conductivity arising from carriers with Drude behavior characterized by mean free- 
propagation time equal to t^, the symbol o"o denotes the DC value of the conductivity. 



and seek the value of a;*^ satisfying ( |8.128[ ) for different values ofSji/ fi and fixed (low) T. In other terms, 
we evaluate the extent of the frequency interval where the real part of the conductivity is essentially 
vanishing; we furthermore study the behavior of this pseudo-gap for different imbalance over chemical 



potential ratios (see Figure 8. 16 1. After having collected the values of the threshold frequency performing 
a scan in (^^u/^u, we perform a fit to study precisely the behavior of as a function of 6^/^; the results 



are reported in Figure 8.17 The functional form employed in the fit procedure is a quartic polynomial; 
the purpose is to show that the dependence of uj*g on is non-trivial. This low-temperature, strong- 
coupling behavior has to be contrasted with its weak-coupling counterpart; the weakly coupled (BCS) 
unbalanced superconductor presents, at T = 0, a gap which is insensitive of 6fi, then our fit has to be 
contrasted with a constant weak-coupling behavior. 



In Figure 8.17 the points are given an error bar accounting for numerical uncertainty. The bars 
have different amplitudes for different values of 6fi/^; this is essentially related to the "numerical noise" 
observed in the conductivity plots, see Figure [8?T6| 



8.6.6 Mobility function for the carriers 

The linear response of the system to the perturbations of the external sources is described by the conduc- 
tivity matrix; its matrix character, with non-vanishing off-diagonal terms, accounts for mixed response. 
For instance, an external electric field perturbation induces not only electric transport but, in general, 
also spin and thermal transport as well. The spin-electric, thermo-electric and thermo-spin responses are 
indeed encoded in the off-diagonal entries of the conductivity matrix. 



/ aA aT 7 \ 
a = laT kT pT \ 
\7 ub) 



(8.129) 
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An interesting feature of our model is the possibility of encoding the normal-phase conductivity by means 
of a parameter function /(w) in the following way 



/ /P' + I '^-f,ifp' + l)-5f,fp6p fp6p 

Ion / n n 

a 



^ - + 1) - 5pfp6p kT ^ - 6p{f6p' + 1) - fifp6p 

fpSp ^ - 6p{f6p^ + i)-^fp5p fSp" + 1 



where 



kT =-{e+p-2pp- 25p5p) + (/p^ + 1)^^ + {fSp'^ + l)6i? + 2f5ppp 5p , (8.130) 

id 

These equations concern both the real and the imaginary parts of the conductivities. The parametrization 
given by the introduction of / offers a physically suggestive hint; actually we can think of f{io) as a 
mobility function for some carrier-like feature of our modej^ Let us focus on the components aA,crB 
and 7: they (apart from the +1 contribution on which we comment in the following) suggest the presence 
of a single kind of carrier population characterized by a density of charge p with respect to A and 6p with 
respect to B. Note that in a a the quadratic dependence on p is in accordance with the expectation that the 
response current has to be quadratic in the carrier charge; indeed, the higher is the charge, the stronger 
is the coupling with the external field and, in addition, if the carriers have a higher charge, their flow is 
associated to a bigger charge transport. This is clear observing that the mixed terms 7 are proportional 
to p6p where the two effect are distinct, i.e. in ^ab 5p accounts for the coupling to the external field B 
and p accounts for the consequent transport of charge of type A. The opposite can be said of 7^^; this, 
however, leads to the same result j = fp6p. 

Let us underline that both the presence of a unique mobility function /(w) and the observation of the 
mixed conductivity 7 indicate the presence of a single species of fundamental carriers. This can sound 
surprising as we are describing a superconductor with two fermion species, but we have to remember that 
we are here speaking of the would-be (Cooper-like) degrees of freedom of the strongly coupled regime. 
When we try a carrier-like description we suppose that in the strongly coupled medium there is some 
kind of degree of freedom (which is distinct from the original weakly coupled fermions) that admits the 
carrier-like interpretatioij^In a gravitational or bulk perspective, the uniqueness of the function / can be 
related to the observation that the gauge fields A and B are governed (in the normal phase) by the same 
kind of equation. Once a solution for A is found, it is therefore natural that the same functional shape 
works for B as well. 



The generalization of ( |8.129| ) to the superconducting phase seems possibly troublesome. We expect 
that in the superconductor there is an additional component (the condensate) contributing to the conduc- 
tion phenomenon. Such component has to be neutral with respect to B and its fundamental degrees of 
freedom would have an appropriate mobility function in principle different from /. We can derive this 
"mobility function" but we lack a precise physical expectation to confront it against. 

'''*Note that, usually, the term "mobility" is employed to indicate fp; we adopt it to indicate just the / part, i.e. the frequency 
dependent factor. 

''"'See for instance 1961 where the transport properties of the superconductor phase of the Hubbard model is described by a 
flow of vortexes. 
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We report here a qualitative speculation along the lines of the review II961 ; In the instances in which 
the conductivity is due to quasi-particles (or particles) that, moving in a Brownian-like fashion, drift 
along the direction of the external field, an effective analysis can be encoded in the following equation 

dv V „ 

— + -=qE, (8.131) 
at Tc 

where E is the external electric field, q is the charge of the carriers, v the average velocity (i.e. the drift 
speed) and Tc represents the characteristic mean time between two interactions of a particle (with, for 
example, the lattice or an impurity). Assuming harmonic time dependence, from ( |8.131| ) we have that 
the drift velocity (which is proportional to the current) is given by 

qE 

V = , (8.132) 



then, for the conductivity, we have 
In a normal conductor Tc is finite and at low frequency the conductivity is characterized by a peak (known 



a= — (8.133) 

' c 



as Drude's peak) while for high frequency it tends to vanish; see Figure 8. 18 In a medium in which the 
carriers flow freely the mean time between two interactions of a carrier with the surrounding environment 
diverges, r — )• oo. The consequence is that the conductivity develops a pole —iq/uj in its imaginary part. 
The Kramers-Kronig relation connects the existence of a pole in the imaginary part of the conductivity 
to the presence of a delta in the real part in correspondence of the same value of the frequency. This 



argument supports what we have already studied specifically for our system in Subsection 8.6.4[ namely 
both a "normal" translational invariance and superconductivity give a DC delta contribution. 



8.6.7 High Lo behavior of the conductivities 

The high-frequency behavior of the real parts of the a a and ctb conductivities that we have found needs 
some specific comment^^ The oj ^ 1 behavior of the conductivity is difficult to interpret within the 
quasi -particle, or individual carriers, picture (look for example at Figure [8TT2 ). Let us have a closer look: 



raising the frequency, we find a pseudo-gap ("pseudo" because the bottom of the gap is not strictly null) 
and then further increasing uj we observe a raise in the real part of a which reaches a unitary asymptotic 
value. From the study of the uncharged limit of our system we find that in this case the conductivity (see 



Figure 8.20 1 has a real part which is approximately constant and stable on the value 1 while the imaginary 
part remains approximately null. In other terms, we are observing that the constant unitary contribution 
to Re[a"^/5] (see ( |8.129[ )) is due to a conduction phenomenon that is already present in the uncharged 
black hole; this is a general feature of holographic conductivity computations (see for instance II150II ) 
which, as explained in [160], arises as a consequence of the electro-magnetic selfduality of the bulk 



theory on ^dS'^r'l Even though the theoretical origin of this constant conductivity is clear, it still lacks a 



''^The thermal conductivity kT behaves similarly but it does not tend to a unitary value for a; 2> 1. 

^^Roughly speaking, electro-magnetic duality swaps the roles of particles and vorteces; the vortex conductivity is given by 
the inverse of the particle conductivity so, self-duality, implies that the conductivity is unitary. 
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Figure 8.19: Figure taken from fT6\] showing the superconductive and normal optical conductivities. 
The different plots correspond, from top to bottom, to increasing disorder in the system. 



precise microscopic interpretation. In general, the possibility of having conductivity in a neutral system 
is not surprising as global neutrality can arise from the sum of contributions of opposite charge or pair 
productions phenomena. The flatness of (t{uj) is instead quite mysterious; indeed, an equal response to 
any frequency signals the lack of structure in the medium or, equivalently, the lack of any characteristic 
value for uj or time scalers 



It is interesting how a similar question is faced in some experimental papers, see for instancefl62'| 



from which the Figure 8.21 has been taken: There, to recover the experimental plot (black line), they have 
to add to their theoretical model a component (green line); this component is interpreted as describing 
the contributions of successive bands becoming available (in terms of electron transport) as the energy is 
increases. It would be nice to try to interpret our high-w in a similar fashion and check if the holographic 
description could possibly account for features like multi-band structure. At this stage, this is (in our 
model) just a speculation viable for future work; much caution is advisable and, so far, no claim in this 
direction is maintained. 

As already noted, in our system, the constant unitary contribution at high u: is represented by the 
+1 term in the cj^ entry of ( |8.129| ); a totally analogous feature occurs for cr^ as well. The conductivity 



matrix (8.129l refers to the normal phase, but the constant "uncharged-black hole" contributions are 



present also in the superconducting phase. 



In the example of quasi-particle, the characteristic time Tc produced a precise "structure" in the conductivity shape, namely 
the Drude peak. 
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Figure 8.20: Real and imaginary parts of the conductivity of a singly charged {5ii = and /x 7^ 0) black 
hole represented with the solid lines as opposed to a totally uncharged {6fi = n = 0) case represented by 
the dashed lines. 



8.7 Non-homogeneous phases? 



Let us study the possibility of inhomogeneous phases in our minimal, holographic model for an unbal- 
anced superconductor. In order to do so, we consider the so-called probe approximation (introduced in 
II149I ) which consists in rescaling the scalar ip and the A gauge field by a factor of 1/g and consequently 
taking the limit of large charge q ^ 1. The simplification yielded by the probe approximation resides 
in the fact that the backreaction of the Abelian Higgs model composed by the scalar and the A fields 
can be neglected (they are indeed regarded as probes); they are therefore treated as fluctuations on the 
fixed background of all the other fields of the mode Notice that the probe approximation is expected 
to be valid only for the range in the temperature T where the condensate (which is related to the scalar 
field ip) is not too large. The probe approximation can be reliable in a region not too below the critical 
temperature Tc where we have the onset of superconductivity; the approximation is expected to fail in 
the low-temperature regime where the condensate (and correspondingly the bulk scalar field) can assume 
large values. Nevertheless, for the sake of studying a possible inhomogeneous phase we are interested in 
the near- Tc region where a tri-critical point is expected (see [.163] and references therein). 

In our framework, a inhomogeneous LOFF-like phase would be described by a gravity solution 
where the background is fixed whereas the scalar field acquires (spontaneously) a dependence on the 
spatial coordinates. Let us restrict to the simplest case in which the spatial dependence is on only one co- 
ordinate and the functional shape is either a complex plane wave or a real cosin^^Our fixed background 
is a U(l) ^-charged asymptotically AdS Reissner-Nordstrom black hole (see Appendix[l]for some further 



Note that, being coupled to one another, the fields tp and A must be assumed to be probes together. It would not be 
legitimate to consider, for instance, 1/) and B as probes on a fixed A background. 

'"similar inhomogeneous phases have already been considered for p-wave superconductors (i.e. where the condensate is 
vectorial) in L164J, GMI. G13- 
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Figure 8.21: Figure taken from Ill62i The authors denote with "incoherent" an additional component 
contributing to the transport and with "interband" the effects of the presence of multi-bands. 



detail), namely 



fir) 
vt 



-f{r)dr + r\dx^ + dy^) + 

^3 \ A, ,2^2 



fir)' 

f _r|\ 5jj^f 



Sfiil = 6fi 

r / r 



We consider a plane wave ansatz of the following shape 

il){r, x) = ^'(r)e"^^^ , A = Atir)dt + Ax(r)dx . 



(8.134) 
(8.135) 
(8.136) 

(8.137) 



Plugging the assumed shape ( |8.137[ ) into the equations of motion (8.121 and ( 8. 1 1 1 of the U(l)B-charged 



RN-AdS background ( |8.134| ), ( |8.135[ ), (| 8.136[ ), one obtains the Maxwell equations 

32 



2 2^'^ 
d^At + -drAt -—At = 0, 
r f 
2^-2 



dj-Ax + J, Or Ax 



/ 



and the scalar equation 



f 



-{k + Ax) = 0, 



ik + Ax 
r^f 



0. 



(8.138) 
(8.139) 

(8.140) 



These equations of motion admit a trivial solution where Ax = — /c; its triviality is due to the fact that 
Ax = —k is obtainable by means of a bulk gauge transformation of the A^^ = solution; in fact 

Ax = U{x)-^ + dx] U{x) , (8.141) 
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with 

U{x) = e"'^^ . (8.142) 

Like any couple of gauge equivalent configurations, the two configurations = —k and A^'^ = 
correspond to the same physical situation, in particular they correspond to a homogeneous phase with 
zero current (or zero net superfluid flow). 

To study possible inhomogeneous phases we have therefore to seek for non-trivial solutions. More- 
over, as described in HI 4711 and II148II . a necessary condition for having a LOFF ground state is the 
existence of an absolute equilibrium state without any flow of superfluid currenj^ We have therefore to 
require a near-boundary behavior as 

AJr ^ oo) ^ -k + - + ... , with J = 0. (8.143) 

r 



while the UV asymptotic behavior for ^ and At are the same as in the homogeneous case (see (830 1 and 



( |8.33| )). Studying the equations of motion it is possible to show that non-trivial Ax in accordance with 



the boundary requirement ( 8.143 1 are not admitted for any value of m^. Let us remind ourselves that the 
near-boundary behavior of the scalar is 5* oc r^^ where A represents the dual operator dimension given 
by 

A = ^ fs + \/9 + 4mA . (8.144) 



2 



Extending the ansatz ( |8.137[ ) assuming that At = At{x,r) and Ax = Ax{x,r) and studying the 
associated system of equations of motion we reach a similar conclusion. In the large r asymptotic region 
Maxwell's equations imply separability dxdrAx = which, for consistency reasons, yields Ax (and At 
as well) to lose its dependence on x; this brings us back to the previous, already considered situation. 
Eventually, the possibility of a real cosinusoidal condensate (namely a two-plane waves solution) 

ij; = ^ cos{kr) , (8.145) 

can again be excluded at the level of equations of motion. In conclusion, from the analysis of our system 
(in the probe approximation), appears impossible to have a inhomogeneous LOFF-like phase. 



8.8 String embeddings and UV completion 

In order to seek for an UV completion of the phenomenological model considered so far, one has to try 
to embed it into string theory or M-theory. In other words, one has to study the possibility of truncat- 
ing consistently such UV complete theories and producing at low energy our effective model in all its 
features, namely both the field content and the interactions. As it has already been mentioned, the inves- 
tigation of a possible embedding concerns the microscopic structure underlying the phenomenological 
model; in particular, the origin of the two Abelian gauge groups and the representation to which the 



^' Hence we are seeking a different configuration with respect to the configurations described in 11681 , 11691 , 11701 and 11711 
where instead a superfluid net velocity is present. 



8.8. STRING EMBEDDINGS AND UV COMPLETION 



159 



fermions belong. For instance, we can have condensates composed by either fundamental or adjoint (or 
more general 2-index representations of some gauge group) fermions. 

Within the holographic framework, fundamental matter fields are introduced by considering models 
having "flavor" D-branes. In other terms, following similar studies performed on holographic p-wave su- 
perconductors II1441I1721I173I . we consider the possibility of embedding our model in probe flavor brane 
setups. Being inspired by four-dimensional QCD-like models, it is for instance possible to consider 
a non-critical five-dimensional string model possessing Nc D3 and Nj space-time filling D4-anti-D4 
branes, see 111741 1175 1. In this setup, the low-energy modes of the D3-branes would correspond to the 
SU(A''c) gluons, while the "flavor" D4-anti-D4 branes would provide the left and right handed funda- 
mental flavor fields (i.e. the quarks). Notice that this model contains also a complex scalar field (the 
would-be tachyon of the open string stretching between branes and anti-branes) which transforms in the 
(anti)fundamental of S\J{Nf)L x S\J{Nf)ji. The condensation of this complex scalar field drives the 
breaking of the chiral symmetry down to SU(A'^^) and therefore it is dual to the chiral condensate of 
fundamental fermions II 17611 1741 1 17511 . The model, or at least the simplified version described in II174L 
can provide AdS^ flavored solutions at zero temperature and densities with trivial tachyon and constant 
dilaton. The corresponding finite temperature versions have been studied in II1771I178TI . 

Within the just described context, our specific "AdS^/CFT^" model in the case of fundamental 
fermions could have a natural string theory embedding involving a system of Nc D2-branes and one (i.e. 
Nf = 1) space-filling brane anti-brane pair; this system has some features that match the characteristics 
of our holographic superconductor, namely: 

• the presence of two gauge fields associated respectively to two open-string modes, one starting and 
ending on the brane, the other starting and ending on the anti-brane. 

• the presence of a complex scalar field corresponding to an open-string mode connecting the brane 
to the anti-brane. 

• the fact that the scalar field is charged under a combination of the two U(l)'s (hence playing the 
role of our U(l)^) and uncharged under the orthogonal combination (corresponding to U(l) b)- 

• the fundamental fermions are associated to open-string modes connecting the space-filling brane 
and the space-filling anti-brane to the D2's. 

• the scalar is naturally related to a fermion bilinear. 

The scalar mode associated to the open strings stretching between the flavor brane and anti-brane can in 
general be tachyonic; in such a circumstance it signals the instability of the brane/anti-brane pair. Notice, 
however, that in a curved space-time the effect of the curvature can lead to stable brane/anti-brane pairs. 
The characteristics of the background geometry and the parameters of the model (like for instance the 
mass of the above mentioned scalar mode) can be precisely given only in a full consistent string setup. 
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8.9 General models and holographic fit 



As explained in Section 8.4 we chose the simplest unbalanced holographic superconductor model, 
namely the model encoded in the Lagrangian density ( |8.4[ ). In \JJ9} the minimal balanced holographic 
superconductor has been generalized introducing functions of the scalar field t/j as coefficients of the 
various terms in the Lagrangian density. 

A systematic study of the generalized model sheds light on the various possibilities of the phe- 
nomenological holographic approach. The general framework consists in studying a system in the vicin- 
ity of a continuous phase transition due to a U(l) symmetry breaking. At the transition the correlation 
length diverges and the system is expected to be describable by a strongly interacting conformal model. 
Universality of fixed points makes the physics around them to be ruled by few parameters which, in a 
holographic general model, would coincide with the first terms in the i/j expansions of the phenomeno- 
logical coefficient functions appearing in the Lagrangian density. 

The modification of higher terms in i/j (whose VEV represents the order parameter of the system) 
can be read as a perturbation of the critical region physics by irrelevant operators. Indeed, in the vicinity 
of the critical point <^ I and therefore the higher terms in tp are subleading. The subleading terms 
do not change the kind of critical fixed point but are nevertheless able to influence the dynamics inside 
and especially outside the critical region. For instance, they can be significant in relation to dynamical 
features such as transport properties. A particularly interesting example concerns the introduction of 
higher terms that produce resonance peaks in the conductivity (see f 1791); As the temperature is raised, 
such peaks widen and their height diminishes; this behavior is suggestive of impurities, but at this stage 
caution prevents from giving any interpretation. Recalling that Kubo's formula relates the linear response 
conductivity with the spectral density of states of the systems, the presence of the peaks could offer 
interesting insight into the energy levels of the system itself. 



In [179] it is even considered the possibility of having non-analytic coefficient functions; this opens 
the possibility of having critical exponents differing from the standard Landau theory values. Non- 
analytic terms could only be due to quantum corrections suppressed as In the large N limit one 
expects standard mean-field theory behavior. 

One important aspect of the general phenomenological holographic model relies on the possibility 
of considering "holographic fits", i.e. the best choice of the functions parameterizing the Lagrangian 
density aimed to describe a particular real system. 

A similar phenomenological extension of the couplings and kinetic terms could be repeated in the 
unbalanced case as well. 



Future Directions 
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9.1 Which ground state? 



The study of the ground state of a holographic model for a superconductor can be quite a tough matter. 
It must be noted indeed that the problem to address is the one concerning the extremal limit of hairy 
black holes; this is notoriously a delicate question. The main physical feature of interest consists in the 
presence or not of an extremal horizon at finite radius; the former case actually implies a non-vanishing 
entropy at T = which is equivalent to a ground state degeneracy. The Reissner-Nordstrom black holes 
have such property while for Schwarzschild black holes the horizon vanishes in the zero-temperature 
limit. 

In the last couple of years some progress about the holographic superconductors ground state has 
been attained. Specifically, in 1 1 80 1 some no-hair theorems for black holes with flat or spherical horizon 
within gravity models containing a scalar field minimally coupled to an Abelian gauge field, have been 
proved. The most interesting result contained in 111801 is the theorem stating that in the cases possessing 
negative cosmological constant and where the scalar and mass of the scalar field satisfy the bound 



m2-2g2>4|A|, (9.1) 
an ansatz as the one that is obtained disregarding the second gauge field in our equations (|8.14[) and 



(8.15), cannot admit extremal black hole solutions with non-zero area and non-trivial scalar hair. Observe 



that the bound ( 9. 1 1 claims the impossibility of having hairy extremal black holes with finite horizons for 



m 



< 0. In the case in which < and > |m^|/6 the paper 1115411 enriches the picture furnishing 
an explicit near-horizon ansatz showing that the horizon shrinks and vanishes for T — > 0. Thinking about 
Reissner-Nordstrom, one could wonder how a charged black hole could in fact have a vanishing horizon 
in the zero-temperature limit; the answer relies on the presence of charged scalar hair which at T = 
contribute the entire total charge of the system leaving the black hole "depleted" of its finite charge at 
T 7^ 0. In the absence of charged scalar hair, a charged black hole correspond to the Reissner-Nordstrom 
picture with finite horizon at T = 0. 
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Figure 9.1: Low-temperature behavior of the black hole horizon. Both lines refer ji 
imbalance: 6^ = 2 (solid line) and 6fi = (dashed). 



1 but different 



So far we have discussed and argued in relation to the ground state of the standard holographic 
superconductor dual to a singly charged gravitational model. We would like to extend the analysis to 
our doubly charged system and gain information about its ground state. As the scalar field of our model 
is charged under one gauge field and uncharged with respect to the other, we can expect to find a finite 
horizon at T = 0; indeed, from the second gauge field viewpoint, the charge of the black hole cannot be 
"acquired" by non-trivial hair also if present. The expectation is supported by the fact that a finite charge 
for a black hole with vanishing horizon would unavoidably lead to a divergence in the electric field. 



At the same time, the the system of equations ruling our system is very similar to the standard singly 
charged system and it a priori not easy to understand how a modification of the ansatz advanced in II154II 
can lead to finite r// as T — )• 0. We have performed a numerical analysis studying the behavior of 
the horizon radius rn {T) for low values of T; this has to be regarded as a guide to the intuition but it 
cannot solve the problem of the strict T = configuration which instead has to be treated analytically 
(even though in some approximation such as some near-horizon hypothesis). Indeed, from a numerical 
perspective, the low temperature regime is usually delicate and numerics become here often unreliable; 
moreover, the finite, even though low, temperatures reached numerically can be qualitatively different to 
the true T = case where a specific ansatz could prove to be necessary. 



We show the results of the numerical approach in Figure 9.1 The plots show that the case charged 
under the field B (namely 6fi / 0) the trend of rn appears to intersect at T = the axis at a finite value. 
Conversely, the uncharged (with respect to B) setup seems to present a vanishing horizon. 



Let us conclude with the remark that no-hair theorems or a direct study of the features of the zero T 
solutions furnish information concerning the phase diagram of the dual model. 



9.2. CRYSTALLINE LATTICE AND/OR IMPURITIES ? 
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9.2 Crystalline lattice and/or impurities? 

In the holographic context, the fully back-reacted systems under study are in general translation-invariant. 
This feature generates an infinite DC conductivity which has to be distinguished from the contribution 
of genuine superconductivity^ Of course, a relevant phenomenologically-oriented development, would 
be the possibility of encompassing in our models features such as the presence of a crystalline lattice 
and "heavy" or static impurities. They would break translational invariance allowing for momentum 
relaxation phenomena that prevent the occurrence of a non-superconductive DC delta in the conductivity. 

There are many approaches to this question in the literature; we here mention some of their charac- 
teristics and comment on possible improvements of our model towards realistic DC resistivity. To have 
momentum relaxation for the charge carriers, some additional degrees of freedom to which momentum 
transfer can occur must be present in the model. Note that such degrees of freedom have to "absorb" 
momentum from the flowing carriers at a rate that is bigger than the momentum they return to the carri- 
ers. There are two main ways to achieve this: one is to suppose that the additional degrees of freedom 
are heavy or fixed the other is to suppose that (even thou maybe light) the additional degrees of freedom 
are quantitatively "many more" than the carriers such that as a whole they remain almost fixed even 
if receiving momentum from the carriers. Note that both framework suggest the idea that the carriers 
constitute somehow a "small" perturbation of the total system and, in holographic terms, this is related 
to the probe approximation. This point can be made precise considering that in the probe approximation 
the metric is held fixed while its fluctuation would couple indeed to the energy momentum tensor. Let us 
see in a slightly more detailed fashion the two momentum relaxation mechanism just introduced starting 
from the latter. 

In 111811 the authors perform a conductivity calculation over the frequency range and obtain a finite 
DC value. The dual model consists in a system of Nf "flavor" branes in the background of the Nc 
"color" branes generating (in the low-energy picture) the black hole; The charge we consider to mimic 
the electric charge is the diagonal part of U(A'^^) (i.e., in the flavor simile, the barion number). The 
probe approximation in this case is realized by the assumption Nf <^ N^, in other words we suppose 
that the flavor degrees of freedom, namely the open-string modes involving the flavor branes evolve in 
the presence of a "bath" of far more numerous color degrees of freedom. In the dual field theoretical 
picture, this translates in having a density of carriers flowing through a plasma whose density of degrees 
of freedom is far higher. In this sense, momentum relaxation for flowing carriers is achieved; from the 
plasma viewpoint the momentum transfer is neglected. 

The alternative way is to involve some "fixed" UV feature mimicking heavy impurities of a lattice. 
In II182II . there is a description of how a UV behavior characterized by a momentum scale (playing 
the role of the lattice momentum scale) influences the low-energy physics giving a temperature depen- 
dence to the DC conductivity resembling the result of umklapp scattering in condensed matter system^ 
Following again [182], it is important to notice that the u = resistivity is a quantity that, even though 
it is clearly IR, it is nevertheless sensitive to UV features of the model; for instance, the presence of the 



This has been the subject of Subsection 



8.6.4 



"An umklapp scattering process results in the transformation of the momentum of the carrier from one Brillouin zone to 
another. The neat result is a momentum transfer to the lattice; from the lattice viewpoint, this momentum transfer is usually 
simply neglected assuming large (or even infinite) lattice extension. 
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lattice whose spacing introduces a "high-energy" scalqj In a holographic context, where the renormal- 
ization flow or energy scale is encoded in the "radial" AdS coordinate, such a relation between high 
and low energy scales is translated in a dependence of the near-horizon behavior on the near-boundary 
physics. The dual treatment has to be therefore complete and neither the large r nor the small r study 
can yield an exhaustive account. In II182II however no explicit example of such UV structure generating 
fci is described. 

Observe that in our model there are some features which can be interpreted in connection to the 
presence of impurities. The imbalance, indeed, is read as produced by impurities that have magnetically 
asymmetric effects. Their influence is accounted for by the chemical potential; even though it is natural 
to think to the imbalance as arising from spin-dependent scatterings of carriers on impurities, no micro- 
scopic feature of such scatterings is implemented in the model. It would be very interesting to study 
the possibility of dynamical impurities or the lattice in our model, however there seems to be a tough 
obstacle to face: on the one side the momentum-relaxation seems to require probe approximation while 
a crucial point of our mixed spin-electric transport was the mediating role of the metric]^ 

On the subject of non-trivial transverse profiles for the chemical potential of inhomogeneous holo- 
graphic superconductor, a basic example is given in ill2t . The chemical potential transverse profile 
consists in a "localized" region in which /i is constant but has a different value from the rest of the space; 
this is maybe a possibility of mimicking an electric impurity. In [112] it is noted that the macroscopic 
thermodynamics transport properties of the holographic medium are independent of the presence of the 
"impurity"; this could maybe match with an extension at strong coupling of "dirty superconductors" An- 
derson's theorem]^ An extension of the ideas of [112] to 5 fi in our model can possibly mimic a localized 
magnetic impurity. 



9.3 Finite momentum 

A natural continuation to the research described in this second part is centered on the introduction of 
finite momentum fluctuations into our model. This conceptually simple extension, which could however 
prove to be delicate on the computational level, allows us to study many significant and interesting 
aspects. Let us just mention the salient among these. On the lines followed by II183II and 111841 it 
would be very interesting to study the optical properties of our systenj^ this requires the knowledge 
of the electrical permittivity and the magnetic permeability which arise, in fact, from the study of the 
response of our system to spatially modulated source variations. Another possibly viable subject regards 
the characterization of the shot-noise properties of our system; as opposed to thermal noise, this kind 



^The low-energy regime is generically meant to regard the phiysics of collective excitation over many lattice spacings. 
''Note that we have already commented on spatially inhomogeneous features within our system in relation to LOFF phases 



(see Section|8.7 1 

5 



Anderson's theorem for "dirty" superconductors states that at weak-coupling the thermodynamical features of a supercon- 
ducting system are insensitive to time-reversal-preserving and short-ranged perturbations. 

^Another very interesting (but still at an early stage) future perspective would consists in continuing along the line of 
fl25| and drawing a parallel between the excitons (strongly coupled electron-hole states) and the "mesons" arising in flavored 
holographic setups. To have an idea see ||99J and for a wider review of the topic of holographic mesons we refer to ||185I| . 



9.3. FINITE MOMENTUM 
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of noise is related to quantum effects and it is very important in mesoscopic physics. A review on the 
subject is lfT86l . 



Part III 

Appendices 
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Graviton 



In the present appendix we describe an argument by Weinberg which shows that a massless spin 2 
particle has to couple "democratically", i.e. with the same coupling constant, with all other particles. To 
this end, let us consider scattering amplitudes associated to the emission or absorption of a spin 1 or spin 
2 massless particle. In the two cases, the amplitudes have to be of the following shapes 

Apini =e^M^' (A.1) 
Apin2 =e^uM^"' (A.2) 

where and e^y are respectively the polarization vectors of the spin 1 and 2 particles while the tensors M 
are given by combinations of the four momenta and spins of the other particles involved in the scattering 
process. Gauge invariance implies that the tensors M can always be taken in such a way that 

k^M^' = (A.3) 
k^M^"' = (A.4) 

where k denotes the momentum of the massless particle. 

Let us consider the amplitude associated to the scattering of N massive particles; the momentum 
conservation relation is 

^r/«^j»=0, (A.5) 

i 

where the index i labels the particles involved in the scattering process and r/(*) is + or — for incoming 
and outgoing particles respectively. We then consider the same amplitude with the additional emission 
of a massless spin 1 or 2 particle whose momentum is A;; in particular we consider the soft limit /c — )• 0. 
In both the spin 1 and 2 cases the amplitude is dominated by the diagrams in which the massless particle 
is attached to an external leg. We have therefore N (as many as the number of legs) diagrams to take 

'We actually follow the lines of 1 187 1 which, in turn, is inspired by 11881 
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APPENDIX A. GRAVITON 



into account whose associated amplitude is henceforth denoted with M(j) (with the appropriate tensorial 
structure). For the spin 1 case we can then write 

M^' = Y,M^y (A.6) 

i 

Neglecting the spin labels, each M^'^^ will have the following form 

W 2p(i) • k 

where ^(j) represents the coupling associated to the interaction of the i-th particle involved in the scatter- 
ing process and the emitted spin 1 massless particle. The symbol A4 indicates the remaining part of the 
amplitude. Requiring gauge invariance is equivalent to impose ( |A.3[ ), so 



/ ' 

i 

which implies (for / 0) 



5^r?%)=0. (A.9) 



This is just charge conservation. 

An analogous argument can be repeated for the spin 2 case. We have similarly 



2p(i) ■ k 



M^^ = r^ii)^P^M (A.10) 



where G(j) denotes the coupling of the i-th particle with the spin 2 particle. Gauge invariance implies 
( A.4 i then, explicitly, 

that, for M j^O, leads to 

^r?»G(,)p^,)=0. (A.12) 



Note that ( |A.12| ) is not compatible with momentum conservation ( |A.51 ) unless we have 

= G Vi . (A.13) 
In conclusion, we have that the spin 2 massless particle has to couple universally to all matter. 
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The compact expression for 't Hooft symbols we adopt for the calculations described in the main text is 

(B.l) 
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(B.2) 



(B.3) 



(B.4) 
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ADHM Projector 



c 



The ADHM matrix Axia is an {N + 2k) x 2k matrix where the ADHM index A runs over 1, iV + 2A;, 
the instanton index i runs over 1, ...fc and the anti-chiral index a runs over 1,^ Let us define the 
ADHM complex vector space B ~ spanned by the ADHM index A and the complex vector space 

A ~ C^*^ spanned by ia. We then consider the following maps: 

A : B^A, (C.l) 
A : A^B, {C.l) 



where A is surjective and A is injective. As a consequence, we have 



dim (Ker[ A ]) = dim {B) - dim {A) = N (C.3) 
dim(Im[A]) = dim(^) = 2A; (C.4) 



Note that the following relations hold 

Ker[A] elm[A] = B (C.5) 
Ker[A]Alm[A] = {Ob} (C.6) 

(C.7) 



The equations from which we start are: 



utUxv = 5uv (C.8) 

AfC/A. = Ul^x^a = ^ (C.9) 

Af A,^.^ = 5%f^' (CIO) 



'The value of k represents the topological charge of the instanton. 
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where the matrix Uxu represents a collection of linearly independent vectors in the ADHM space B; 
as a consequence of ( |C.9| ), they generate Ker[ A ]. Using ( |C.9| ), we define the projector operator 



0, 



(C.ll) 
(C.12) 



projecting the generic vector of the ADHM space B on Ker[ A ]; note that it is idempotent as a conse- 
quence of dCSj ) and, since U = U\P is an {N + 2k) x {N + 2k) matrix of rank dim (Ker[ A ]) = N. 



The projector operator on Im[ A ] is then given by: 

P' = l-P , 



(C.13) 



where P' is again an {N + 2A;) x {N + 2k) but possessing rank equal to dim (Im[ A ] ) = 2k. The generic 
{N + 2k) X [N + 2A;) matrix of rank 2k, can be expressed in the following form 

A.^.^Mf G,,Af , (C.14) 

where M is a 2 x 2 matrix and G a.k x k matrix and both have to be invertible, 

detM/0 , detG/0. (C.15) 

Note that M and G account for the right number of parameters, i.e. (2A;)^. We want ( |C.14[ ) to be the 
explicit matrix realizing the projector ( |C.13| ), therefore we have to impose the idempotency. From this 
requirement and using ( C.IO I we obtain 



MM 
Gf-^G 



M 
G: 



exploiting the existence of an inverse for both M and G we finally get 



Gij 



The eventual explicit result for the ADHM null projector P is: 



(C.16) 
(C.17) 



(C.18) 
(C.19) 



(C.20) 



Shape of the Chan-Paton Orientifold Ma- 
trix 



As a consequence of the orbifold/orientifold consistency condition ( |4.37| ), the orientifold representation 
on the Chan-Paton indexes is constrained. Let us consider the D3 CP labels and remind the reader of the 



7_(n) 



(D.l) 



choice ( |4.17[ ) to represent the orbifold on them. Furthermore, we also chose the orbifold to have anti- 
symmetric representation on the D3 CP labels, so a priori we can have for ^{^) the following general 
form 

■ ei A B 

-A^ 62 C 

where the e's are anti-symmetric matrices. Putting the explicit expression for the orbifold/orientifold 
matrices into the consistency condition (|4.37|) we obtain 



(D.2) 
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Performing a simple passage we have 




£l 


A 






-A^ 


£2 




(D.3) 


-B^ 









The condition can be fulfilled only if 

A -- 



0, 5 = 0, 62 = 0, £3 = 



(D.4) 



so the most general anti-symmetric and consistent CP orientifold representation is given by the following 
matrix 

ei 

7_(n) = ( C I (D.5) 

-C^ 
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A completely analogous argument can be repeated in the symmetric case leading to 

/ si \ 

7+(0) = C (D.6) 
V J 

where s is a symmetric matrix. 



Details on the D-instanton Computations 



Let us give an explicit expressions for V{x), ^(x)' Q{x) introduced in (5.87i and appearing in the in- 
tegrand of the instanton partition function ( |5.88| ). A very convenient way of computing the determinants 
and Pfaffians is to consider the weights of the representations of the instantonic symmetry group SO(A;), 
of the twisted Lorentz group SU(2) x SU(2)' and of the gauge group SU(2) involved in the model. We 
give here a list of the weights vectors for the groups relevant to our explicit computations in the main 
text. 



Weight sets of SO(2n + 1): The group has rank n. We denote with Ci the versors in the R" weight 
space, so 

• the set of the 2n + 1 weights vr of the vector representation is 

=b e j , with multiplicity 1 ; (E.l) 

• the set of n(2n + 1) weights p of the adjoint representation (corresponding to the two-index anti- 
symmetric tensor) is 

± Ci ± Cj {i < j) , lb e, , with multiplicity n ; (E.2) 

• the (n + 1)(2?7, + 1) weights a of the two-index symmetric tensoij^are 

±ei± Cj {i < j) , ± e j , ± 2ej , with multiphcity n + 1 . (E.3) 



'Note that this is not an irreducible representation: it decomposes into the [n + l)(2n + 1) — 1 traceless symmetric tensor 
plus a singlet. One of the weights corresponds indeed to the singlet. 



174 



175 



Weight sets of SO(2n): This group has rank n. Denoting the versors in the weight space with ei 
we have 

• the set of the 2n weights tt of the vector representation is given by 

± ei ; (E.4) 

• the set of n(2n — 1) weights p of the two-index antisymmetric tensor is the following: 

± Si ± Cj {i < j) , with multiplicity n ; (E.5) 

• the n(2n + 1) weights a of the two-index symmetric tensoij^are 

±ei±ej {i < j) , ± 2ei , with multiphcity n . (E.6) 

Weight sets of SU(2) x SU(2)': The representations of the twisted Lorentz group relevant for our com- 
putations are the (1, 3) and the (2, 2) in which the BRST pairs (Ac, Dc) and (a^, M^) transform respec- 
tively. 

• the weights a of the (1,3) representation are given by the following two-component vectors 

(0,±1), (0,0). (E.7) 
In our conventions, the weight (0, +1) is considered to be positive. 

• the weights /3 of the (2, 2) representation are given by the following two-component vectors 

(±1/2, ±1/2). (E.8) 
The weights (±1/2, ±1/2) are considered positive in our conventions. 

Weight sets of SU(2): In relation to our computations, the only relevant SU(2) representation is the 
fundamental; its two weights 7 are simply given by ±1/2. 

In order to evaluate the moduli integral and obtain the instanton partition function, a convenient 
choice consists in aligning the vacuum expectation value (j) of the chiral multiplet along the Cartan 
direction of SU(2), and the external Ramond-Ramond background T along the Cartan directions of 
SU(2) X SU(2)', in formulae we have 

<P = 4>-Hsv{2) and = / • i?su{2)xsu(2)' • (E.9) 
Comparing with Eq.s ( |5.83 1 and (5.98 1, we see that 

and f = {f,f). (E.IO) 
"Again, this is not an irreducible representation, since it contains a singlet. 
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Similarly, we exploit the SO(A;) invariance and arrange the x moduli along the Cartan directions, namely 



Hso{k) = X] 



SO(A;) 



(E.ll) 



i=l 



As the X modulus compares in the instanton integration measure (as opposed to 4> and T which represent 
"external" backgrounds from the instanton viewpoint) we can rotate it along its Cartan direction at the 
price of introducing in the integral a Vandermonde determinant given by 



A(x) = Ylx-p= <, 



for k = 2n 



{-^TT{x1\{{x]-x}) fovk = 2n + l 

1=1 j<e 



(E.12) 



We gathered all the necessary ingredients to write the explicit expressions for the functions V{x), ^(x)> 



Q{x). FromEq. (5.87ai, 



-I- 

nx) = \{\{{x-p-f-a) 

n 

-fr'[\[^X^+X,?-f] [{X^-X,f-f 



p a 



fork = 2n, (E.13) 



i<j 



r n ixl - n n [(^^- + X^? - f] [(X. - X^? - f] for ^ = 2n + l 

i j<e 



where the product over a is limited to the positive weight (0, +1); this is the meaning of the superscript 
+. From Eq. ( |5.87b| ), we have 



nx) = llll{x-^-^-^) 



•7 = S 



II {xl + det, 



for k = 2n 



i=l 



(E.14) 



det(/)JJ (xf + det</>)^ for /c = 2n + 1 . 



1=1 
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and finally from Eq. (5.87c I, we have 

+ 



2 n 



^" n n - E'a) n HX, + Xi? - E\] [(x, - Xe? - EI] for k = 2n, 

A=l i=l j<e 
2 ( n 



(E.15) 



A=l \ 1=1 



X n [(^^- + ^^)' - ^a] [(x, - Xd' - E\\ 



for A; = 2n + 1 , 



where again the product over /? is limited to the positive weights. 



Using these explicit formulae and recalling from Eq. (5.94 ) that / = {Ei + £^2), it is possible to find 



that at instanton number k = 2 the partition function ( |5.97[ ) reads 

El + E2 



-No 



(E.16) 



dx (x' + det0) 
£ J 27ri {Ax^ - El){Ax^ - El) ' 

as reported in Eq. ( |5.100| ) of the main text. After having evaluated the x integral as a contour integral in 
the upper half complex plane with the pole prescription (5.101 1, and summing the residues at x = Ea 
and X = Ea/2 for A = 1,2, we finally obtain the result Eq. (5.102 1. Proceeding in a similar way, at 
instanton number A; = 3 we find 

2 



Z3 = -AA3 



dei4>{Ei + E2) f dx (x2-(^i+^2)^)(x^ + det, 



(E.17) 



2vri (x2 - El)[x^ - El){Ax^ - Ef){4x^ - E^) ' 

from which the result given in Eq. ( 5.103| ) follows. 

We conclude by giving the explicit expressions of the instanton partition functions at A; = 4 and 
k = 5. They are 

AA4 



Z4 



48^4 
+ 



384,53 



[3{Ef + Ei) - igfjdet^ 



(E.18) 



^ [{Ef + El) - 3£] det <P + ^ [(Ef + eI) - 7£] [{Ef + E^) + £] , 



and 



AA5 
240^5 



det^ 



Ma 
48^4 



det^ 



AA5 



384^4 



[(Ef + El) - 13f]det3 



.^[3iEl + El) - n£]det^ 



(E.19) 



61440 £:3 



[l5{Ef + El) - l70{Ef + El) + 299£^] det </) . 
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Bulk Massive Scalar Field 



In the present appendix we follow the lines of ifTSll . In order to perform the analysis of a generic bulk 
field (\) in the framework of an effective classical theory of gravity on AdS^ x S^, we have to consider 
the solutions of its equations of motion. Depending on the nature of the field and on its mass m, the 
behavior of the classical solution in the near boundary region is different. Let us consider for instance a 
massive scalar. We introduce a new AdS^ radial coordinate z = r/^/r and then identify the conformal 
boundary with z = and the horizon with z = \. The metric ( |6.8| ) for AdS^ x becomes 

i=l 

Let us consider just the AdS^ part neglecting the compact directions, 

1 ^ i?^ 

^Ads^ = Qmndx'^dx'^ = j^i-dt'^ + dxf) + -^dz"^ , (F.2) 

i=l 

where m,n = 1, 5 and we define z = x^. 

Considering R = I, the action for the massive scalar (j) is 

JAdSs ^ 

dx^dz^ {z^{djf + z^{d^4>? + m^4>'^) 
lAdSr, ^ ^ ' 

and the corresponding equation of motion is given by 

(^5.'^) + (^^'''^) = ^"^''^ • 

Suppose at first that we seek solutions being independent on the 4-dimensional space-time coordi- 
nates x^ so that the equation of motion simplifies as follows: 

dz [ji^^i) = ^^^^ ■ 



/ 



(F.3) 



178 



179 



We can find two independent solutions having a power behavior with A satisfying 

A(A - 4) = . (F.7) 

Therefore 

A± = 2 ± \/4 + m2 ; (F.8) 

let us define 

A+ = A>2, A_=4-A<2 (F.9) 
where the equalities hold for rr? = c|^ We have the following general solution: 

= ^_ z^- + 0+ = z^-^ + (^+ . (F.IO) 

From the metric ( |F2[ ) we have that ~ l/-z^; remembering that the action of the scalar action is 
quadratic in the field, the solution z'^~^ is always not-normalizable at the boundary whereas z^ 
can be both normalizable or not depending on the actual value of A 

dx^V^I^-l'^'^'-^^ ~ rdzz^^^~^^-' = oo 
Jo 



L 
L 



AdSB,0<z<z 



5 /-|7 .2A-5_j oo for 2 < A < 5/2 



' dx \/g\(j)+\ z ^ dz z — > _ca r/r, 

AdS,,o<z<z ^ Jo for A > 5/2 



(Fll) 



where z is some finite value of the AdS^ radial coordinate z. So, for A < 5/2 we have two non- 
normalizable terms and, following P1531, we can choose between two possibilities for the quantization 
on AdS^ space; in other words, we can either consider to play the role of the source and interpret 
as the associated boundary operator or the opposite, namely the source and the boundary operator. 

So far we have assumed that the classical scalar profile does not depend on the coordinates x'^ 
which span the boundary. Introducing this dependence, we extend the argument just performed and, in 
particular, we obtain the following behavior for the solution of the bulk equation of motions 

<^(x'^, z) = 4>.{x^')z^-^ + <^+(x^)z^ , (F12) 

where A is the same as definecj^in ( |F.9| ) and 

= 0. (F15) 



'For a generic dimensionality d of tlie boundary theory we have 

A(A -d) = rn . (F.6) 

See f 1531 and references therein. 

^Remember that on AdS space we can have negative values of as long as they satisfy the Breitenlhoner-Freiedman 
stability bound. 

^^This is not the most general solution; a generalization can be obtained using the ansatz 

z^^{x^) , (FAS) 

where the equation of motion imposes 

[A(A - 4) - m^]V3 + z^a^a"!/? = . (F14) 
In the main text we have asked that th e two terms in l |F. 14^ are solved separately. 
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APPENDIX F. B ULK MASSIVE SCALAR HELD 



F.l Boundary conditions and relation between bulk mass and conformal 
dimension of the dual operator 



As we have already observed, in the near-boundary analysis, the leading term in ( |F.10| ) and ( |F.15| ) is 
singular at z = 0. To impose the boundary conditions for ij!) at z = we consider 

4){x^',z)"-^ z^-^^ixf") . (F.16) 

The function (p{x'^) is defined on the boundary and fixes the asymptotic boundary conditions for the bulk 
field 4>; furthermore, it is identified with the source of the dual operator O of the conformal theory living 
at the boundary. 

From the action of the massive scalar on AdS^j, ( |F3| ), we observe that both the mass m and the scalar 
field itself are pure numbers. Dimensional analysis on the boundary condition ( F.16| ) implies that the 



source function (f){x'^) possesses the dimension of [length] Eventually, from the source term of the 
boundary CFT ( |6.1| ) we see that the dimension of the operator O has to be therefore A. We got a precise 
relation between the mass of the bulk field and the scaling dimension of the corresponding operator. Even 
though we are studying the detail of a simple case represented by a massive scalar, similar arguments can 
be performed for any kind of bulk field and analogous relations between their masses and the conformal 
dimension of the corresponding dual operator can be found. 

As already mentioned, the two UV asymptotic terms of the scalar profile can have interchangeable 
roles: source and response]^ The two choices correspond to two different boundary conformal mod- 
els. From the bulk viewpoint, the two choices correspond to two different "quantizations". Indeed the 
two alternatives are related to the boundary condition choice, which represents the preliminary step of 
quantizing the solutions on AdS. 



^We refer to 1 153 1 to a complete analysis of this point. 




G.l The decoupling limit 

In this section we describe the context which suggested Maldacena's conjecture. The pivotal ingredient 
is a stack of D3-branes living in 10-dimensional Minkowski space-time. We are then working within the 
framework of Type IIB string theory. In the full-fledged version of string theory, a stack of D3-branes 
is described as a source for closed strings and represents a set of hyper- surfaces on which open strings 
can end. The open strings describe the dynamics of the branes and the closed string sector describes the 
gravitational interaction of the branes with the surrounding environment. 

A second possibility is to describe the same stack of D-branes from the Type IIB supergravity 
viewpoint. Within the supergravity framework, the branes are sohtonic solutions of the 10-dimensional 
SUGRA equations of motion. 

In order to appreciate how the two different points of view could suggest the AdS/CFT correspon- 
dence conjecture we have to study a particular low-energy regime. Let us focus on the low-energy 
Wilsonian effective description of Type IIB string theory in the presence of the D3-brane stack. In other 
terms, we consider the effective theory of the massless modes obtained by integrating the effects of all 
the massive modes. More precisely, we move towards low energy maintaining fixed all the dimensionless 
quantities (such as the string coupling constant gg and the number of branes N) and sending a' to zero. 
As we have already seen, this impUes that also the characteristic string length Ig vanishes and the string 
tension diverges. Such effective description is associated to an action possessing the following schematic 
structure: 

'S'eff = 'S'brane "I" "Sbulk + '^interaction ) (G.l) 

where .S'brane is the low-energy Af = 4 SYM SU(A^) gauge theory accounting for the open-string mass- 
less modes, S'buik describes the massless SUGRA multiplet in the 10-dimensional bulk and ^interaction 
describes the coupling of the stack of branes with the surrounding gravitational environment. 

Let us remind the reader that n, i.e. the square root of Newton's constant, is related to the string 
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coupling gs and Regge's slope parameter a' as follows: 

K oc gsCi'^ ■ (G.2) 

In the low-energy limit k vanishes and the gravitational interactions become negligible. This has two 
consequences: S'buik reduces to an action describing free 10-dimensional propagation of the massless 
modes of the 10-dimensional SUGRA multiplet, in other terms the gravitational interaction terms can be 
forgotten; secondly, S'interaction describing the coupling of the closed-string sector with the stack of branes 
vanishes. Any term contained in ^interaction is proportional to some power of k because it describes how 
the stack of branes sources the closed string modes. 

In the low-energy limit under consideration, the brane dynamics decouples from the free dynamics 
of string modes in the bulk; the limit is commonly referred to as decoupling limit. 

Let us now turn the attention on the supergravity description of the same stack of D3-branes focusing 
on the same low-energy decoupling limit. In the SUGRA D-brane solution the metrics presents the 
following form [1I81I 

3 

ds^ = f-y^{-df + dxj) + /l/2(^^2 ^ ^2^j^2^ ^ ^Q_3) 

■t=l 

where r and represent respectively the radius and the solid angle of the "spherical" coordinate in 
the space transverse to the branes, whereas Xi span the space-like part of the D3's world- volume. The 
function / is 

/ = 1 + ^ , (G.4) 

where 

fi^ = ATTQsa'^N . (G.5) 

Since in the stringy picture we have concentrated on the massless modes, here we have to study the 
low-energy excitations as well. Let us consider an observer placed at large distance from the stack, i.e. 
r » 1. From the large-distance viewpoint, there are two kinds of low-energy modes: the long- wave- 
length propagating in the 10-dimensional space-time and the modes living in the vicinity of the branes. 
The latter type of low-energy excitations is due to red-shift effects seen from the observer at infinity. 
Indeed, an object placed at radial distance r^hj from the branes and having energy E^hj in the proper 
frame, when observed from infinity it has the following red-shifted energy 

E' = \Jgtt{robj) Eobj = r^^^ij-obj) Eobj ; (G.6) 

when the object is close to the branes, robj — )• 0, the red-shift factor f'^^^{robj) vanishes. 

On top of this, notice that if we consider the metric solution ( |G.3| ) in the near-brane region, we can 
trade / with R^/r^ obtaining then: 

i=l 
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In the near-brane limit, the metric describes then the geometry of AdS^ x space-time. 

The supergravity description of the D3-branes in the low-energy limit presents, from the large dis- 
tance viewpoint, two separate, i.e. decoupled, sectors: the long wave-length modes in the bulk and the 
near-brane excitations. To become aware of their decoupling we can naively observe that the branes 
become "transparent" to the long-wave bulk modes, their wave-length being much bigger than the char- 
acteristic near-brane region size R. More precisely, one ought to consider the absorption cross section of 
bulk modes scattering on the branes; for low energy this scattering is proportional to uj^ and therefore it 
vanishes for co tending to zero. 

The decoupling limit yielded two distinct and decoupled low-energy sectors both in the stringy and 
SUGRA descriptions of the D3-branes. It is natural to identify the free propagation of the SUGRA 
closed string modes with the low-energy bulk excitations of the supergravity solutions. The next and 
essential step is about the possibility of identifying the near-branes SUGRA modes with the gauge theory 
living on the branes accounting for open strings. This is indeed the inspiration to claim the AdS/CVT 
correspondence. 



G.1.1 Correspondence between symmetry groups 

Anti-de Sitter space-times are maximally symmetric solutions of Einstein's equations with Minkowskian 
signature. They present a negative value for the cosmological constant which is related to their constant 
radius of curvature. 

Let us focus on the 5-dimensional case. The family of AdS^ spaces corresponds to the space of 
solutions of the quadratic equation 

4 

t'^ + - ^xf = , (G.8) 

■t=i 

where R represents the radius of curvature. In these terms, an AdS^j space-time is interpreted as a 
quadratic surface of constant curvature embedded in flat 6-dimensional space-time with hyperbolic sig- 
nature (+, +,—,—,—, — ). From ( |G.8[ ) it results manifestly that AdS^ is invariant under symmetry trans- 



formations belonging to 0(2, 4) which constitutes its isometry group. 

We turn the attention to the dual field theory and its conformal structure. The base manifold is 4- 
dimensional space-time with Minkowskian signature, whose conformal group is defined by the following 
set of infinitesimal transformations 

6x^' = ^ 

6xt' = Xx'' o D ' ^ ^ 

Sxt" = bf'x'^ - 2x''b • X o Kt" 

where a, to, A, b are the parameters and P,J,D,Kaie the generators of the translations, rotations/Lorentz's 
transformations, dilatations and special conformal transformations respectively. The parameter counting 
gives 

4(4-1) 

4+-^^ — ^ + 1 + 4=15. (G.IO) 
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Studying explicitly the algebra associated to the whole set of conformal generators ( |G.9| ), it is possible to 
show that it is equivalent to the S0(2, 4) algebra. In addition to the infinitesimal transformations ( |G.9| ), 
there is also the discrete conformal transformation 



^. (G.ll) 



To appreciate that (G.l 1 ) defines indeed a conformal transformations, let us concentrate on the transfor- 



mation of the metric element 



dxf" -l^x^dx^ + ^ , (G.12) 
x^ x^ 



whose square is 

idxf —Adxf , (G.13) 
x^ 



representing actually a conformal transformation of the metricj^ 

Considering also the discrete conformal inversion ( G.ll[ ) enhances the S0(2, 4) group to full 0(2, 4). 



As a check, notice that the counting of the parameters matches, in fact for 0(2, 4) we have 6(6 — l)/2 = 
15 independent generators. 

The crucial point consists in conjecturing the correspondence of the two 0(2, 4) groups that we 
have just found. This cannot be regarded as a proof of AdS/CFT correspondence, but is nevertheless a 
significant necessary clue. 



' For a generic conformal (i.e. angle-preserving) transformation, the squared metric elements transforms as 

ds'^ ^ A{x) ds'^ , (G.14) 

where the function A is usually referred to as conformal factor. Notice that, being the angles defined by ratios of infinitesimal 
square elements transforming as ( |G.14[ l, the factor A introduced by a conformal transformations both at the numerator at the 
denominator cancels leaving the angle invariant. 



Meissner-Ochsenfeld Effect 



The Meissner-Ochsenfeld effect consists in the expulsion of the magnetic field from the interior of a 
superconductor. The phenomenon can be described relying on the London equation ( |7.1[ ); specifically, 
let us consider the curl of both members of ( |7.1| ), 



V A = - 

Let us consider the Maxwell equation for the field B, 

V AB 
VB 



B 



mc 



Taking again the curl of both sides of ( |H.1| ) and using ( |H.2| ) and ( |H.3| ), we obtain 



V^S = ^B 

7 



where we have defined 



7 



mc 



(H.1) 



(H.2) 
(H.3) 



(H.4) 



(H.5) 



The quantity 7 is related to the penetration depth of the magnetic field inside the superconductor; take a 
configuration depending only on one coordinate, say x, so that there is an interface at x = and we have 



superconduction for x > and vacuum for x < 0. The shape of the solution of ( |H.4| ) (which holds in 
the interior of the superconductor) is 

(H.6) 



±3L 

e T 



The solution describing the profile within the superconductor is the exponentially suppressed one and it 
has to be matched to the boundary value assumed by the magnetic field, i.e. = 0). It is then evident 



from (H.6) that 7 represents a characteristic penetration depth. 
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APPENDIX H. MEISSNER-OCHSENFELD EFFECT 



Note that the Meissner-Ochsenfeld effect is not simply a consequence of infinite DC conductivity. 
Zero resistance alone would imply that the medium reacts to any attempt of magnetization with compen- 
sating currents loops according to Faraday-Neumann-Lenz law. If the material is instead magnetized in 
a phase without perfect conductivity and later led thermodynamically to the perfect-conductivity phase 
without altering the magnetization, we can have magnetization inside the medium and perfect conduc- 
tivity together. This contrasts the superconductor phenomenology where, in the superconducting phase, 
the Meissner-Ochsenfeld occurs independently on the magnetic history of the system. This fact emerges 
also from London theory: assuming just perfect conductivity E oc dtj instead of the London equation 



( |7.4| ), is not enough to derive the Meissner-Ochsenfeld effect; taking the curl of the perfect conductivity 
relation we obtain 

dtB^dtiVAj), (H.7) 

that, for stationary conditions, is automatically satisfied. As we have just said, perfect conductivity is 
compatible with constant but also finite values of the magnetic field inside the material whereas super- 
conductivity is not. 



Probe Approximation 



As a first step into the detailed analysis of the system ( |8.4| ) we consider a particular simplifying limit, 
the so called probe approximation. Instead of considering the full dynamics of the model, we regard the 
gauge field A and the scalar field ip as small perturbations that leaves the background of the other fields 
unaffected. In other terms, we consider classical solutions of the theory in which A and if) are disregarded 
and on these background solutions (which we hold fixed) we consider the fluctuations of A and ip. This 
particular choice is due to the fact that A and V' are coupled. Hence, we could not have chosen yl to be a 
"small perturbation" while regarding ip as belonging to the background. 

The probe approximation can be read as the large-charge limit, q ^ 1. Let us write the full La- 
grangian density ( |8.4| ) in terms of the rescaled fields ip = qtf; and A = qA. We consider the limit 
g — >• oo while the hatted fields are kept fixed. The part of the Lagrangian density involving the rescaled 
fields i£l 



-detg 



1 



ab 



\dij-iAi>\' 



m 



(i.i) 



In the large q limit it decouples from the metric and B parts; these will be then regarded as the Lagrangian 
density for the background. 



background 



1 



\/-detfif 



R + 



6 

L2 



4 



ab 



that admits Reissner-Nordstrom AdS black hole solutions, 

^2 



9{r) 



Bt 



-g{r) dt' 



L2 



{dx^ + dy^) + 



r 

1? 
fJ-B 



r 



1 



H 
r 



1 2 
+ tMb — 
4 r 



dP_ 

9{r) 



(1.2) 

(1.3) 

(1.4) 
(1.5) 



The black hole solution is charged with respect to the (now only one) gauge field B. 
'Here we are considering the specific potential cliosen in JOl. 
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3 

The near-horizon geometry of RN black 
hole at low temperature. 



Let us study the near-horizon geometry of the Reisnner-Nordstrom black hole solution in d spatial di- 
mensions (the holographic model analyzed in the main text has d = 2). In the zero-temperature limit the 
horizon radius assumes the value 

2 1 (d-2)2LV 
'■" = 24 ■ 

In order to obtain the near-horizon behavior of the metric we expand the function g{r) around 

g{r) ~ g{rH) + g'{rH)f + ^g"{rH)r^ , (J.2) 
where r = ru + r with f — )• 0. For the RN black hole we find 

5(rH)=0, g\rH)^T = Q, /(^^) = . (j.3) 

As a consequence, the near-horizon metric is 

2 2 2 I-^ 2 

'^'^near horizon — ~'^('^ ~ l)^*^^ ~^ J~2'^'^ (i((i^^T)f^'^^ ' (J-^) 

from which we recognize the AdS2 x R^^^ form. In particular, the AdS2 radius squared is 



^(2) - d{d^) ' ^^-^^ 



as stated in the main text. 



'The function g{r), sometimes called blackening factor, has been introduced in l |8.14| l. 
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Green's Functions and Linear Response 



Let us define the retarded Green function relating two operators labeled with A and B as follows 

G'oAOs(*2-ti,a;2-a:;i) = -ie(i2-ti) <[OA{t2,xi),OB{tuXi)\> (K.1) 

The Green function is essentially given by the expectation value of the commutator between the two 
observable^ The 0(At) indicates the Heaviside step function and it represents the key feature that 
makes the Green function retarded. 



The retarded Green function ( |K.1| ) expresses quantitatively how a perturbation proportional to 
affects the expectation of Oa- Let us see this in detail. We consider the following time-dependent 
perturbation to the Hamiltonian 

5H{t)= [ d'^-^xOB{t,x) (j){t,x) , (K.3) 
Jv 

where is a coefficient function and not an operator. The expectation value of the observable Oa is 

<Oa> it,x)=tr{pOA{t,x)} , (K.4) 

where p represents the density matrix. As long as we consider the Heisenberg picture, the quantum states 
do not evolve and therefore neither does the density matrix that is defined through them. We now switch 
from the Heisenberg picture to the interaction picture. We then express the time evolution of a state with 
the operator 

[/(t) = e-/orf*W). (K.5) 

We then have 

im >= [/(t)l^(O) > . (K.6) 



' The corresponding Fourier transformed Green function (useful in tiie following) is: 

Go^Os i^^ fc) = -i /' dt f d^~^x e'('^*-'= -) e{t) < [OA{t, x), Ob(0, 0)] > (K.2) 
Jo Jv 

where the translation invariance has been used. 
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The expectation value of Oa becomes 

<Oa> {t, x) = tr{C/(t) p U{t)-^ OA{t, x)} . 



(K.7) 



Here the time-dependence in Oa is due to the unperturbed Hamiltonian alone. Using the cyclicity of the 
trace and expanding ( |K.7 1 to the first order in the perturbation we obtain 



6 <Oa> {t,x) =itr:l^p dt' J d'^~^x' [OB{t\x'),OA{t,x)\ a;')} + - 

= - i / dt' f d'^-^x' < [OA{t,x),OB{t',x')] > (t){t',x') + 

Jo Jv 

= -i / dt' [ d^'-ix' Gg^o^(t-t',a; -a;') 0(t',ic') + ... 

Jo Jv 



(K.8) 



The linear response of the mean value of the operator Oa to the perturbation ( |K.3[ ) is accounted for by 



the Green function ( |K. 1| ). Assuming translation invariance and taking the Fourier transform, we obtain 

K.l Causality and analyticity properties 

The retarded function is causal by definition. This is manifest noticing the presence of the Heaviside step 



function in ( K. 1 1. Let us consider the inverse Fourier transform of the Green function ( K.2 1, 



duj 
2^ 



Lt/> 



(K.10) 



Since for t < we want the Green function to be zero (this is another way to state causality) the function 
inside the integral must not have poles in the upper complex tj-plane. Said otherwise, it is there analytic. 
We are of course assuming that the integrand vanishes fast enough as — )• cxd so that we can evaluate the 
integral with the residues method. The Kramers-Kronig equations relating the imaginary and real parts 
of the retarded Green function descend directly from this analyticity condition and then from causality. 



L 

Onsager's Reciprocity Relation 



In this appendix we follow the lines described in II107II . The entries of the conductivity matrix 

J{iS) = a(uj)£{u:), (L.l) 
are proportional to the corresponding two-point retarded correlators, 



aij{u},k) = ^Gfj{u},k). 
1 u> 



(L.2) 



Note that ( |L.1[ ) is the generalization of the static Ohm law to the case presenting harmonic time depen- 
dence and it represents a rewriting of ( |K.9| ^ 

Onsager's reciprocity relation implies that a system possessing time-reversal invariant equilibrium 
states presents a symmetric conductivity matrix for zero-momentum external perturbations, namely 



&lj{u},0) = ajj{uj,0) . 



(L.3) 



To derive Onsager's formula in full generality, let us consider the possibility of having a non- 
vanishing external magnetic field B which is mapped to —B by the time-reversal operation. In the 
presence of a finite magnetic field, the assumption of time-reversal invariance of the equilibrium states 
generalizes to 

e\B >=\-B>, (L.4) 

where G is the time-reversal operator. 

Let us consider two observables (i.e. Hermitian operators) (p and tjj that behave as follows 

e</.e = v<t>^^ = r]^<l> (L-5) 
= ■q^il)'^ = f]^ ip, (L.6) 

'We have set the momentum fc to zero; moreover we identified S < Oa > with J and (f> with the electromagnetic potential. 
The factor i lj in \L.2\ is due to the fact that for fc = the electric field is the time derivative of the potential. 
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where the ry's are either + or — one. In coordinate space, we have that the correlator between the two 
operators in the equilibrium state | S > is given by 



G^^{t,x;B) =< BMt,x),^lJ{0,O)]\B > 



(L.7) 



Let us consider the time-reversal transformation of (|L.7 



< B\[^{t,x),tlj{0,O)]\B > =< -S|e[(/.(t,a;),V'(0,O)]G| - B >* 

= ri^r,^ < -BM-t,x),ip{0,O)]\-B>* 
= ri^rj^ < -B\[%b{0,O),()){-t,x)]\-B > 
= r]^rj^ < -B\[^{t,-x),<P{0,O)]\-B> 



(L.8) 



In the last passage we have used the assumption of translation invariance. Therefore, if we consider the 
Fourier component corresponding to A;^ = {u, 0), we have 



G^^{u;,0;B) =rj^rj^G^^iu;,0;-B) 
In the case of zero external magnetic field it reduces to 

G'^^(a;,0;0) = r/^r?^(5^^(w,0;0) , 



(L.9) 



(L.IO) 



which is known as Onsager's reciprocity relation. In ( |L.1[ ) J is an array of vector currents. Any current 
J J is an odd operator under 0, then rjj = —1 for all values of /. This leads to 



G'fj(a;,0;0) = Gf,(w,0;0), 
Looking at ( |L.2[ ), we have that ( |L.3| ) is provecj^ 



(L.ll) 



^In the case B ^ it simply generalizes to 

(T/j(a;,0;B) = aji{u],0;-B) , 



(L.12) 



Josephson Effect 



In this appendix we take inspiration from similar arguments described in pl89i In a superconducting 
state, quantum coherence is macroscopic. Let us describe the superconducting state with a single macro- 
scopic wave-function: 

If = ^(r) = |^'(r)|e''^('') . (M.l) 

Loosely speaking, it describes the wave-function of the Cooper pairs condensate. 

By definition a Josephson junction is constituted by two superconductors divided by a thin insulating 
layer. In other terms, we have two weakly coupled distinct superconductors which we label 1 and 2. The 
coupling between the two superconductors is due to the fact that, being the insulating layer very thin there 
is a non-null overlap between the wave-functions describing the two superconductors. Moreover, the fact 
that a wave-function of, say, superconductor 1 is non-vanishing also in a region beyond the insulating 
layer, so in the volume of superconductor 2, allows for quantum tunneling of Cooper pairs of species 1. 
The converse is analogously true. 

Let us describe the whole Josephson junction as a single macroscopic quantum state, 

1^-) = l^i) + 1^2) , (M.2) 

each terms refer respectively to the superconductors 1 and 2. The density of elementary carriers in the 
condensate (i.e. the Cooper pairs) of each superconductor is given by 

ni = = (^,1^,) (M.3) 

The time evolution of the junctions is described by the Schrodinger equation 

ihdt\'^) = H\^) , (M.4) 

where the Hamiltonian has the following shape 

H = Hi + H2 + Hint ■ (M.5) 



193 



194 



APPENDIX M. JOSEPHSON EFFECT 



Let us account for the weak coupling between the two superconductors assuming an interaction term of 
the following form 

i^int = -2 (l^l)(^2| + |^'2)(^l|) (M.6) 

If we project the Schrodinger equation on the two states we obtain the following system of 
coupled equations 

ihdt^i = Ei^i - (M.7) 
= ^2^2 - f ^1 (M.8) 

Let us rewrite the wave-functions in the following fashion 

^- . = V^e'"^' (M.9) 



Taking then the real and imaginary parts of the system ( |M.7| ) and ( |M.8| ) we can write it in terms of the 
densities and phases, 

dtui = -dtn2 = -^nin2 sin((/)i - ^2) (M.IO) 
dM2-(t>i) =l{Ei- E2) + ^ ""^Z^ cos((/>i - 02) (M.ll) 

From the continuity equation, accounting for the conservation of the number of carriers, we have that 
the current through the junction is equal to the time variation of the densities (with the appropriate signs 
depending on how we define positive the direction of the flow) 

j = dtnx = -dtn2 = jc sm{(j)i - 4)2) , (M.12) 

where jc = a^nin2/h. It is to be underlined that the current is not proportional to the energy difference 
between the two superconductors. We can have neat flow also in the case Ei = E2, that is when no 
external voltage unbalances the junction. 

If we specialize to the case in which the Copper pair density is equal at the two sides of the junction, 
namely ni = 712 = n, the phase equation becomes 

dt{cl)2 - <Pi) = l^Ei - E2) . (M.13) 

The phase difference does not evolve if there is no energy difference between the two states, i.e. when the 
junction is balanced. Given the normalization ( |M.3| ), the energy eigenvalues Ei represent the energy of 
an elementary carrier, therefore the energy of a Cooper pair. As a consequence, the difference Ei — E2 is 
given by the potential energy lost or gained by a Cooper pair traversing the junction, i.e. Ei — E2 = 2eV 



where e is the charge of the single electron. We can rewrite equation M.13 



2eV 

9t(02 -h) = ^ (M.14) 
n 



For further details see, for instance, II 1901 and 111891 . 




Temperature Gradient, Heat Flow, Elec- 
tric Fields and the Metric 

N.l Vector fluctuations of the metric and temperature gradient 

This appendix in inspired by similar arguments in |169| . 

The temperature is identified with the inverse period of the compact imaginary time. Indicating 
the time with t and the temperature with T we have that Im(t) G [O, tj?) with gu = —1 (the original 
metric for our boundary theory is Minkowski). We define a new rescaled time coordinate i = Tt so that 
lm{i) G [0, 1) and the temperature dependence is "transfered" to the it metric component, 

m = -^- (N.l) 

The mixed space/time components of the metric are null, g-^ = (where i represents the spatial index 
associated to the coordinate x*). 

Let us consider a small variation in the temperature, i.e. 6T{x), that can be space-dependent; the 
corresponding variation of g^^ is 

Ht = 2^- (N.2) 

As usual, we consider harmonic time dependence but this time in the rescaled time coordinate (and 
correspondingly rescaled frequency) e"^*. 

We can perform a "gauge" transformation, i.e. a diffeomorphism generated by the vector parameter 

Ci = i^, C. = (N.3) 
The metric is correspondingly transformed 

gab 9ab + daib + ^fo^a + ^cdcQab ■ (N.4) 
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Specifically, the effect of the transformation generated by ( |N.3 1 on Sg^f: is 

5T (N.5) 

where, in the first passage, we have used dign = 0. The re parametrization affects the mixed it compo- 
nents as well, actually we have 

^9it = ditt=^^ ^ (N-6) 

where we have to remember that initially both (jf-^ and 5g^i were null. Scahng back from t to t we 
eventually get 

59^t = i^ , (N.7) 

where it is manifest that a vector fluctuation of the metric is associated to the gradient of the temperature 
fluctuation. 



N.2 Heat flow and electrical fields 



The variation of the vector potential due to a reparametrization is 



(N.8) 



Since we start with Minkowski metric, the covariant derivatives in ( |N.8[ ) are normal partial derivatives. 
We consider the reparametrization transformation induced by the vector field 







(N.9) 



This is the same transformation as in ( N.3 1 but without the temporal rescaling. The reparameterization 



variation of the gauge potential due to ( N.9 1 is given by 



5gAi 



-Atdiit 



(N.IO) 



The total variation of A is given by two contributions: as just seen, one is induced by the temperature 
fluctuation through the metric, the second is instead related to a proper, external electrical field. 



5A, 



+ ^ 

lOJ 

-fidgu + -T^ 



(N.ll) 



In the last passage we used ( |N.7| ). Reading it the other way around, we have that the electrical field is 
related to the fluctuation of the bulk fields in the following way 



Efj, = iw (M^t + jjLdgit) 



(N.12) 
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Eventually the variation of the Hamiltonian is 



(N.13) 



Expressing it in terms of the temperature gradient fluctuation (see ( |N.7| )) and the electric field we obtain 



5% 



ILOT lUJ 



(N.14) 



from which it arises naturally that the response to a temperature gradient fluctuation, i.e. the heat flow, 
is given by 



(N.15) 



o 

Holographic Renormalization of our 
Model 



The covariant divergence of a vector V is: 

VrnV"" = dmV"' + TZaV'' ■ (0.1) 

The connection symbol with the first two indexes saturated, i.e. T^^, admits the following compact 
expression 



^tr da\ng= ^S^tr Ing = Indet^ = 9a In ^ 



(0.2) 



where g represents the metric in matrix notation, while g represents its determinant. From the passages 



in ( 0.2 1 we obtained 



TZ,a = ^da^. (0.3) 



Putting this compact expression into (OJ_l we get 



V„y™ = dmV^ + ^[d^^g) = l^dm{^gV^) . (0.4) 
\I9 yd 



Let us study in detail the asymptotic behavior of the extrinsic curvature counter- term ( |8.103| ), 
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j (fx ^g (2K - ^ . (0.5) 
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Considering (8. 106 1 and the asymptotic behavior of the fields given in (8.93) and (8.113), we obtain 



eL^\ 1 /L 1 eL^ 



L 



+ 



2 V ^ + 4 ^4 



2 

9tx 



(0.6) 



L 4 2 +^9tx9tx + g 9tx 9tx + ••■ 



We want to analyze the large r behavior of the extrinsic curvature ( |8.109[ ). Let us consider the factors 
that appear there singularly; the square root of the determinant of the full metric is 



and its inverse is 



-g = e 



-xW/2 ^2 _^ e 



x{r)/2 



'^9{r] 



-9tx{r,ty 



— > r + 



1 1 



2 rf_ _ e-L^ 
L2 2r 



9tx + ••• : 



2 , 2 (0) (0) , L'^ (0) (1) , <^L^ (0) (0) , 

r + —r g\Jg\J + —glJglJ + -^9tx 9tx + - > 



1 



l9tx 9tx 



The leading behavior of the factor 1 / ^J~g^- is given bjj^ 

V 9rr 



4j,5 ■ 



(0) (0) 



L 4r2 



+ ... , 



(0.7) 



(0.8) 



(0.9) 



Putting these results in ( |8.109| ) we obtain (up to quadratic contributions in the fluctuations and discarding 
subleading terms) 



K 



1 



dr 



-9 
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g \ roo-KxD 3 e 

L ~ 2 r 



(0) (0) _ 3L (0) (1) 

3 9tx 9tx ^3 9tx 9tx 



(O.IO) 



We eventually have the following leading terms (for the part of the counter-term which is quadratic in 
the metric fluctuations) 

SP - fd^.V^g (2K - i) ~ / d^. (.3,(0),(0) - ^eL^,L%J? - ir^gi^^A . (0.11) 



Attention not to confuse the g in l |0.6^ and ( |0.7[ ) whicli represents the full metric with the g in l |0.9^ that represents the 
function g{r) appearing in the metric ansatz. 
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The terms in the action involving the metric fluctuations are 



.2^(0) 



1 



(1) 



T 9tx + -9tx 



1 (1) 

r.2 9tx 



^' ytx Utx -^ytx Utx ^ ytx ytx ^ ^s^tx yt 
^' i/te ytx ytx ytx ^ ■•■ 



(0.12) 



and 



9tx 



1 I 

1 17 + 2r 



2 g 



9 r2 



2r 



9te 9tx +4^-'^ S^te 5te + ^9tx 9tx 



(0.13) 



Putting together the results obtained in ( |0.1 1| ), ( |0.12| ) and ( |0.13[ ), we obtain the terms containing the 
metric fluctuations that appear in the renormalized action (|8.114|). 



Thermal Conductivity 



From (18. 11511, (18. 11711 and (18. 1171) we have 



5A 



(0) 



Besides, from the conductivity matrix ( |8.92[ ) using ( 8.118 1 we obtain 



Q= kT 



E^=EB=0 



Again using ( |8.1 18| ), the = = condition implies the following relations 



Ei 



^ 



(0) 



4°) = -8^,9t 



(0) 



Let us compute explicitly the terms in ( P. 1 1 using all the just mentioned relations 



8 Squad 
X (0) 



3 - e gfj = -pAf - 6pB^^^ - e gfj = {np + 5p6p - e) ^1° 



,(0) 



(0) 



.(0) 



SSquad ^ _ f 1 (1) (0) K^^(0) _ (0) 

= (^^ i UJGA + p-6piuj-f + pp) gfJ 

5S, 

,2 



-sp ^-^ = -sp( ^4°) + ^4^) + ^4°) 



,(0) 



= [p6piuj"f + iwfJB + dpSp) gl^ 
Substituting back into ( |P.1[ ) we obtain 

Q = (2/i p + 26p6p — e + p'^i loga + 2p6pi uj"f + Sp'^ ii^crs) g['^^ , 
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(P.l) 



(P-2) 



(P-3) 
(P4) 



(P5) 



(P6) 



(R7) 



(P8) 
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which eventually, comparing with (P.2i, leads to 



kT = — {—2fi p — 2Sfi5p + e) + fi'^ aA + 2p6fi-j + 5^^ as 



(P.9) 



coinciding with ( |8.122| ) up to the term in the pressure (see the comments below ( |8.122| ) in the main text). 



P.l Simple observation on the sign of the thermo-electric conductivity 

We look at a simple medium whose transport properties are due to the presence of carriers; in this 
medium a temperature gradient can generate an electric transport. The purpose is to show that the sign 
of the thermo-electric effect can be either positive or negative already in a simple model. Consider a 
cylinder of material having unitary section; within the material there are electrically charged carriers 
that can flow and interact. They are characterized by their volume density n, their mean free path A 
and the mean time between consecutive interactions r. Suppose that in two neighboring slices of the 
material there is a difference in temperature; as the quantities characterizing the carriers are temperature- 
dependent, the two slices at different values of the temperature are unbalanced. Let us study the net 
flux of charges through the section of the cylinder separating the two slices. The two slices 1 and 2 are 
respectively characterized by Tj, n^, Aj and Tj where i = 1, ^ The fluxes of carriers 1 — )• 2 and 2 — )• 1 
through S in the lapse of time dt are respectively given by 



niAi dt 
11.2X2 dt 



(P. 10) 



where the factor 1/2 is due to the fact that only half of the carriers move towards S. The total flux 
through S is 



dVu 



1 / niAi n2X2 



n 



T2 



If ndX Xdn nXdr 

at ~ —dx —dx H ^-—dx 

2 \ T dx T dx dx 



dt 



X=Xl 



where 



X2 ~ Xi + 



dX 
dx 



dx with X = n, X,T . 



(P.ll) 



(P. 12) 



X=Xl 



Since dx is of the order of the mean free path we can consider dx ~ A up to corrections of higher order, 
so 

dTiot A / ndX Xdn nXdrX 

2 V T dx T dx T-^ dx I „. ^. 

\ / X=X\ 



dt 



(PI 3) 



From ( |P.13| ) it is comprehensible that the sign of the charged carriers flux is sensitive to how the various 
quantities n, A and r vary as a consequence of the thermal gradient along the rod. 



'Where Ti = T{xi) and similarly for the other quantities. 
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Notice that it is not redundant to retain both the mean free path A and the characteristic time between 
two interactions r, indeed they can have different behaviors with respect to the temperature and, for 
instance, the composition or disorder of the system. Consider a simple example in which the cross- 
section scattering of the carriers on impurities is independent of the temperature and the velocity of the 
carriers: we can change the temperature and the impurity density so that r remains constant and, at the 
same time, A results instead affected. 
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Brief Conclusion 



The general picture which hopefully this thesis has helped to convey, is that the string formalism offers 
an extremely fertile framework for studying field theory beyond the perturbative regime. Such possibility 
proves significant for the theoretical investigations in general and, maybe, it will play a crucial role in 
exposing new generations of string-inspired models to experimental tests. 

In the first part of the thesis we described the computation of stringy instanton effects in 4-dimensional 
M = 2 SU(A^) gauge theory with matter in the symmetric representation. The main conclusion there is 
that stringy effects give non-vanishing contributions both in the conformal SU(2) case and in the gen- 
eral non-conformal S\J{N > 2) models. In the former case, the stringy corrections to the effective 
prepotential suggest a very interesting structure which leads one to conjecture a close compact form for 
the resummed stringy contributions at all orders in the topological charge. This point has to be further 
investigated as it could signal a still unknown duality of the model. It is to be noted that our model 
represents the first instance of stringy instanton effects appearing directly (i.e. without the need of any 
compactification procedure) in a 4-dimensional theory. 

The second part of the thesis concerns the detailed analysis of a holographic system with two Abelian 
currents. The presence of a scalar undergoing condensation allows us to study a model of superfluid or 
superconductor transitions at strong coupling. The emergence of superconductivity has been checked 
precisely by means of the study of the DC transport properties of the system. We have characterized 
the phase diagram of the system observing that it suggests the absence of any Chandrasekar-Clogston 
bound at strong-coupling and also the absence of a non-homogeneous LOFF-like phase. The system, 
in its normal phase, generalizes at strong-coupling Mott's "two-current" model and shows interesting 
spintronic properties. One of the main features of the mixed "electric-spin" characteristics of the system 
concerns the occurrence of "spin-superconductivity"; this phenomenon occurs even though the Cooper- 
like condensate is neutral with respect to the effective magnetic field. The model offers suggestive 
behaviors readable in terms of carrier-like transport and possesses various viable generalizations, among 
which, the finite-momentum analysis and the introduction of impurities or lattice-like features. 
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